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 k - Extensibility and Weakly k - Extensibility for Some Special 
Types of Graphs 

1 2 3 3K. Angaleeswari , M. Perumal , G. Palani Murugan  and V. Swaminathan  
1
Department of Mathematics, Saraswathi Narayanan College, Madurai 22, Tamil Nadu 

E-mail: aadeshangal@gmail.com 
2
Department of Mathematics, Rev. Jacob Memorial Christian College, Ambilikkai-624 619, Tamil 

Nadu, E-mail: perumalmani100@gmail.com 
3Department of Mathematics, Pasumpon Muthuramalinga Thevar College, Sangaran kovil, Tamil 

Nadu, E-mail: gpnmaths@gmail.com 
4Ramanujan Research Centre, Saraswathi Narayanan College, Madurai - 22, Tamil Nadu 

E-mail: swaminathan.sulanesri@gmail.com 

1. INTRODUCTION 
A simple graph is a finite non-empty set of object called vertices together with a set of unordered pairs of 
distinct vertices called edges. A graph G with vertex set V (G ) and edge set E (G ) is denoted by G = (V , E 
). The edge e = {u , v} and is denoted by e = uv and it is said that e joins the vertices u and v; and u and v are 
called adjacent vertices; u and v said to be incident with e. If two vertices are not joined by an edge, then 
they are said to be nonadjacent.

If two distinct edges are incident with a common vertex, then they are said to be adjacent to each other. A 
set of vertices in a graph G is independent if no two vertices are adjacent and independent number is 
denoted by b (G).   An independent set is said to be maximal, if it is not a subset of any larger independent 0

set. Let G = (V , E ) be a simple graph. Let k be a positive integer. G is said to be k-extendable if every 
independent set of cardinality k in G is contained in a maximum independent set of G. Let G be a graph. 
Let k be a positive integer, 1 £ k £ V (G ) . G is said to be weakly k-extendable if every non-maximal 
independent set of cardinality k of G is contained in a maximum independent set of G.

2. BULL GRAPH

Definition 2.1. The bull graph is a planar undirected graph with 5 vertices and 5 edges. In the form of a 
triangle with two distinct pendent edges

In this paper we discuss the k-extensibility and weakly k-extensibility for some special types of graphs 
like Bull graph, Butterfly graph, Durer graph, Friendship graph, Crown graph and Banana tree. Also 
some theorems, lemmas and corollaries are discussed. 

2010 Mathematics Subject Classification: 05C69. 

Keywords: k-extensibility in graphs, weakly k-extensibility in graph. 
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Example 2.2. Let G:
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Figure 1 

3. BUTTERFLY GRAPH 

Definition 3.1. The butterfly graph also called the bowtie graph and the hourglass graph is a planer 
undirected graph with 5 vertices and 6 edges. 

Example 3.2. Let G: 

Figure 2 
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4. DURER GRAPH 

Definition 4.1. The Durer graph is an undirected graph with 12 vertices and 18 edges. 

Example 4.2. Let G: 

Figure 3 

5. FRIENDSHIP GRAPH

Definition 5.1. The friendship graph (or Dutch windmill graph or n-fan) F  is a planer undirected graph n

with 2  vertices and 3  edges.n + 1 n
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6. CROWN GRAPH

Definition 6.1. The n-Crown graph an integer n ³ 3 is the graph with vertex set

Corollary 6.3. In crown graph (n ³ 3 ), we have n number of maximal independent sets of cardinality 
two. So we have non-maximal independent set of cardinality one, that clearly contains in any one of the 
maximum independent set of G. Therefore G is weakly 1-extendable.

7. BANANA TREE

Definition 7.1. An ( B ) , banana tree graph obtained by connecting one leaf of each of n copies of an k-n k

star graph with a single root vertex that is distinct from all the stars.

Theorem 6.2. Let G be a crown graph, (n ³ 3 ) G is k-extendable graph for all k£ 1  k£ b0 (G ) ,  except at 
k = 2 .

Proof. Let G be a crown graph with vertices (n ³ 3 ).
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Figure 5 

Figure (4) 
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Figure 6 
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 Indegree Prime Labeling of Some Special Directed Graphs 
1 2 3
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1,2,3 Department of Mathematics  J.B.A.S. College for Women (Autonomous) 

Teynamp et, Chennai-18, India 
1 2 3

E-mail: hameedarafi1106@gmail.com, rasheedrubina@gmail.com,  nishabdul@gmail.com 

1. INTRODUCTION
All graphs in this paper are finite and directed. A finite graph is a graph G (V , E ) in which the vertex set 
and the edge set are finite sets. A directed graph D (V , A ) is an ordered pair of set of vertices (nodes) V (D 
) and the set of arcs (directed edges) A (D ). Any arc (x , y ) is a directed edge from x to y. The pair (x , y ) is 
an ordered pair in which the first component (initial vertex) x is called the tail of the arc and the second 
component (terminal vertex) y is called the head of the arc. A digraph D is a Strict Digraph if it has no 
loops and no two arcs with the same end vertices. Throughout this paper we consider only strict digraphs. 

