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ABSTRACT

In this paper we discuss the k-extensibility and weakly k-extensibility for some special types of graphs
like Bull graph, Butterfly graph, Durer graph, Friendship graph, Crown graph and Banana tree. Also
some theorems, lemmas and corollaries are discussed.

2010 Mathematics Subject Classification: 05C69.

Keywords: k-extensibility in graphs, weakly k-extensibility in graph.

1.INTRODUCTION

A simple graph is a finite non-empty set of object called vertices together with a set of unordered pairs of
distinct vertices called edges. A graph G with vertex set V (G ) and edge set E (G ) is denoted by G=(V , E
). Theedgee={u, v} andis denoted by e=uv and it is said that e joins the vertices uand v; and uand v are
called adjacent vertices; u and v said to be incident with e. If two vertices are not joined by an edge, then
they are said to be nonadjacent.

Iftwo distinct edges are incident with a common vertex, then they are said to be adjacent to each other. A
set of vertices in a graph G is independent if no two vertices are adjacent and independent number is
denoted by B,(G). Anindependentset is said to be maximal, if it is not a subset of any larger independent
set. Let G=(V, E ) be a simple graph. Let k be a positive integer. G is said to be k-extendable if every
independent set of cardinality k in G is contained in a maximum independent set of G. Let G be a graph.
Let k be a positive integer, 1 <k <V (G ). G is said to be weakly k-extendable if every non-maximal
independent set of cardinality k of G is contained in a maximum independent set of G.

2.BULLGRAPH

Definition 2.1. The bull graph is a planar undirected graph with 5 vertices and 5 edges. In the form of a
triangle with two distinct pendent edges

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 01, January - April 2023) Page No. 1
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Example2.2. Let G:

V1

Figure 1
The p,-set 1s {v,.v,.v;}. Here B, (G)= 3. {v,}. {v,. vy} are all

independent set of cardinality 1 and 2. Which is not contained in the above

B, - sets of G. Therefore bull graph is not 1-extendable and not 2 extendable.
It 1s only B,(G)- extendable graph. It is also not weakly l-extendable, not

weakly 2-extendable forall k.1 = k = (B4(G) - 1).
3.BUTTERFLY GRAPH

Definition 3.1. The butterfly graph also called the bowtie graph and the hourglass graph is a planer
undirected graph with 5 vertices and 6 edges.

Example3.2. Let G:

Vi V3

Figure 2

The g,-sets are {v,. v3}. {vy. vy}, {v3. v5}. fvy. v5}. Here p,(G) = 2. Since
{vy} Independent set of cardinality 1 and non-maximal independent set of
cardinality 1 which 1s not contained in any of the above - sets of G. Hence

(7 1s not 1 extendable as well as not weakly 1-extendable.

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 01, January - April 2023) Page No. 2
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4.DURER GRAPH

Definition 4.1. The Durer graph is an undirected graph with 12 vertices and 18 edges.

Vi :
R
V6 Vl!ﬂ :
Vi
Vs

Example4.2.Let G:

=

Vi
Figure 3
Here Bo(G) = 4. The Bo-sets are {v,.v;.vg.vg}.{vy.v3.05.050}.{vy.v3.05.045 }

Wo. Uy Vgs V7. {Uas Uy Vg Vo). (Was Uygs Vs V11 §s W3- Vs U7, Us)s {Vgs Vgs U7s Vs ),

{vy-v6-Vg-Vg}. (V1. V5.Vg.Vg}. (V1. V5.Vg. Vg }. {Ug. Vg Vg.Vyg }- (Vg Vg V10 - V11 }-

{bl Ua L'lo kS Ull }. {U1 LIS vll U]_Z } {LIE' T.,-'4. U11 . Ulﬂ }_ AI].B‘? indE:pendent SE‘t Of

cardinality k is contained in any one of the above g, - sets of G. Therefore G is

k-extendable for all k.1 = k < B,(G) and it is also weakly k-extendable for

all k.1 <k < (By(G)-1)
5.FRIENDSHIP GRAPH

Definition 5.1. The friendship graph (or Dutch windmill graph or n-fan) F, is a planer undirected graph

with 2, vertices and 3, edges.
Lemma 5.2. Let G = F, be Friendship, F, is k-extendable graph for all

k.2 <k <B,(G) exceptat £ = 1.

