ISSN Application No. 21651

Journal of Mechanics and
Thermodynamics

Volume No. 11
Issue No. 2
May - August 2023

b @

ENRICHED
PUBLICATIONS

ENRICHED PUBLICATIONS PVT. LTD

S-9, IInd FLOOR, MLU POCKET,
MANISH ABHINAV PLAZA-II, ABOVE FEDERAL BANK,
PLOT NO-5, SECTOR-5, DWARKA, NEW DELHI, INDIA-110075,
PHONE: - + (91)-(11)-47026006




Journal of Mechanics and
Thermodynamics

Aims and Scope

Journal of Mechanics and Thermodynamics publishes theoretical and practice oriented papers,
dealing with problems of modern technology (power and process engineering, structural and machine
design, production engineering mechanism and materials, etc.), Materials and Design Engineering,
Vibration and Control, Thermal Engineering and Fluids Engineering.




Journal of Mechanics and
Thermodynamics

Managing Editor
Mr. Amit Prasad

Editor in Chief

Dr. Syed Fahad Anwer
IIT, Kanpur
sfahadanwer@zhcet.ac.in




Journal of Mechanics and
Thermodynamics

(Volume No. 11, Issue No. 2, May - August 2023)

Contents

Sr. No | Article/ Authors Pg No

01 The Effect of Heat Treatment on the Mechanical Behavior of FE- CR- AL 70 -79
based OPH Alloy

- Omid Khalaj, Hana Jirkova, Adam Stehlik, Julie Volkmanova, Jiri
Svoboda

02 Photoluminescence Study of Carriers Confinement and Thermal Stability 80 - 85
of INAS/INP (001) Quantum Dots Emitting Near 1.3 Mp
- Fatiha Bsahraoui, Michel Gendry, Faouzi Saidi

03 Development of High- Temperature Heat Exchangers using Advanced 86 -93
Manufacturing Technologies

- Martina Koukolikova, Pavel Podany

04 Application of Selective Heating in Al-Steel Dissimilar Joining 94 - 101
- Pankaj Kaushik, Dheerendra Kumar Dwivedi

05 Geometro Thermodynamics of the Boltzmann-GIBBS and Pareto | 102 - 108
Distributions

- Maria N. Quevedo

Journal of Mechanics and Thermodynamics (Volume- 11, Issue - 02, May-August 2023)




The Effect of Heat Treatment on the Mechanical Behavior of
Fe- Cr- Al based OPH Alloy

"Omid Khalaj,” Hana Jirkova, ' Adam Stehlik, ‘ Julie Volkmanova, ° Jifi Svoboda
"***Regional Technological Institute, University of West Bohemia, Univerzitni 22, 301 00, Pilsen,

Czech Republic

“Institute of Physics of Materials, Academy of Sciences of The Czech Republic, Zizkova 22, 616 62,
Brno, Czech Republic

E-mail: 'khalaj@rti.zcu.cz, *hstankov@rti.zcu.cz, ‘stehlika@rti.zcu.cz, ‘volkmann@rti.zcu.cz,
*svobj@ipm.cz
ABSTRACT

( N\

The Fe-Al Oxide Precipitation Hardened (OPH) alloy is new generation of Oxide Dispersion

Strengthened (ODS) alloys which is famous group of material based on their high temperature
properties. The general production process of OPH alloys consists of a mechanical alloying process to
create a material with a ductile matrix and hard oxide dispersion. Two variants of Fe-Cr-Al based OPH
alloys developed by the authors to investigate the thermomechanical properties under different
conditions. The results show that the heat treatment has a significant role on the mechanical properties
of OPH alloys as well as microstructure development. It can improve the ultimate tensile strength (UTS)
up to 100% while improving the elongation to almost 20%.

Keywords - OPH Alloys, Fe-Al, Heat Treatment, ODS Alloys

. J

L.INTRODUCTION

Iron Aluminum based OPH alloys are so nowadays interested because of low-cost and improved
mechanical properties. By additional Cr contents of around 15 wt.%, it could be one of the leading
candidates for structural components of future power plants [1-3]. Several advantages are considered
when employing ferretic Fe-Cr-Al alloys in high temperature applications. In addition of lower raw
material and preparation costs and of course superior oxidation resistance, the alloys have a higher
melting point, lower density and lower thermal expansion compare to the current nickel or cobalt base
alloys [4, 5]. Besides the oxidation resistance of Fe-Cr-Al ODS alloys is attributed to the presence of the
yttrium as a reactive element and in fact this element leads to the formation of an adherent and slow
growing A1203 film exhibiting highly protective properties for the underlying material up to 1200°C
[6]. However, the mechanical strength of these alloys in the cast and wrought condition at elevated
temperatures were too low to make them outstanding for such a purpose, that's why the dispersion
strengthening with stable oxide particle used to improve their higher temperature strength without
sacrificing the excellent surface stability of the matrix alloy [7, 8]. ODS steels usually have reasonable
creep resistance rather than their non-reinforced counterparts, however it usually suffer from poor
toughness[9-11]. Therefore it is very important to optimize the microstructure of ODS steels to achieve

an improved thermomechanical behavior. The author's previous experience showed that the use of
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Y203 is effective to adjust the oxygen content in Fe-Cr-Al OPH Alloys[12, 13]. In addition, this could
also enhance the impact properties of OPH ferritic steels [14]. However, there exists little information
about the annealing effect on the microstructure and tensile properties of these materials at elevated
temperatures. Thus the authors tried to manufacture two variants of Fe-Cr-Al OPH alloys differing in
milling time to investigate the effect of annealing on the thermomechanical properties of this group of

alloys

II. EXPERIMENTAL PROCEDURE

The OPH alloy was prepared based on Fe-Cr-Al matrix under a controlled mechanical alloying (MA)
process. A particular advantage of the process is that the stored energy introduced to powders by high
energy milling, can contribute to the production of a large elongated grain structure during subsequent
high temperature heat treatments. However, special care should be considered for the milling time and
rotation speed. The components consist of (wt.)% 71Fe-15Cr-6Al-3Mo-1Ta-4Y203 in a form of
atomized powder which then mixed with the specific amount of O2 in form of gas in a low energy ball
mill. The mill which is developed by the authors is capable of evacuation and filling by oxygen in
addition of adjusting rotation speed. The milling lasted for 150 h for first variant (V1) and 230 h for the
second variant (V2), both at 70 rpm. Then the powder became a solid solution and transferred to the
rolling container in a vacuum condition. At the same time, it has been evacuated by suction pump and
then sealed by means of welding. The final semi products went through two step hot rolling at 900°C and
the final thickness of 6 mm covered by 1 mm steel container was achieved. Based on the type of tests, the

desired sample shape then cut by means of waterjet, parallel to the rolling direction.