-A digraph D with p vertices and q arcs is denoted by D ( p , q ). The indegree d (v )  of a vertex v in a 
+ digraph D is the number of arcs having v as its terminal vertex. The outdegree d (v ) of v is the number of 

arcs having v as its initial vertex [6]. A graph labeling is an assignment of integers to the vertices or edges 
or both subject to certain conditions. The notion of a prime labeling originated with Entringer and was 
introduced in a paper by Hameeda Begum N. Tout, R. Rubina and M. I. Jawahar Nisha Dabboucy and 
Howalla. A graph with vertex set V is said to have a prime labeling of its vertices if its vertices are labeled 
with distinct integers {1, 2, 3,... |V|} such that for each edge xy, the labels assigned to x and y are 
relatively prime [4].

2. PRELIMINARIES
For the following preliminary definitions we refer [1] and [5]

Let D ( p, q ) be a digraph. A function f : V ® {1, 2, 3, ......, p + q} is said to be an in degree prime labeling 
of D if at each v Î V (D ), gcd [ f (u ), f (v )] = 1 " uv Î E (D ). In this paper, we investigate in degree prime 
labeling of some special directed graphs. We prove that the directed graphs such as Instar IK 1, n 
Inwheel IW n , Upcomb U  (P      K  )  and Incrown I (C K  )graphs admit Indegree prime labeling.p n 1 n            1

2010 Mathematics Subject Classification: 05C78. 

Keywords: Indegree prime labeling, Instar, Inwheel, Upcomb, Incrown. 

ABSTRACT



Advances and Applications in Mathematical Sciences   (Volume - 22, Issue - 01, January - April 2023)                        Page No. 10

ISSN : 0974-6803

For the following remarks we refer [2] 

Remark 2.6. 1 is relatively prime with all natural numbers. 

Remark 2.7. 2 is relatively prime with all odd natural numbers.

Remark 2.8. Any two consecutive natural numbers is relatively prime.

Remark 2.9. Any two consecutive odd natural numbers is relatively prime.

3. MAIN RESULTS

Theorem 3.1. Instar ( 3 ) IK 1, n ³ n admits Indegree Prime Labeling.

-Figure 3.1(a). Instar IK1,n  



Advances and Applications in Mathematical Sciences   (Volume - 22, Issue - 01, January - April 2023)                         Page No. 11

ISSN : 0974-6803

Therefore, In view of the above labeling pattern, it is evident that the Instar IK admits an In degree 1,n 

Prime Labeling. 

Illustration 3.1.1. Indegree Prime Labeling of IK  is shown in Figure 3.1(b) 1,12

-
Figure 3.1(b). Instar IK1,12

-
Figure 3.2(a). In wheel  IWn
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-Figure 3.2(b). Instar IK13
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4. CONCLUSION 
It is very interesting to investigate the directed graphs and its families which admit indegree prime 
labeling. In this paper we have proved that the Instar 
         graphs admit the Indegree prime labeling. To investigate 
similar results for other families of directed graphs is an open area of research.
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 Information Measure on Bipolar Intuitionistic 
Fuzzy Soft Sets 

1 2S. Anita Shanthi  and Prathipa Jayapalan  
1,2

Department of Mathematics, Annamalai University, Chidambaram, 608 002, India 
1 2

E-mail: shanthi.anita@yahoo.com, prathipajayapalan@gmail.com 

1. INTRODUCTION 
Zadeh [6] introduced fuzzy sets and Atanassov [2] introduced the IFS. Chiranjibe et.al.,[3] developed 
the notion of BIFS set. Information measure in fuzzy sets is certainly a measure of fuzziness, while for 
intuitionistic fuzzy sets information measure measures both the fuzziness and intuitionism. Srinivasan 
et.al., [5] introduced some operations on intuitionistic fuzzy sets of root type. Anita shanthi et.al., [1] 
introduced information measure of IVIFSSRT. Mishra [4] developed the intuitionistic fuzzy 
information measure. 

Now, we define operators on BIFSS and study some of its properties. We propose the concept of an 
information measure of BIFSS. Further decision making concept on information measure of BIFSS is 
developed. 