Proof. Let G = F, be a Friendship graph. Let D be an independent set of

G cardinality k. D = {u;;. u;5. u;3. .. u}U{vj;.vj5.vj3.....v;}. Where

r+s==%k and i, = j, for all i, m. The maximum independent set is
< b = s} which contains

-

DUfu, -i=zi, and: = j forallae.b.1 ca=<r 1
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any independent set of cardinality % for all k. 2 < k = B,(G) Also, G

contains only one-full degree vertex. which is not contained in D. Therefore G
is not one-extendable. Hence G is k-extendable graph for all

E.2 < k < By(G) exceptat £ = 1.
6. CROWN GRAPH

Definition 6.1. The n-Crown graph an integer n > 3 is the graph with vertex set

{:::D. Xy. Xg. - X _3. ¥g- ¥1- Yoo - > yn_l} and edge set

e VoW =i = m=—1. 8= j}
Theorem 6.2. Let G be a crown graph, (n>3 ) G is k-extendable graph forall k<1 k<0 (G), exceptat
k=2.
Proof. Let G be a crown graph with vertices (n>3).

The vertex set of G bhe V(G) = {z,. ;. 5. - . % ;. ¥5. %3 ¥2. . ¥, 4}
and the edge set of G be E(G)={(x,. »,):0<i j<n-1,i = j}. The
maximum independent sets of G are {x,.x;.x5.....2, 1}.{v0.51-Y2. - ¥n_1}-
Here p,(G)=n. By the definition of Crown graph, there is no edge between
(x;. y;) where i = j That is {x;. y;}. is the independent set of cardinality
two which i1s not contained in the above maximum independent set of G.

Therefore G 1s not 2-extendable. From the construction of the maximum

independent sets of G, it is clear that G is k-extendable for all
k.1 < k < By(G) except at & = 2. Hence the proof.

Corollary 6.3. In crown graph (n > 3 ), we have n number of maximal independent sets of cardinality
two. So we have non-maximal independent set of cardinality one, that clearly contains in any one of the
maximum independent set of G. Therefore G is weakly 1-extendable.

7.BANANATREE

Definition 7.1. An (B ) , banana tree graph obtained by connecting one leaf of each of n copies of an k-
star graph with a single root vertex that is distinct from all the stars.

Theorem 7.2. Let G = B, ;. If By(n.k)=nk —n, then G 1s not
extendable for all k.1 < k = (nk - (2n - 1)) and 1t is not weakly extendable for
all k.1 = k < (nk —(2n)).

Proof. Let G = B, ,. To prove this theorem by using induction on n, Let
n=2 G=Bgy,; The vertex set of By ; be V¥, = {v,. vy, ... . vg;,,}. The

eraph of G = B, ; 1s given below,

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 01, January - April 2023) Page No. 4
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Figure (4)
From the above graph. we seen that the maximum independent set 1is,

fvg. vg. .. .Uy, ug. By, .. . ug]. ﬁ{](Bij = 2k — 2 - {u}. fu. v,y). ju. v3. v,).

{u,. LIS' LI-'l' Ua} A & {u. Us. '[,-'4. Ué' et Uk}. {u 53. 'L-'4. Ué' e Uk. IL3}. {Ur. Us. L'4.
Vg, --- , UVp. Ly, u4}. P . g Vg, g g, ”’k} are all independent
set of cardinality k. for all k.1 <% < (2k -3). which is not contained in the

above p,-sets of B, ,. Therefore B,, is not k-extendable for all

0 R T T

{u, Uz, Uy. Uz, --. . Up, U3, u4}. NN 7 Ug. Uy, Ug, --- , U, Uz, .-, ”’k—l} are

all non-maximal independent set of B, ,. which 1s not contained in the above
po-sets of B, , Hence B,, is not weakly k-extendable for all
k.1 <k < (Bp(Bg 3)—-2) Suppose n = 3, G = B, ;. The vertex set of B, ,

- n

be V, = {vy. vg. ... . v3z.,}- The graphof G = B; , 1s given below,

u

Figure 5
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From the above graph. we seen that the maximum independent set 1s,

{vg, vg, ... , v, ug, ug, ..., Uy, Wy, w3, ..., Wy}, Pg(Bs ) = 3k - 3.