In order to investigate the effect of annealing on the thermomechanical properties of OPH alloys more in
details, both variants were put under heat treatment described on table 1.Both variants then went through
the tensile and hardness tests at room temperature (RT) to see how they were effected from the different

heat treatment. A metallographic analysis was alsomade to go more in depth through the microstructure

ofthese alloys.
Variant Temperature (0C) Holding time (hours)

1000 5, 10

Vi 1100 5,10
1200 1,5,10
1000 5, 10

V2 1100 5,10
1200 1,5,10

Table 1: Annealing plan
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III. RESULTS AND DISCUSSIONS

The mechanical properties after heat treatment of both materials were investigated by performing the
tensile test using a thermomechanical simulator which could keep the constant desire strain rate o 0.003
s-1during the whole test. Fig. 1 to Fig. 3 show the flow curves for both V, and V, under different
annealing conditions which described in Table 1. It should be noted that all the tensile tests were done at
RT. It can be seen that both UTS and elongation are significantly sensitive to heat treatment. In case of
UTS, the best result achieved for V1 after 20 hours of annealing at 1000 °C while the best elongation

achieved for the same variant at 1200 °C after same holding time.

Tensile Engineering Stress/Strain Curve

Temperature: 1000 °C
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2500

Vi1-20hr
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o 0.05 0.1 0.15 0.2 0.25
Strain [-]

Figure 1: Flow curves after annealing at 1000 °C

On the other hand, annealing at higher temperature, increased the ductility of OPH alloy while at lower
temperature, higher strength could achieved, regardless of milling time. Compare to initial state (IS), the
improvement in UTS could be varied from 20% after annealing at 1200°C (Fig. 3) to more than 100%
after annealing at 1000°C (Fig. 1). The most effective one for V1, happened at 1100 °C holding for 20

hours, which increase the UTS for almost 50% while the elongation increased to 10%.

Besides, the results confirmed that higher milling time, caused less improvement on the mechanical
properties of OPH Alloy, even after annealing at elevated temperatures. The UTS improvement for V,
(higher milling time) after 20 hours annealing at 1000 °C and 1100 °C is almost 15% to 29%, respectively
compare to initial state while no improvement in elongation was observed. It seems that the
improvement for V, started at 1100 °C after 20 hours of annealing (Fig. 2) which then increased by
increasing the annealing temperature to 1200 °C (Fig. 3). UTS increased almost by 30% and 43% after 5

and 20 hours respectively, compare to initial state.
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Figure 2: Flow curves after annealing at 1100 °C
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Figure 3: Flow curves after annealing at 1200 °C

Figure 4 shows the hardness (HV 10) results for both materials on the initial state and on the samples after
annealing under heat treatment at 1000 C, 1100 C and 1200°C holding within the time described in table

1. The hardness test according to Vickers was performed by using a ZWICK/ROELL Z2.5 hardness
tester with a load of 10 kg and loading time 11 s on the surface fracture area of polished samples. The
average value was calculated from three measurements. The hardness of samples demonstrates the
ability of OPH alloys to resist plastic deformation at various elevated temperatures. As the ODS ferritic
steels possess remarkable mechanical properties such as high tensile and creep strength, OPH steels
surely possess extremely hard surface and strength. Thus, Vickers hardness test is the standard method
to measure the hardness of this group of materials compared to other hardness measurement methods

such as Rockwell and Brinell.
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Figure 4: Hardness (HV10) at different conditions

The results show that the annealing also effected the hardness on both variants of OPH alloys. Compare
to initial state, elevating temperature up to 1200°C decreases the hardness almost 30% while at 1000°C it
decreases maximum 10%. Besides, V| after 5 hours annealing at 1100°C shows less reduction in HV10
compare to the V, at the same condition. The reason could be attributed to the recrystallization process
which may not started in this situation for V, [15]. On the other hand, the decrease in HV10 is more
considerable at the first step of annealing from 1000°C to 1100°C, however on the second step from
1100°C to 1200°C, less reduction happened. On the other hand, longer holding time has more influence
on the hardness value of OPH alloys. Holding for 20 hours up to 1100°C decreases the hardness 2 times
more compare to similar condition with less holding time while at 1200°C, longer holding time has the

same influence as lower time.

In order to go more in depth, the microstructure of both OPH variants with different annealing
conditions were investigated. Fig. 5 to 11 show the microstructure of all both V, and V, material using
optical microscope. It could be seen that after the rolling (initial state), the microstructure of both
materials consisted of solid solution with very fine oxides with different chemical composition. The
microstructure was homogeneous without visible cracks after rolling. This microstructure keeps its
formation with almost no changes in the main structure up to annealing at 1100°C for 5 hours, especially
for V, (Fig. 7b). However, recrystallization did not take place in the entire material volume. Very small

grains were still visible in the microstructure.

Figure 5: OPH alloys microstructure (Initial State), (a)V, and (b) V,
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Figure 6: OPH alloys microstructure (1000°C, 5 hours), (a) V, and (b) V,

(a) (b)

Figure 6: OPH alloys microstructure (1000°C, 20 hours), (a) V' and (b) V*
o R
' i

@ &)
Figure 8: OPH alloys microstructure (1100°C, 20 hours), (a) V, and (b) V,

¥

@ (b)
Figure 9: OPH alloys microstructure (1200°C, 1 hour), (a) V, and (b) V,
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@ | o
Figure 10: OPH alloys microstructure (1200°C, 5 hours), (a) V, and (b) V,

(b)
Figure 11: OPH alloys microstructure (1200°C, 20 hours), (a) V, and (b) V,

Following Fig. 8, the recrystallization also starts for V, holding at 1100°C for 20 hours (Fig. 8a) while it
was started at the same temperature for 5 hours for V, (Fig. 7b). The recrystallization progress almost
completed for both variants after 1 hours at 1200°C (Fig. 9) and followed by Fig. 11 that shows the
longest holding time of 20 hours at 1200°C, which the structure was completely recrystallized. The

results also showed that the grain size is bigger for the V, materials with longer milling time.