2. OPERATIONS ON BIFSS 
In this section, we define operators on BIFSS. Some properties of these operators are discussed. 

Definition 2.1. Let 

 The aim of this paper is to introduce operators on bipolar intuitionistic fuzzy soft sets (BIFSS). 
Properties of operators on BIFSS are established. An information measure on BIFSS is proposed. 
Making use of the proposed information measure a decision making concept is constructed. Finally, this 
concept is illustrated by an example. 

2010 Mathematics Subject 94D. 

Keywords: Bipolar intuitionistic fuzzy soft set, operators on BIFSS, information measure, decision 
making problem. 
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3. INFORMATION MEASURE ON BIFSS 
In this section, we define information measure on BIFSS and prove that it is an entropy. 

Conversely, suppose that BI 

This implies that
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By taking summation on both sides and dividing it by n, we get 
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By taking summation on both sides and dividing it by n, we get 

In this section, we develop a decision making concept based on information measure of BIFSS. A 
procedure for decision making method is framed. 

4.1. Procedure: 
The following are the steps to be followed for this method: 
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Definition 3.1. 

Step 1. BIFSS over U to assess the alternatives is as follows: 

Step 3. The best alternative is the one which has least information measure with respect to six factors. We 
have                           Therefore, the information measure 
    has the least value and its corresponding alternative is the best alternative. So, the 
television   is the best one among the others. 

REFERENCES 
[1] S. Anita Shanthi and J.Vadivel Naidu, A decision making method based on information measure of interval 
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[3] Chiranjibe Jana and Madhumangal Pal, Application of bipolar intuitionistic fuzzy soft sets in decision making 

problem, International Journal of Fuzzy System Applications 7(3) (2018), 33-55. 
[4] A. R. Mishra, Intuitionistic fuzzy information measures with application in rating of township development, 
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[5] R. Srinivasan and N. Palaniappan, Some operators on intuitionistic fuzzy sets of root type, Annals of Fuzzy 
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 Application of Intuitionistic Fuzzy Rough Matrices 

S. Anita Shanthi 
1Department of Mathematics, Annamalai University, Chidambaram, 608 002, India 

E-mail: shanthi.anita@yahoo.com 

 1. INTRODUCTION 
The theory of rough sets was initiated by Pawlak [4, 5]. It is an extension of classical set theory for the 
study of systems characterized by insufficient and incomplete information. A key notion in Pawlak 
rough set model is the equivalence relation, where equivalence classes serve as the building blocks for 
the construction of lower and upper approximations. Replacing the equivalence relation by an arbitrary 
binary relation, different kinds of generalizations in Pawlak rough set models were obtained. 

Matrices play an important role in the broad area of science and engineering. The classical matrix theory 
cannot answer questions involving various types of uncertainties. Yang et al. [6] initiated a matrix 
representation of fuzzy soft set and studied their basic properties. They defined products of fuzzy soft 
matrices that satisfy commutative law and used them in a decision making method. The notion of fuzzy 
soft matrix was studied by Borah et al. [1].

In [7] Yang et al. introduced the concept of interval-valued fuzzy soft set. They defined complement, 
AND, OR operations and proved De Morgan's, associative and distributive laws for the interval-valued 
fuzzy soft sets. They also developed a decision making method using interval valued fuzzy soft sets. 
Some numerical examples are employed to substantiate the theoretical arguments.

Lei Zhou et al. [3] proposed a general framework for the study of relation based intuitionistic fuzzy 
rough approximation operators within which both constructive and axiomatic approaches were used and 
established some basic properties of intuitionistic fuzzy rough approximation operators. Chetia et al. [2] 
defined intuitionistic fuzzy soft matrices and some operations on these matrices.

In this paper we define intuitionistic fuzzy rough matrix and and study some of their theoretical 
properties including some operations between them. Decision making method based on composition of 
intuitionistic fuzzy rough matrices is developed. Numerical example is given to illustrate the application 
of the method.

 Rough set introduced by Pawlak is a mathematical tool to deal with a special type of uncertainty. In this 
a set with incomplete and insufficient information is represented by set approximations called the lower 
and upper approximations. Intuitionistic fuzzy rough set is a generalization obtained by combining the 
notion of intuitionistic fuzzy set and rough set. Intuitionistic fuzzy rough matrices arise when a finite 
number of intuitionistic fuzzy rough sets are defined over a finite universe. The purpose of this paper is to 
define intuitionistic fuzzy rough matrices and study some of their theoretical properties including some 
operations between them. Decision making based on composition of intuitionistic fuzzy rough matrices 
is developed. An example is presented to illustrate the working of the method. 