{u}. {u, vy} . {u. vy, vy}. {u.vy. ve.v5}. ... {u, vz, vg,vg,....vg}.{u, vy, vy,
Vg, ..., Vg, Uz}, {u, U3, Vg, Vg, ..., Uy, Uy, Uy}, -, fu, vz, Uy, Vg, ..., UV}, B3, .-,
upl, {u, vz, vq, vg, ... , Vg, By, ... , Uy, W3, Wy, ..., wy} are all independent set

of cardinality k., for all 1 < & = (3% - 5). which 1s not contained 1n the above

Bo-sets of B;,. Therefore B;, 1s not k-extendable for all

B,1<k=<(Bg(B33)-2)-{w.v3,vy.v5.....03,03. 04}, ....{0.v3,0q.75, ... 0, B3,
Lupy.{u, vz, vy, V5, ... Vg, U3, ..., Uy, Wg}, ... (B, V3, Vg, V5, ..., Vg, UZ, ..., Ug,
ws,wy, ..., wy_yy are all non-maximal independent set of B; .. which is not

contained in the above g,-sets of B;,. Hence B;, 1s not weakly k-
extendable for all k.1 <k < (By(B3 ;)- 3). Suppose the result is true for
n, B, ; 1s not k-extendable for all 2,1 < & < nk - (2n - 1). Also B, ; 1s not
weakly k-extendable for all k.1 < & < nk - (2n). Since the result 1s true for n,
that means g,-set of B, ;, contains (nk - n). vertices. In B, ;. the graph
B, . 1s partition into two graphs one 1s B, ; and another one is a
subgraph which 1s nothing but &, , ;. Let B, ; ;. The vertexset of B, ;

be V = {v;.v5. ... v(n ,1y.2}- Thegraphof ¢ = B, ; ; 1s given below,

...... AR
AN

s v
Vi ; Ug
%
— ‘\\; Us
/V Vi g

Wy ¥,

L

Figure 6
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From the above graph. we seen that the maximum independent set is.

o Vg, . U By g, B Wy, Wy, W .. Ty, B, e Bpe Ty Sy - Sgd-
Therefore Bo(Bpyrg)=nk —n+(k-1){u}. {u.vz}. {u, vz, vy}, {uw. vz, 04, ....0p1},
U, vy, U, U3, . Uk, ..., 21,2k, 53...., 5} are all independent set of

B,:.1 . Which i1z not contained in the above pB,-sets of B,.; ,. Therefore

B,,1» 18 not k-extendable for all % 1<k <1+ (nk-2n)+ (k- 2){u},

u, vg), {u, vg. v ). (B Vg 0y, .U}, B U5, U Uy, . Uy, 2y, .,

Zy.S3. ..., 5y_y+ are all non-maximal independent set of B, ., ,. which is not
contained in the above p,- sets of B,., ,. Therefore B,., ;, 1s not weakly k-

extendable forall 5,1 € k €1 + (nk - 2n) + (k — 3). Hence the proof.
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ABSTRACT

LetD (p, q) be adigraph. A functionf:V— {1, 2,3, ....., p+q} is said to be an in degree prime labeling
of Difateachv e V(D), gcd[f(u), f(v)]=1Y uv e E(D). Inthis paper, we investigate in degree prime
labeling of some special directed graphs. We prove that the directed graphs such as Instar IK 1, n
Inwheel IWn, Upcomb U (P, ©K,) andIncrownI(C, @ K,)graphs admit Indegree prime labeling.

2010 Mathematics Subject Classification: 05C78.

Keywords: Indegree prime labeling, Instar, Inwheel, Upcomb, Incrown.