To have a better understanding of chemical composition of the occurring particles in the microstructure
of initial state, an EDS spectrum analysis were performed on both variants using scanning electron
microscope (Zeiss Crossbeam 340- 47-44) (Fig. 12, Fig. 13) In the material V| two types of particles
were found. The bigger particles were darker and the EDS analysis showed that they are molybdenum,
chromium, aluminum rich (Fig. 12). The second type were smaller lighter particles, which also

contained tantalum.
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Figure 12: EDS spectrum analysis results for V,

On the other hand, the bigger particles in V, (Fig. 13) were tantalum rich and the rest of the particles were
are Fe-Cr-Al rich. Molybdenum and chromium as a refractory element increases significantly the
cohesive strength of the grain boundaries, stabilize bcce-lattice and increase the oxidation resistance at
high temperatures. However, both elements increase the stability of carbides precipitating at grain

boundaries provoking intergranular fracture.
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Figure 13: EDS spectrum analysis results for V,

IV. CONCLUSION

This paper described a preliminary investigation on the effect of annealing on the thermomechanical
properties, hardness and microstructural of two variants of OPH alloys, differing in milling time, using a
number of different tests. The results show that the heat treatment at elevated temperatures has a
significant role on the mechanical properties as well as microstructure development of these alloys. The
optimum annealing condition could be reported as 1100°C for 20 hours which has the optimum effect on
both UTS and elongation. Besides, it was found out that longer milling time (V,) has anegative influence
on the mechanical properties which caused the late starting of recrystallization process. Base on that, the
V, showed less sensitive to heat treatment even at higher temperature with longer holding time. On the
other hand, the hardness value (Hv10), shows a decrease to almost 50% of initial value while the heat
treatment temperature increased from 1000°C to 1200°C. Also higher reduction was observed from the
second step of temperature increasing (1100°C to 1200°C) compare to the first step (10000C to 1100°C).
The microstructure observation showed that the recrystallization, which leads to grain growth, started
after holding for 5 hours (V,) and 20 hours (V,) at 1100°C. Before this critical temperature, the structure
was composed from very fine grains of about 100 nm. Over critical annealing temperature, a full
recrystallized structure with coarse grains was obtained. Besides, the EDS analysis confirmed the
presence of chromium and molybdenum in the biggest particles and tantalum was found in the smaller,

which showed a positive behavior within the microstructures of OPH alloys.
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ABSTRACT

( N\
Photoluminescence Spectroscopy (PLS) measurements have been performed on self-organized InAs

quantum dots (QDs) grown on InP(001) nominal substrate. The lowest full width at half maximum
(FWHM) of the PL spectrum measured at low temperature and at high excitation power, indicates the
good carrier confinement and low size dispersion of InAs/InP(001) ODs. Through the excitation
power-PL measurements with the help of an explicit low, which express the variation of PL intensity
with the excitation power, we have evidenced the presence of two families of InAs QDs which have a
good carrier confinement and an emission wavelength around 1.3 um. This result gives the possibility
to use this sample in optical telecommunications and in infrared photodetectors sensitive on broad
spectral bands.

Keywords- Photoluminescence, Quantum dots, Self-organized Growth, Optical
Telecommunication.

- J

I.INTRODUCTION

In recent years, there was a great interest in self-organized quantum dots (QDs) structures [1]. This
interest comes from the different applications of these nanostructures in performed optoelectronic
devices such as lasers, infrared photodetectors, and optical telecommunication [2]. InAs QDs grown on
InP substrate are actually considered as a good element used for the emission wavelength in 1.3-1.55 pm
range especially in optoelectronic devices used for long haul telecommunications [3]. In this paper, we
study the carrier confinement in InAs/InP(001) grow in Stranski-Krastanov (SK) mode using Solid
Source Molecular Beam Epitaxy (MBE) method. This study has been carried out by using the
Photoluminescence Spectroscopy (PLS) measurements. We identify the spatial confinement and the

origin of different observed PL peaks trough the evolution of PL spectra with the excitation density.

II. EXPERIMENTS

The InAs/InP quantum dots investigated in this paper were grown by Solid Source Molecular Beam
Epitaxy (MBE) in a Riber 2300 reactor. They were grown on semi-insulating InP(001) substrate. A
buffer layer of InP with 200nm of thickness was grown at 480°C using a phosphorus pressure equals to

1.10-5 Torr. Then three monolayers (ML) of InAs were grown at 520°C under an arsenic pressure fixed
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at 2.10-6 Torr. The elaborated sample is no intentional n type doped (about1016cm-3). After that, the
sample was capped with an InP capping layer of a300-nm-thick. The PL spectra were obtained in the
0.4-400 mW excitation density range. The sample was excited using the 514.5nm line of an Ar—Kr ion
laser. The emitted light was dispersed by a spectrometer and detected by a thermoelectrically cooled In

GaAs photodetector using a conventional lock-in technique.
III. RESULTS AND DISCUSSIONS

A. Spatial Confinement
The photoluminescence intensity is related to the excitation power through the following explicit low
[4]:
[=P",. (1)
n 2 1 for excitonic recombinations.
n=1 for intirinsic recombinations (band to band).

n<0.8-0.9 for impurities recombinations.

The Fig.1 presents the PL spectrum of InAs/InP(001) QDs measured at 12 K and at low excitation power
(10mW).

 g=09800v [T ) | T2k
P =10 mW

| Ep=1.041eV
| Ec=1.115eV

PL intensity (a.u)

1 ] |Jb L&
Energy (eV)

Fig. 1 PL spectrum at 12 K of InAs/InP(001) quantum dots.

The spectrum shows a three emission bands. These emission bands can be adjusted to a three Gaussian
peaks (a), (b) and (c) located in 0.980-1.115 eV energy range. The measured Full Width at Half
Maximum (FWHM) is about 31 meV. This weak value of the FWHM indicates that these nanostructures
of InAs/InP(001) have a good spatial confinement of photogenerated carriers compared to another
InAs/GaAs(001) QDs[5]. In order to check the origin of the different observed PL peaks and the type of
the corresponding transition (intrinsic, excitonic, defects,.etc.). We propose a study of the luminescence

as a function of excitation power. This study will be given by using the explicit low mentioned in (1).
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Fig. 2 depicts the evolution of the normalized PL spectra of InAs/InP(001) QDs as a function of the

excitation power. We note that there is no relative saturation of the PL peaks and no new peaks appeared

when the excitation power increases [6]. This leads to suppose that the different observed peaks are

attributed to ground states of families of QDs and/or to a defect states or traps related to the doped

sample.

Normalized PL Intensity (a.u)

T=12K

Energy (eV)

Fig. 2 PL spectra at 12 K of InAs/InP(001) quantum dots measured at different excitation

density of Ar-Kr ion laser.

We have obtained the same behavior through the study of the integrated PL curves given as a function of

excitation power as shown in Fig. 3.

Integrated PL intensity (a.u)

= = Peak (a)
—#— Peak (b)
—d— Peak (c)

.

\

[
—

ey | i i e |

1 "

Excitation power (mW)

Fig. 3 Integrated PL spectra of InAs/InP(001) quantum dots as a function of excitation density.
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According to the explicit low given in (1), we deduce that the peaks (a) and (b) are attributed to intrinsic
or band-to-band radiative transitions. On the other hand, the peak (¢) is related to an extrinsic radiative

transitions related to a defect states or traps related to the n type doping.