2010 Mathematics Subject Classification: 15B15, 03E72. 

Keywords: Intuitionistic fuzzy rough matrix, operations on intuitionistic fuzzy rough matrices, 
decision making technique. 
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2. Preliminaries

Definition 2. 1 [3]. Let U be a nonempty and finite universe of discourse.

An intuitionistic fuzzy relation IFR on U is an intuitionistic fuzzy subset of U ́  U , viz.,

Definition 2.2 [3]. Let IFR be an intuitionistic fuzzy relation defined on (U ́  U ). The pair (U IF R ) & , is 
called an intuitionistic fuzzy rough approximation space. For any A Î IF (U ), where I F (U ) denotes the 
intuitionistic fuzzy power set of U, the lower and upper approximations of A with respect to (U , IFR ) 
denoted by IF R ( A ) and IF R ( A ) are defined as follows:
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Definition 2.5. An intuitionistic fuzzy rough matrix of order p ́  q is called intuitionistic fuzzy rough null 
matrix if all its elements are ((0 , 0 ) (1, 1 )). It is denoted by IFR f. 

Definition 2.6. An intuitionistic fuzzy rough matrix of order p ´ q is called intuitionistic fuzzy rough 
absolute matrix if all its elements are ((1, 1 ) (0 , 0 )). It is denoted by IFRA.

3. OPERATIONS ON INTUITIONISTIC FUZZY ROUGH MATRICES 

Definition 3.1. The sum of two intuitionistic fuzzy rough matrices IFRM and IFRN of the same order is 
defined as 
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Definition 3.3. The difference between two intuitionistic fuzzy rough matrices IFRM and IFRN of the 
same order is defined as 

Definition 3.5. The AND operator between two intuitionistic fuzzy rough matrices IFRM and IFRN 
denoted by IFRN  Ù IFRN  is the intuitionistic fuzzy rough matrix 

Example 3.6. Consider the intuitionistic fuzzy rough matrices IFRM and IFRN as in Example 3.2.
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Definition 3.7. The OR operator between two intuitionistic fuzzy rough matrices IFRM and IFRN 
denoted by IFRM Ú IFRN is the intuitionistic fuzzy rough matrix

Example 3.8. Consider the intuitionistic fuzzy rough matrices IFRM and IFRN as in Example 3.2.

Definition 3.9. The max-min composition of the two intuitionistic fuzzy rough matrices IFRM  p ́  q and 
IFRN p ́  q denoted by IFRM * IFRN is defined as

Definition 3.10. The intuitionistic fuzzy rough complement of IFRM denoted by IFRM is defined as IFR 
M ¢ = (ifrm  ),  where ij

Theorem 3.11. Commutative law holds for intuitionistic fuzzy rough matrices over the universe U. 

Proof. 
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Proof. 

Theorem 3.13. Distributive law holds for intuitionistic fuzzy rough matrices over the universe U.
(i) IFRM Ù ( IFRN Ú IFRO ) = ( IFRM Ù IFRN ) Ú ( IFRM Ù IFRO )
(ii) IFRM Ú ( IFRN Ù IFRO ) = ( IFRM Ú IFRN ) Ù ( IFRM Ú IFRO ) .

Proof. Proof is straight forward.

4. APPLICATION OF INTUITIONISTIC FUZZY ROUGH MATRICES
In this section some applications of intuitionistic fuzzy rough matrices in real life situations are 
presented.

4.1. Statement of the problem:
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be drawn on the individual elements of U based on the set of properties Y. The effects of the properties on 
the conclusion are given in the form of another intuitionistic fuzzy rough matrix of appropriate order. 
The problem is to arrive at the best conclusion for each element of the universal set based on the 
properties. 

4.2. The Method 

be the composition of IFRM and IFRN. Let 

be the composition of IFRM and IFRN, where IFRN denotes the complement of IFRN . IFRT and IFRS 
are p ́  r intuitionistic fuzzy rough matrices giving the conclusions on the elements of the universal set U 
based on the influence of A and B.

The elements of Zik give the maximum intuitionistic fuzzy membership and minimum intuitionistic 
fuzzy non membership values of each element of the universal set based on the effect of A in relation with 
B. It is a p ́  r matrix whose rows are labeled by elements of the universal set and the columns are labeled 
by the elements of B. To arrive at a conclusion regarding each element of the universal set, we compare 
between the elements of first column and conclude that the element of the column which has maximum 
intuitionistic fuzzy membership and minimum intuitionistic fuzzy non membership values is the best 
among the elements of the universal set in respect of the first element of B. Similar conclusions can be 
drawn with respect to other elements of B.