1.INTRODUCTION

All graphs in this paper are finite and directed. A finite graph is a graph G (V, E ) in which the vertex set
and the edge set are finite sets. A directed graph D (V, A) is an ordered pair of set of vertices (nodes) V (D
) and the set of arcs (directed edges) A (D ). Any arc (x,y ) is a directed edge from x to y. The pair (x,y ) is
an ordered pair in which the first component (initial vertex) x is called the tail of the arc and the second
component (terminal vertex) y is called the head of the arc. A digraph D is a Strict Digraph if it has no
loops and no two arcs with the same end vertices. Throughout this paper we consider only strict digraphs.
A digraph D with p vertices and q arcs is denoted by D (p, q ). The indegree d (v) of a vertex vina
digraph D is the number of arcs having v as its terminal vertex. The outdegree d (v ) “of v is the number of
arcs having v as its initial vertex [6]. A graph labeling is an assignment of integers to the vertices or edges
or both subject to certain conditions. The notion of a prime labeling originated with Entringer and was
introduced in a paper by Hameeda Begum N. Tout, R. Rubina and M. 1. Jawahar Nisha Dabboucy and
Howalla. A graph with vertex set V is said to have a prime labeling of its vertices if its vertices are labeled
with distinct integers {1, 2, 3,... |V|} such that for each edge xy, the labels assigned to x and y are
relatively prime [4].

2. PRELIMINARIES
For the following preliminary definitions we refer [ 1] and [5]
Definition 2.1. Let D(p.q) be a digraph. A function

f:V - {1.2.3.....p+q} 1s said to be an indegree prime labeling of D if at

each v e V(D). ged [f(u). f(v)] = 1¥uw e E(D)

Definition 2.2. A star graph K, , in which all the edges are directed

towards the root vertex is called an Instar and is denoted as K , .

Definition 2.3. A wheel graph W, in which the edges of the outer cycle
are directed clockwise or anticlockwise and the spoke edges are directed
towards the central vertex (Hub vertex) is called an In wheel and is denoted

b}’ W, or I(C, 0 K, ,)

n

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 01, January - April 2023) Page No. 9
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Definition 2.4. A comb graph P, @ K; in which the path edges are

directed in one direction and the pendent edges are oriented away from the

end vertices is called an Upcomb and is denoted by U , (P, ® K, ).

n

Definition 2.5. A crown graph C, © K; in which the edges of cycle are

directed clockwise or anticlockwise and the pendent edges are directed

towards the cycle 1s called an Incrown and is denoted by I(C, & K, ).

For the following remarks we refer [2]

Remark 2.6. 1 isrelatively prime with all natural numbers.

Remark 2.7. 2 isrelatively prime with all odd natural numbers.

Remark 2.8. Any two consecutive natural numbers is relatively prime.
Remark 2.9. Any two consecutive odd natural numbers is relatively prime.
3.MAIN RESULTS

Theorem 3.1. Instar (3 ) IK 1,n>n admits Indegree Prime Labeling.
Proof. Let D be an Instar IK,, with  vertex  set

V(D) = {v. vy. vy. v5. .... v, }. Where v 1s the root vertex and the arc set be

—_

—_—

E(D) = {vqv. vov, vzv, ., v, u}.

Then the Instar K, , is asin figure 3.1(a)

Vn-1

VnZ e

Vo3

. )
Wi+l Vi -1

Figure 3.1(a). Instar IK1,n’

Here p=n+1.g=n So. p+g=2n+1. We define a function
f:V > {1,283, ...2n+1} by f(v)=1 and f(v;)=i+1.1<i < n Indegree

of vis n. d7(v) = n. Indegree of v, 1s zero, d " (v;) = 0. V1 < i < n.

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 01, January - April 2023) Page No. 10
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R —

Then by remark 2.6, at v € V(D). ged [f(v;). f(v)] = 1. Yv,v € E(D), since

ged [ +1,1]=1vV1 <: £ n

Therefore, In view of the above labeling pattern, itis evident that the Instar IK | admits an In degree
Prime Labeling.