A. Thermal Stability

Fig.4 presents the integrated PL intensity curve obtained in 12-300 K temperature range. The calculated
ratio of the integrated PL intensity between 12 K and 300 K equals 9. This result provides the strong
spatial quantum confinement of photogenerated carriers in this sample compared with other confined
nanostructures [7]. Which leads to have a thermal stability. This property is very important to produce

optoelectronic devices with a good optical quality such as lasers.
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Fig. 4 Integrated PL intensity of InAs/InP(001) QDs as a function of the temperature.

IV. CONCLUSION

Through the study of the PL spectra as a function of the excitation, we have deduced that our sample
have not an excited energy levels. Note that, this behavior is traduced by the appearance of a new PL
peaks when the excitation power increases. By introducing the explicit low of PL intensity, we have
evidenced the presence of ground states of two families of InAs/InP(001) quantum dots of different size.
The integrated PL spectra of InAs/InP(001) QDs have indicated the strong PL maintaining until room
temperature of this sample. All these properties give the opportunity to use this sample in different
optoelectronic devices such as microlasers emitting around 1.3 pm with good optical gain, infrared

photodetectors which have a good sensitivity on a wide energy range.
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ABSTRACT

'd N\

Experimental program Development of high-temperature heat exchangers using advanced

manufacturing technologies, mechanical design and materials was focused on the prototype
production of the heat exchangers by means of conventional and progressive manufacturing methods.
Developments in the additive manufacturing (AM) processes and the introduction of new and / or
modified alloys gave engineers liberty not only in the design. Metallographic characteristics of the
nickel-based alloys were the main objectives of the research. The results will contribute to the design
and construction of the plate heat exchanger.

Keywords - Heat Exchangers, Superalloys, Additive Manufacturing.
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I.INTRODUCTION

The main objectives of the project Development of high-temperature heat exchangers using advanced
manufacturing technologies, mechanical design and materials is to design new types of the high-
temperature gas/gas heat exchanger for applications in industrial and energy sectors, as well as for the
new generation of nuclear reactors. The materials, which are applied in these sectors, are either stainless

steels or nickel superalloys.

Nickel-based alloys have become standard for high-temperatureapplications. These alloys generally
offer high corrosion and wear resistance when exposed to high temperatures. Conventional production
of these alloys is well established;however boom in the field of additive manufacturing has opened a
new way of the manufacturing procedure. The investigated components were processed from Incoloy
alloy 800 HT (1.4959) and Inconel 718, materials ideal for high-temperature applications such as gas
turbine parts, instrumentation parts, power and process industry parts up to 700 - 800 °C[1] - [3].

Materials produced by AM exhibit specificities compared to commonly produced components. From a
material perspective, AM products show a strong dependence on the process parameters. The entire
process chain of the additive manufacturing, which will be in near future similarly important to
conventional methods, also highly influences the microstructure of the component. AM products are
composed of tiny weld beads so-called “melt pools”, generated by the laser. A certain pattern of texture

can be expected due to the fast and directional solidification. The resultant heat transfer and fluid flow
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affect the size and shape of the melt pools, the cooling rate, and the transformation reactions in the melt
pool and heat-affected zone[4] - [ 7]. Metallographic characteristics were performed by means of optical
and scanning electron microscopy enhanced by electron backscattering diffraction analysis, a unique
tool for assessing the material texture. After the literature search on the materials used nowadays for
high-temperature heat exchangers, austenitic steels and nickel alloys were proposed for this research.

This contribution will deal with the analysis of nickel alloys.

II. EXPERIMENT DESCRIPTION

The experiment consisted of two main parts. In the first part, microstructural characteristics of the
conventionally produced nickel-iron-chromium alloy Incoloy 800 HT (1.4959), was tested and
analysed in as - received and aged conditions at 650 and 850 °C with 150 hours holding time. As not
every material was found to be suitable for additive manufacturing, further tests were performed with
the material Inconel 718. Direct Metal Laser Sintering (AM) method was involved in the second part of
the experiment. The additively manufactured Inconel 718 was stress-relieved at 980 °C for 1 hour and

air cooled.
The chemical composition of the alloys was measured by optical emission spectrometer BRUKER Q4
TASMAN. The results are given in Legend: LM (Light microscopy). Hardness HV 10 was measured

according to ISO 6507 — 1on Struers Durascan 50 (SeeTable II).

Legend: LM (Light microscopy)

Element (wt. %)

Alloy C Si Mn | Cr | Ni Al Ti Fe
800 HT | 0.07 | 0.26 0.8 |[19.93|31.1| 0.46 | 0.57 bal.
IN 718 0.06 | 0.06 [ 0.09 |18.45(53.06] 0.5 0.98 | 17.96

affect the size and shape of the melt pools, the cooling rate, and the transformation reactions in the melt
pool and heat-affected zone[4] - [ 7]. Metallographic characteristics were performed by means of optical
and scanning electron microscopy enhanced by electron backscattering diffraction analysis, a unique
tool for assessing the material texture. After the literature search on the materials used nowadays for
high-temperature heat exchangers, austenitic steels and nickel alloys were proposed for this research.

This contribution will deal with the analysis of nickel alloys.

II. EXPERIMENT DESCRIPTION
The experiment consisted of two main parts. In the first part, microstructural characteristics of the
conventionally produced nickel-iron-chromium alloy Incoloy 800 HT (1.4959), was tested and

analysed in as - received and aged conditions at 650 and 850 °C with 150 hours holding time. As not
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every material was found to be suitable for additive manufacturing, further tests were performed with

the material Inconel 718. Direct Metal Laser Sintering (AM) method was involved in the second part of
the experiment. The additively manufactured Inconel 718 was stress-relieved at 980 °C for 1 hour and

air cooled.
The chemical composition of the alloys was measured by optical emission spectrometer BRUKER Q4
TASMAN. The results are given in Legend: LM (Light microscopy). Hardness HV 10 was measured

according to ISO 6507 — 1on Struers Durascan 50 (SeeTable II).

Legend: LM (Light microscopy)

Fig. 1 Incoloy 800 HT _as recieved state. LM

Fig. 2 Incoloy 800 HT 650°C - 150 h. LM

Fig. 3Incoloy 800 HT_850°C - 150 h. LM
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Fig. 6 Results of EDX measurements on Inconel 718

Specimen HV10
As received 120
Incoloy 800 HT 650°C - 150 h 183
850°C — 150 h 142
Inconel 718 As received 387

Table II. Results of hardness testing

B. Electron Backscatter Diffraction Analysis (EBSD)

The microstructure of Inconel 718 consists of an austenitic matrix with the presence of columnar grains
in the Z-building direction. Fig. 7 shows band contrast - image quality. This indicates the "sharpness" of
the Kikuchi lines for each index point. The lighter the point in the image (in the grayscale), the
diffraction pattern of the Kikuchi line is sharper at that point. By default, the smallest sharpness (and
hence the darker points in the picture) is achieved by indexing at grain boundaries, phase intervals,

pores, inclusions, etc.