4.3. Algorithm
The steps of the algorithm based on the method explained above are as follows:

Step 1: Input the intuitionistic fuzzy rough matrix IFRM on U ́  A.

Step 2: Input the intuitionistic fuzzy rough matrix IFRN on A ́  B.
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Step 3: Compute the matrices IFRS = IFRM * IFRN and
IFRS = IFRM * IFRN .

Step 4: Compute the values X  and Y where, ik  ik 

Step 5: Compare and conclude. The entry Z  that corresponds to the maximum membership and ik

minimum non-membership values under each column identifies the best element of the universal set 
with respect to that column.

4.4. Example
Suppose there are four patients P , P , P  and P  in a hospital. Let U = {S , S , S , S } be the universal set 1 2 3 4 1 2 3 4

representing the symptoms weight loss, headache, fatigue and rashes, respectively. Step 1: The 
intuitionistic fuzzy rough matrix IFRM representing Patients symptoms is given below:

Step 2: The intuitionistic fuzzy rough matrix IFRN representing symptoms diseases is given below: 

Step 3: The composition of the intuitionistic fuzzy rough matrices IFRM * IFRN and IFRM * IFRN give 
two intuitionistic fuzzy rough matrices IFRT and IFRS respectively, as given below:
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Step 4: Computation of 

Step 5: By comparing the elements of first column we conclude that patient P  is affected by chicken 1

pox. Similarly we conclude that P  is affected by small pox, P  is affected by mumps and P  is affected by 2 3 2

measles while P  is also affected by measles.4
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1. INTRODUCTION 
Many authors considered different types of the fuzzy non-linear programming problems and proposed 
several approaches by solving these problems. R. E. Bellman and L. A. Zadeh [5] have introduced the 
decision making in a fuzzy environment. Hsien-Chung Wu [10] has presented an (a, b)-  optimal 
solution concept in fuzzy optimization problems and also he [11] discussed the optimality conditions for 
optimization problems with fuzzy-valued objective functions. V. D. Pathak and U. M. Pirzada [19] have 
introduced the necessary and sufficient optimality conditions for nonlinear fuzzy optimization problem. 
R. Saranya and Palanivel Kaliyaperumal [20] have presented fuzzy nonlinear programming problem for 
inequality constraints with alpha optimal solution in terms of trapezoidal membership functions. 

Here, either an objective function or constraints or both of them are non-linear and all the variables are 
considered as fuzzy variables. Here, the necessary and sufficient optimality conditions are based on the 
concept of partial differentiability of the Lagrangian function are discussed. Numerical examples based 
on these optimality conditions are given. 

2. PRELIMINARIES 

2.1. Fuzzy non-linear programming problem: 
It refers to an optimization problem in which the variables are continuous variables and the problem is of 
the following general form: 

In this paper, an optimality conditions for fuzzy non-linear equality constrained minimization problems 
are discussed. Here the cost coefficients and constrained coefficients are represented by a triangular 
fuzzy number. Some numerical illustrations are discussed by using these optimality conditions. 

2010 Mathematics Subject Classification: 03E72, 90C30, 90C70. 

Keywords: fuzzy non-linear equality constrained minimization problem, triangular fuzzy number, 
triangular fuzzy matrix. 
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2.3. Fuzzy local minimum: 
Consider a fuzzy non-linear programming problem in which a function 

2.4. Fuzzy set 

2.5. Fuzzy number 

2.6. Triangular Fuzzy Number 
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2.7. Operations of Triangular Fuzzy Number using Function Principle 
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2.8. Triangular Fuzzy Matrix 

2.11. Positive definite fuzzy matrix 

2.9. Operations on Triangular Fuzzy Matrices 

2.10. Positive semi-definite fuzzy matrix 

3. OPTIMALITY CONDITIONS FOR FUZZY NON-LINEAR EQUALITY CONSTRAINED 
MINIMIZATION PROBLEMS 
Consider the fuzzy non-linear programming problem, 
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We will now derive optimality conditions for (3.1) by using theorem (3.1). 
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So, from the above 
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4. NUMERICAL EXAMPLE 

Example 4.1. Consider the problem minimize 

Solution 
Given constraint is 

The first order necessary optimality conditions are 
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Using (4.2) and (4.3) in (4.1), we get 

5. CONCLUSION 
In this paper, the fuzzy nonlinear equality constrained minimization problem is defined and the 
optimality conditions for this problem are stated. Some examples are discussed based on these 
optimality conditions. 
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