Illustration 3.1.1. Indegree Prime Labeling of IK, , is shown in Figure 3.1(b)

o
=

L ; 3
12 4
1le s 5
10 6
9 ‘8 7

Figure 3.1(b). Instar IK, ,,
Theorem 3.2. In wheel W _(n = 3) admits Indegree Prime Labeling.
Proof. ILet D be an Inwheel mw, with the vertex set

V(D)= {v. v:.ve.va. .. .uv.,}. Where v is the central vertex and the arc set he

— — —

E(D)={vyv,vauv,vgu, .. v, _qu, v, v} U {vyus, vovg, v3vy, . v, _qu,. v, vq}.

—_—

In general, E(D) = {v;v/l i< n}U{v;u; 1/l <i<sn-1v,v}

Then the In wheel W , 1s as in figure 3.2(a)

Vi

Vn-2

Figure 3.2(a). In wheel TW

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 01, January - April 2023) Page No. 11
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Here p=n+1l.q=2n. So. p+qg=3n+1. We define a function

f:V>{1.,2.8 ...32n+1} by flv) =2 and f(v;)=2i-1.1<i < n.

Indegree of vis n. d (v) = n.

Indegree of v; is1,d (v;) =1, V1 < i < n.

—

Then at v € V(D). ged [f(v,). f(v)] = ged [2i -1, 2] =1, Y v,v € E(D), Where
1 <iz=<n (byremark 2.7)

Also at v; e V(D) for 2<i<n:ged [f(v;_y) f(v;)]=ged [2i-3,2i-1]=1,

1

Yu;, ,v; € E(D), where 2 < i < n (byremark 2.9).

—_—

Also at vy e V(D), ged [f(v,). F(v1)] = ged [2n - 1,1] = 1, v,v; € E(D), (by
remark 2.6).

Therefore, in view of the above labeling pattern. it is evident that the

Inwheel w, admits an Indegree Prime Labeling (irrespective of n being odd
or even).
INlustration 3.2.1. Indegree Prime Labeling of mw,; 1s shown in Figure

3.2(b)

Figure 3.2(b). Instar IK,,
Theorem 3.3. Upcomb U , (P, o K,) admits Indegree Prime Labeling.

Proof. Let D be an Upcomb v, (P, © K;) with the vertex set

V(D)= {vy.v5. V3, ..., U . Uy, Ug, Ug, ..., Uy}, e, vi(B) - {v,. u;i)/l < i< n},
where v, represents the vertices of the path and u, represents the pendent

vertices corresponding to each v; respectively and the arc set
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E(D) = {vgvs. UgUs, Ugly. . Up g Up b U B0y, Uoly, UgUg, ., Uy U, 4, U U}

1e., E(D) = {v;v;,, /1 £i<n-1}U {u;v; /1 <i < n}.
Then the Upcomb v , (P, @ K,) 1s as 1n figure 3.3(a)

V, v v v 5 Yoz Va

(a]

1 2 3 ua‘- u- Uﬂ, 7 un- 1 fi

c
c
L =

Figure 3.3(a). Upcomp U , (P, @ K,).

Here p=2n.9q=2n-1. So, p+g =4n-1. We define a function
f-¥v >9.2.3 . .4an -1 by fp)-20-11<itzn amd fiu)-=2t

1<i<n Indegree of u, 1s 0, d (u;) = 0. Indegree of v, 15 1, d (vy) = 1,

—

since uq,v; 15 the only arc giving indegree to v,. Indegree of v, 1s

-

2,d (v;)=2:¥2<i<n, since v,_;v; and u,v; for 2 < i < n, are the only

two arcs giving indegree to v,.

Then at v, € V(D). ged [f(uy). f(v;)] = ged [2.1] =1, u,v, € E(D) (by
remark 2.6).

Also at v, e V(D) for 2<i<n, ged [f(v;y). F(v;)]=ged [2i-3,2i-1]=1,

T

Yu,_v; € E(D), where PiwigE m (by remark 2.9) and
ged [f(u;), f(v;)] = ged [2i, 2§ ~1] =1, Vu,v; € E(D), Where 2<i<n (by

remark 2.8).

Therefore, in view of the above labeling pattern, it is evident that the

Upcomb © , (P, © K,) admits an Indegree Prime Labeling.