Fig. 8 shows the orientation of the individual grains of phases using the Inverse Pole Figure (an inverted
pole pattern). In the Inverse Pole Figure are projected spheres aligned with the directions of the crystals.
Sketched directions are a stereographic design of the directions of the crystals parallel to the normal
direction(ND), the parallel direction (RD) or the transverse direction (TD) in the sample. An inverse
pole pattern can help to visualize certain types of textures. Thus we can determine that, for example, the
grain has the same orientation of the crystal lattice as several grains coloured with an identical colour.
Fast and directional cooling during the AM processing resulted in a certain degree of texture, which is

obvious from Fig. 9.
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III. CONCLUSION

Two nickel alloys were selected for experiment dealing with micro structural properties of
conventionally and additively manufactured superalloys. The grain size of conventionally
manufactured Incoloy 800HT was not affected after ageingat two temperatures 650 and
850°C.Nevertheless, the precipitation of carbides within the grains and on the boundaries was
observed in this material. The micro structure of additively manufactured material considerably differed
from that of conventionally produced alloy, as fast and directional cooling took place during the
processing. Presence of precipitates in the nickel-chromium alloy Inconel 718 micro structure,
contributed to the strengthening of the matrix, which was reflected in the increase in hardness values.
The DMLS processed heat exchanger will be tested in the experimental helium loop. The test results will

serve mainly for the design and construction of a short-time service helium-helium heat exchanger.
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ABSTRACT

-

-

Al-steel dissimilar joining has the advantages of both the materials in a single unit. This combination of

plates. Thus, in this work, selective heating of steel side was performed using an induction heating

stirwelding (FSW) and newly developed induction heat-assisted FSW (IHAFSW) were compared using

Intermetallic, solid welding, Unconventional.

~

materials has high industrial applicability. There is a large difference in physical, thermal and
metallurgical properties of both the materials, which makes it difficult to join combination. In present
work, the solid state joining of commercially pure aluminum and steel was performed. A number of
attempts have been reported in the literature regarding preheating of steel to achieve better weld

amalgamation. Earlier approaches were not much effective due to wide-spreading of heat in both
equipment to avoid the heating of the aluminum side. Further, weld joints made by conventional friction
tensile testing and micrograph analysis. It was found that the elongation is improved up to 35% in
hybrid welding which was a major concern in FSW. Detached debris of steel was alleviated and
bonding surface area was increased in selective preheating which suggest higher ductility and in a

soundweld joint.

Keywords— Deformation, Friction stir welding(FSW), Hybrid joining, Induction heating,

J

I.INTRODUCTION

Multi-material design of materials is a concept of combining two or more differently equipped material

systems to take advantage of the properties of both. An example of such a combination can be Al-steel

joint. Steel and aluminum are the most exploited materials in today's industrial world. They have affable

availability in nature and perform suitably in almost every application. The area of application of both

the

metals is very vast. Their combination has also many applications in automobile, marine,

shipbuilding, cryogenics and in aerospace industries. Steel has high strength and rigidity whereas

aluminum has a high strength to weight ratio and good corrosion resistance. All of these properties are

essential for the automotive industry. A combination of these two metals in a single unit provides good

strength as well as weight saving, which in turn saves a lot of energy in the automotive industry. Honda

in their fabrication of subframe (used in Honda accord) used Al-steel joint and compared its properties

with conventionally formed frame and attained a 50% power saving as shown in Fig. 1.
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Fig. 1 Frame fabricated by Honda using steel-aluminum joining [1]

Regardless of'its high applicability, this combination of metals is rarely used in industries due to various
difficulties encountered during joining of these materials. The main issues related to the joining of steel
with aluminum alloys are inferior strength and ductility of joint and a narrow process window. The
predominant reason for lack of strength and ductility in case of fusion welding is insolubility of both the
metal systems. There is an enormous difference in their physical and metallurgical properties. The
properties associated mainly with welding of Al-steel are melting temperature, the coefficient of thermal
expansion, thermal conductivity and strength. There is a huge difference in properties of these two
material systems as shown in Table I. This difference in properties causes problems like non-uniform
solidification, different thermal cycle, complex stresses, and differential expansion and contraction in

case of fusion welding.

Non-fusion welding processes have an advantage over fusion welding processes in joining of Al-steel
due to the elimination of fusion and solidification. The main concern in this metal combination is its

insolubility in the molten state which is shunned in solid joining.

Properties Steel Aluminum
Melting  temperature | 14251540 463-671
(°C)

Coefficient of thermal | 11.3-12.3 21.5-23.8
expansion (10 (°C)1)

Conduction coefficient | 45 235
(WmK)

Tensile strength (MPa) | 247 90

Table I Difference in physical properties of steel and aluminum [2]

In solid-state joining techniques, various factors like heat generated by means of friction and plastic
deformation, intermetallic compound formation and process parameters are to be critically balanced in
order to get a sound joint. In friction stir joining of these metals, the most important property is the plastic
behavior of the metals under high temperature. Thus, to bring both metals on the same level of strength

and plasticity, the steel is heated and brought to a lower strength. Upon heating steel turns soft and its
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plasticity comes in comparison to that of aluminum. Stirring becomes easier, and both materials mix up
in a better way. Therefore, to bring down the steel to a lower strength, heat-assisted friction stirwelding
i1s examined by researchers. GTAW assisted hybrid FSW was used to join A16061-T6 and STS304
stainless steel of 3 mm sheet by [3]. A sound joint was reported with the hybrid process and the strength
of the joint was found to be higher than normal FSW joint. An electric current assisted friction stir
welding setup was developed by [4] and joined steel and Al-Mg alloys. In his investigation, a variable
current was applied and its effect on grain size was compiled. On increasing electric current in the
circuit, the grain size in the weld zone was found to be increasing. A setup of electrically assistedfriction
stir welding was established by [5]. A16061 alloy was welded with TRIP 780 steel. In his study, the tool
of FSW was kept outside the circuit and various configurations of heating were tried. The combination
of electro-plastic effect and joule effect aided in plunging and reduced the axial welding force. It was
concluded that micro-interlocking can be seen in electric aided FSW at the Al-steel interface. This can
inhibit the crack initiation and propagation of the intermetallic layer. In solid state joining of Al-steel,
steel side is not actively taking part in joining. Thus to have an active stirring of steel plate without too
much disintegration and fragment formation, selective preheating of steel plate is a viable approach.

Therefore, researchers have shifted their attention towards hybrid processes in recent years.

II. EXPERIMENTALMETHODOLOGY
Commercially pure aluminum and mild steel plates of dimension 150 mm x 50 mm and thickness 3 mm
were placed in square butt configuration for pilot experiments. The tool made of tungsten carbide (WC)

was used for FSW. The dimensions of the tool are specified in Table I1.

After initial trials, the sound joint was obtained on welding process parameters of 708 RPM and weld
scanning speed of 40 mm/min. For selective preheating trials, an induction heater (15KW) of the

medium frequency range (30-100 KHz) is employed. A schematic of the system is shown in Fig. 2.

Tool Pin Pini Pin taper | Tool tilt
shoulder | diameter | length | angle angle
diameter

mm  |[68mm | 28mm | 20° :

Table II Dimensions of tool used for welding
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Fig. 2 Schematic view of IHAFSW Setup
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Fig. 3 Location of FSW tool and Heating coil

The coil of the Induction heater is placed over the steel plate at a distance of 25 mm ahead of the FSW
tool as shown in Fig. 3. The distance between the coil and tool was kept constant during welding, The
temperature was measured using k-type thermocouples placed in steel and aluminum plates during
normal friction stir welding. The temperature of plates was measured by a Digital LCD IR pyrometer
during induction heating process. The tensile specimen was prepared according to ASTM E8 standard.
Tensile testing was performed on the universal tensile testing machine (Instron USA; model - 5980) ata
cross-head speed of 1 mm/min. Samples were machined and polished using standard metallographic
practices for microstructure study. Field emission scanning electron microscopy (FESEM) was used for

microanalysis of the interface.
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II1. RESULTS AND DISCUSSION

FSW is fundamentally a process of deformation on the application of a high strain rate. Additionally,
thermal softening of the material takes place due to frictional heating. Material near around tool pin
flows plastically. The flow stress of any material depends largely on its temperature. Thus, the

temperature is a major factor in dissimilar friction stir welding.

) b),

O ey == =t !
A0 B W oMM N NN W

Tima i

Fig. 4 (a) Placement of thermocouples, and (b) Temperature vs time graph

The temperature of the steel and aluminum plate was measured during welding using three k-type
thermocouples. Thermocouples were placed in both the plates at a distance of 1 cm away from the
centerline as shown in Fig. 4(a). Temperature vs time relationship during FSW is shown in Fig. 4(b).

Peak temperature attained in steel plate during Friction stir welding was 219°C.

It has been shown in the weld thermal cycle that the peak was obtained at around 170 seconds after the
starting of the tool rotation. The peak temperature achieved for the aluminum plate was 288°C at
location 1 and 356°C for location 2. Thermocouple 2 was placed away from the initial weld start point.
Thermocouple 1 and 3 attained peak temperature at the same time whereas 2 attains its peak temperature
after 180 seconds. Heat is conducted in the whole Al plate very fast because of the high conductivity of
aluminum. Therefore, thermocouple 2 showed the highest temperature because of the accumulation of

heat of friction stirring and conduction.

The melting point of steel is around 1425°C - 1540°C. steel tends to get soften at a higher temperature
and its strength becomes half of the original strength at 500°C [6]. Strength of steel decreases drastically
and ductility is increased on the application of heat and the same is also confirmed by [ 7] as shown in Fig.
5. As discussed above, the temperature achieved during normal FSW was around 220°C for steel plate.

This temperature is not sufficient for easy flowability of steel.
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Thus to bring steel to an easily deformable state, we need to assist the FSW by some additional source of
heating. There are a number of ways to preheat the steel sheet, for example:- TIG, Laser, Gas torch,
induction heating, and electrical resistance heating. Selective heating of the plate can only be realized by

induction heating. Therefore, to preheat the limited area of steel plate, Induction heating was selected.

20°C
g
w
600°C
_-'-*--*
750°C
Strain

Fig. 5 Stress-strain curve of mild steel at various temperatures [7]

Induction heater works on the principle of eddy current and magnetic hysteresis loss, which only occurs
in magnetic materials. Thus on induction heating, only steel plate gets heated and aluminum plate
remains unaffected. Although some amount of heat was conducted towards the aluminum side, that was
not sufficient to cause melting. Upon induction preheating, the temperature attained during welding was
maintained around 600°C. Steel became soft and started flowing plastically during stirring action of
FSW tool instead of breaking as a fragment. Macrographs of welds obtained from two different joining
processes are shown in Fig. 6. In normal FSW joint, serrated steel fragments were observed. These
fragments were detached from the parent steel plate and came in the aluminum matrix. In [HAFSW; the
problem of detachment was avoided and extended finger like strand was present. Presence of an
elongated fiber indicated the improvement of ductility of steel plate in IHAFSW. The bonding surface
area was visibly increased in I[HAFSW and it avoided the stress concentration and void formation

associated with the detached fragment.

Fig. 6 Macrograph of FSW joint (a) By normal FSW, (b) By Induction Heating Assisted FSW
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Scanning electron microscope images of normal Al-Steel FSW joint (A1-A3) and IHAFSW joint (B1-
B3) are shown in Fig. 7. On analyzing interface micrographs obtained at high magnification SEM, a
continuous bonding surface was apparent without the presence of an intermetallic layer. Further high
magnification showed intermittent microcracks along the joint line, which is an intrinsic attribute of a
dissimilar weld joint. Even though microcracks are present in both the cases, the joint performed using
IHAFSW has a lesser number of crack sites as compared to normal FSW joint interface. This indicated a

relatively better bonding in [HAFSW.

Fig. 7 (A) SEM micrograph of the interface of normal FSW joint at different magnification,
(B) SEM micrograph of the interface of IHAFSW joint at different magnification
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Fig. 8 Tensile test graph of normal FSW joint and Induction preheated FSW joint
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The results of the tensile test of normal FSW joint and induction heat-assisted FSW joint are plotted in
Fig. 8. It was perceived from the tensile test that the elongation of IHAFSW joint was superior to the
normal FSW joint. Tensile strain in IHAFSW joint was found to be around 13.5%. It showed an
improvement of 35% over normal FSW joint extension. Although the strength of IHAFSW joint was

somewhat inferior to the normal FSW joint which indicated softening of the joint.

IV. CONCLUSION
On the basis of experiments performed for joining of Al-steel dissimilar combination, following
conclusive points are drawn:

» Steel has higher flow stress and hardness than the aluminum, therefore for achieving better
stirring action during Friction stir welding, flow stress of steel is to be brought in comparison to
aluminum by using some external heating source.

* Induction heating process prior to friction stir welding is a suitable alternative for performing
selective preheating because of its capability to heat only magnetic (steel) plate.

* Around 35% improvement in the ductility of FSW joint was obtained on the application of

selective induction preheating of steel plate.
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ABSTRACT

4 N\
The formalism of geometro thermodynamics is used to derive Riemannian metrics for the equilibrium
spaces of thermodynamic systems described by the Botzmann-Gibbs and Pareto distributions, which
are widely used in econophysics. We thus show that the corresponding equilibrium spaces are, in fact,
Riemannian differential manifolds for which we can calculate the respective curvature. In the case of
the Boltzmann-Gibbs distribution, we show that the curvature vanishes so that the manifold is globally
flat. In the case of the Pareto distribution, the curvature is non-zero and singularities are present for a
wide range of values of the Pareto parameter. We thus show that it is possible to characterize these
distributions by using the geometric properties of the corresponding equilibrium manifolds.

Keywords - Boltzmann-Gibbs Distribution, Pareto distribution, Econophysics, Geometrothermo
dynamics.
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L.INTRODUCTION

Differential geometry is a very important tool of modern science, specially of mathematical physics,
with many applications in physics, chemistry and engineering. Consider, for instance, thermodynamics,
the branch of physics that studies all the systems in the Universe, where the laws of thermodynamics are
valid. This includes microscopic configurations such as quantum gases, condensates, etc., classical
laboratory gases and liquids and even the largest known system which is the Universe itself. To study
thermodynamic systems from a geometric point of view, one introduces the concept of equilibrium

space, each point of which represents an equilibrium state of the system.

In turn, to investigate the equilibrium space there are essentially two methods. The first one is named
thermodynamic geometry and consists in introducing Riemannian metrics into the equilibrium space. In
general, the components of the Riemannian metrics are taken as the components of a Hessian matrix,
i.e., the second derivatives of a function, which is usually assumed to coincide with a thermodynamic
potential, for instance, the entropy or the internal energy. Hessian metrics have been applied to
investigate many physical systems and very interesting results have been obtained (see, for instance,

[1]-[3] for comprehensive reviews).

The second approach is called geometrothermo- dynamics (GTD) andis based upon the use of Legendre

invariance, i.e., the property that classical thermodynamics does not depend on the choice of
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thermodynamic potential [4].To represent Legendre invariance as an invariance with respect to
coordinate transformations, it is necessary to introduce an auxiliary space which is called phase space. A
metric, which is Legendre invariant in the phase space, contains the symmetry properties of classical
thermodynamics with respect to changes of thermo- dynamic potential. We equip in this way the
equilibrium space with Legendre invariant metrics. It turns out that the components of the metric can
essentially be calculated once the fundamental equation [5] of the corresponding thermodynamic

system is given.

In turn, the fundamental equation can be derived by using the approach of statistical thermodynamics, if
the distribution function is known [6]. In this work, we are interested in the Boltzmann-Gibbs and Pareto
distributions, which have been used in the framework of econophysics to describe the distribution of
certain economic variables along the population of a society. In fact, it is currently well established that
the wealth distribution in many societies presents essentially two phases [7]. This means that the
societycan be differentiated in two disjoint populations with two different probability distributions.
Various analysis of real economic data from several countrieshave shown that one phase possesses a
Boltzmann-Gibbs (exponential) probability distributionthat involves about 95% of individuals, mostly
those with medium and low wealth,whereas the second phase, consisting of about 5% of individualswith
highest wealth, shows a Pareto (power law) probability distribution. Similar results are found for the
distribution of money and income. It follows that it is important to understand the properties of the
Boltzmann-Gibbs and Pareto distributions to describe the behavior of economic systems. This is one of

the main goals of the present study.

In this work, we are interested in investigating the Boltzmann-Gibbs and Pareto distributions from the
point of view of GTD. To this end, we first present in Section Il a review of the GTD formalism. Then, in
Section III, we describe the method we use to derive the fundamental equation corresponding to a
particular function distribution. In Section IV, wecalculate the metrics which describe the geometric

properties of Boltzmann-Gibbs and Pareto equilibrium spaces, respectively.

II. GEOMETROTHERMODYNAMICS

GTD is a theory that has been formulated recently in [4] to introduce, in a consistentmanner, Legendre
invariance in the geometric description of the space of thermodynamic equilibrium states. This theory
has been applied to different thermodynamic systems such as black holes, ideal and realistic gases,
chemical reactions and even the entire Universe. In all the cases analyzed so far, GTD has delivered
consistent results and allows us to describe geometrically thermodynamic interaction and

phasetransitions by means of Legendre invariant metrics.
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The main ingredient of GTD is a(2n+1)-dimensional manifoldT with coordinates Z* = (®, E*, I"), where
® isan arbitrary thermodynamic potential, Ea,a=1,2,3, ... ., nare the extensive variables, and la the
intensive variables that are used to describe thermodynamic systems. It is alsopossible to introduce in a

canonical manner the fundamentalone- form
a b
O=d0-90,1dE.
O =diag+1,....+1 .,
which satisfies the condition ® A d® n # 0, where n is the number of thermodynamic degrees of
freedom of the system, and is invariant with respect to total a a Legendre transformations
(0.E.1*)— @ ELI?
with
O = @-0,,E1°, E*=-1* I*=E2
Partial Legendre transformations can be represented as particular cases. Moreover, we assume thaton T
there exists a metric G, which is also invariant with respect to Legendre transformations. The triad(T, ©,
G) defines a Riemannian contact manifold which iscalled the thermodynamic phase space (phase
manifold). The space ofthermodynamic equilibrium states (equilibrium manifold) is defined as an n-
dimensional Riemannian submanifold, E CT,induced by a smooth map
0:E—=T.1e. @:(E*)—(D(E).E.I*E?). such
that
@ =@ d®-0,,I’dE’=0
holds, where @[ is the pullback of . The manifold E is naturally equipped with the Riemannian metric g
=01 G.

The purpose of GTD is to demonstrate that the geometric properties of E are related to the

thermodynamic properties of a system with fundamental thermodynamic equation ® = ®(E").

It turns out that there are three classes of Legendre invariant metrics, namely,

G =(d® -I,dE»)*+(Ep E*T°)(XcadEdI®)
which are invariant under total Legendre transformations, where &, and 7y, are diagonal constant
matrices. For y,, = 8, =diag(1,...,1) ory,, =m,, =diag(-1,1...,1), the resulting metric G' or G" can be used
to investigate systems with at least one first-order or second-order phase transition, respectively. The
third class
G =(d® -1,dE*)2+(E,I,)%*1dEad* k€ T

is invariant with respect to partial Legendre transformations and is used to describe ordinary systems.

The calculation of the metrics for the equilibrium space is straightforward and yields
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MG 0E®  dEE'=B  OF_ OO dEdE’

ab o a aEb JEc
where B,is a constant and &, = § =diag(1,...,1) for g' and &, =nc=diag(-1,1...,1) for g". These metrics are

invariant with respect to total transformations. Furthermore, from the metric G"', we obtain

gl =(E {Da :)Ekﬂﬁab(b % dE* dE©

where
o
o=""_0 &

a  gpa bc  gpb gEc

We can see that all metrics g can be calculated explicitly once the fundamental equation ®(E") is known.

1. BOLTZMANN-GIBBS AND PARETO FUNDAMENTAL EQUATIONS

In [6], it was proposed to use the approach of statistical thermodynamics to derive fundamental
equations of thermodynamic systems. The idea is as follows. Suppose that the system is composed of N
elements and each element possesses a part m of a conserved quantity M. If the system is at equilibrium,
the probability distribution (density function)p(m)is essentially given as p m = ™" , where T is the
average amount M/N. The amount m can depend on several additional parameters A, , A, ... A ,,which are
usually called microeconomic parameters. Since the density function can be normalized to 1, we obtain
[8]

e~m (NT
pA = QTQ e d(h),
where Q T, x is the partition function and A represents the set of all microeconomic parameters. Here we

introduced the notation x =%, , X, , ... . ., X, to denote the set of macroeconomic parameters that can

appear after the integration over the entire domain of definition of the microscopic parameters A .

Following the standard procedure of statistical thermodynamics [8], we introduce the concept of mean

value g for any function g=gA as
1 m A

g = gpdA= mge'T ~dA

In statistical thermodynamics, these are the main concepts used to investigate systems which depend on
the average T and the macroscopic variables x . Consider, for instance, the mean value m = mp dA and
compute the total differentiald m,
dm = mdp+pdm dA= mdpdA+ dm
By using the equation m = —T(Inp + InQ), the above expression can be written as
5 dm=TdS - y;dx;"

=1
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where the entropy S and the intensive macroscopic variables are defined as
S=-lnp = -lnp pdA

and
on om

| __pdA
S o,
This is the first law of thermodynamics. To calculate explicitly the entropy S = —Inp p dA , we use the
equation —Inp=1nQ + m/Tand obtain f: =m—TS=-TInQ T, x, so that
of of
S: —_— —_— N = —
o x|
This means that the entire information about the thermodynamic properties of the system is contained in
the function m(A) which, in turn, is completely determined by the partition function Q(T, x ). We see that

to find all the relevant thermodynamic variables, it is necessary to specify only the function m.

To generate the Boltzmann-Gibbs distribution, we consider the linear function m = ¢, A,which leads to
the partition function

—ﬂhl h max

TA
cT :
Cliﬁl hlmu'.

Then, the corresponding thermodynamic variables are

QT A =

I
B

<1
S=1 +]11 C_ + ].l].ﬂ
1

where we have considered A, in the interval [0, oo ) for simplicity. Here A is an additional
thermodynamic variable which comes from the integration along the microscopic parameters. The
above expression represents the fundamental equation of the Boltzmann-Gibbs distribution, which

depends on the extensive variables <m>and A.

An important quantity that reflects the phase transition properties of the system is the capacity, which is
defined as
as

C:Tfﬂ'—

If we calculate this quantity for the Boltzmann-Gibbs entropy function, we obtain C = 1. This means that
no phase transitions can occur in a system described by this distribution function. Consider now a

system determined by the multiplicative functionm=c, InA1 . Then, the partition function is given by

= e T
— oA YT AN = — e ah/Tdp
Q T, A=e 1 1IdA Wi 1

TA
(i'_*{

1
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min

where we have used A, € [x, ), with x =A™". This expression is completely equivalent to the Pareto
distribution function. As mentioned above, our method allows us to find the corresponding

thermodynamic potential in terms of the macroscopic parameters. In particular, the entropy is given by

xT
S= T er +In T +InA.

where the average T is. in turn, a function of <m > and x. i.e..

< m>—c;Ilnx

T=c o
1 <m>+¢;—cilnx

Then, the entropy function S = S(< m >, x, A) represents the fundamental equation for the Pare to
distribution. The main variables in this case are <m > and x and we will focus on them for our further

analysis. In this case, the capacity C can be calculated from the entropy function and we obtain
¢, 2
C 1= T

an expression which diverges for T=c,, indicating the presence of a second-order phase transition.

C =

IV.METRICS OF THE EQUILIBRIUM SPACE

To describe a system in GTD, it is necessary to determine the metric to be used and this, in turn, depends
of the kind of phase transitions that are present in the system. Consider a Boltzmann-Gibbs system for
which we found in the last section that the capacity is constant (C = 1). Then, such a system has no phase
transitions and, therefore, corresponds in GTD to a system invariant with respect to partial and total
Legendre transformations with metric g" . If we now identify the variables ® =S, E' =<m >, and E*=A,

and use the fundamental equation for the Boltzmann-Gibbs distribution, we obtain
d<m>? dA?
—_— _‘__;_

== A

To calculate the curvature tensor and the curvature scalar, we use the standard formulas of Riemannian

EIII:_

geometry. For the above metric, one can show that the curvature tensor is zero, i.e., the corresponding
equilibrium space is flat. In GTD, this is interpreted as corresponding to a system without intrinsic
interaction. Consider now the Pareto fundamental equation S = S(<m >, x). As mentioned above, in this
case the capacity indicates the presence of second order phase transitions. We therefore use the metricgll
for its description. In the general formula forgllgiven above, we make the identification ® =S, E' =<m>

and B’ =x. The calculation of the metric components yields

n_ _SEm>x) d <m>?

= .- T
¢ Inx—-<m >~

i 1=]

dx?
-gghx+c,—<m> ,, —
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for which we calculate the curvature scalar

N(=m>, 00)
, - I
Cchx+¢-<m>

where the function N(< m >, x) is different from zero, in general. We see that curvature singularities
occur for all the values of <m > and x, which satisfy the condition

cilnx+¢;—<m>=0.
We conclude that systems described by the Pareto distribution function show a very rich phase transition

structure.

V.CONCLUSION

In this work, we used the formalism of GTD to derive the Legendre invariant metrics that describe the
equilibrium space of systems which satisfy the Boltzmann-Gibbs and the Pareto probability distribution
functions. First, by using the methods of statistical thermodynamics, from the distribution function we
derive the corresponding fundamental equation, i.e., a function that relates the entropy with the
remaining extensive variables of the system. From the fundamental equation one can calculate the
corresponding metric for the equilibrium space by using GTD. We found that the Boltzmann-Gibbs
distribution leads to flat equilibrium space, indicating the lack of intrinsic interaction between the
elements of the system. On the contrary, the Pareto distribution is described by a metric with non-

vanishing curvature and a very rich phase transition structure.

As mentioned above, the Boltzmann-Gibbs and Pareto distributions play an important role in
econophysics. In this context, it would be interesting to analyze the consequences of the completely

different geometric properties of these distributions.
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