IMlustration 3.3.1. Indegree Prime Labeling of U ,(P; @ K,) 1s shown in

Figure 3.3(h).
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| 3 5 7 9 11 13 15 17 19 21

- e —

- - - - g - e

6 8 10 12 14 16 18
Figure 3.3(b). Upcomb v (P;; o K,).

Theorem 3.4. Incrown 1(c, @ K,) admits Indegree Prime Labeling.

Proof. ILet D be an Incrown 1(c,e k;) with the vertex set

V(D) ={v,.vy.Vg, ....VU,, Uy. Uy, Uy, U,}. l.e., V{D}={Ui,u5f1£i5n},

where v; represents the vertices of the cycle and u, represents the pendent

vertices corresponding to each »; respectively and the arc set

E(D)={vqUg.VoV3.U3V,.... Up_qUp U Uy JU U 01 UgUg UgVg... Uy gV, . U, U,

e, E{B) < v i i sn -2, sgugd V) lugu, /i <7 =n}

Then the Incrown 1(c, @ k,) 1s as in figure 3.4(a)

Figure 3.4(a). Incrown 1(c, @ K,).
Here p-2n.gq-2n. So, p+qg=4n. We define a function

f:vV > {1,2,3 .40} by f(v;) =2i-1,1<i<n and f(u;) = 2i.1 < i < n.

Indegree of u; 13 0. d (u;) = 0. Indegreeof v, 1s 2. d (v;) = 2. ¥1 £i < n.
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—_—

Since v;_yv; and u;v; are the only two arcs giving indegree to v;, for

2 <i=<n and v,v; and u,v; are the two arcs giving indegree to v;.

—_—

Then at v, € V(D), ged [f(v,). f(v;)] = ged [2n -1,1] =1, Y v,v, € E(D)

(by remark 2.6).

—

Also at wv; € V(D), ged [f(u;), f(v;)] = ged [2i, 2 —~1] = 1, V u,v; € E(D),

where 2 <i < n. (by remark 2.8) and at v, € V(D). ged [f(v;_;). Flv;)]

—ged [2i -3, 2i-1] =1, Yv;_yv; € E(D), (by remark 2.9).

Therefore, In view of the above labeling pattern. it iz evident that the

Incrown 1(c, @ K,;) admits an Indegree Prime Labeling.

INlustration 3.4.1. Indegree Prime Labeling of r(c,; @ kK,) is shown in

Figure 3.4(b)

28

26

24

6
20 13

Figure 3.4(b). Incrown 1(Ccy @ k).

4. CONCLUSION
It is very interesting to investigate the directed graphs and its families which admit indegree prime
labeling. In this paper we have proved that the Instar T K, , . Inwheel mw e Upcomb v 4

(P, @ K,) and Incrown r(c L E ) zraphs admit the Indegree prime labeling. 1o investigate
SHMLIAT TESUILS 10T OLNET 1dMIIIECS Ol alrecLea grapns iS an open arca ofresearch.
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ABSTRACT

The aim of this paper is to introduce operators on bipolar intuitionistic fuzzy soft sets (BIFSS).
Properties of operators on BIFSS are established. An information measure on BIFSS is proposed.
Making use of the proposed information measure a decision making concept is constructed. Finally, this
concept is illustrated by an example.
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Keywords: Bipolar intuitionistic fuzzy soft set, operators on BIFSS, information measure, decision
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1.INTRODUCTION

Zadeh [6] introduced fuzzy sets and Atanassov [2] introduced the IFS. Chiranjibe et.al.,[3] developed
the notion of BIFS set. Information measure in fuzzy sets is certainly a measure of fuzziness, while for
intuitionistic fuzzy sets information measure measures both the fuzziness and intuitionism. Srinivasan
et.al., [5] introduced some operations on intuitionistic fuzzy sets of root type. Anita shanthi et.al., [1]
introduced information measure of IVIFSSRT. Mishra [4] developed the intuitionistic fuzzy
information measure.

Now, we define operators on BIFSS and study some of its properties. We propose the concept of an
information measure of BIFSS. Further decision making concept on information measure of BIFSS is
developed.

2. OPERATIONS ON BIFSS
In this section, we define operators on BIFSS. Some properties of these operators are discussed.

Definition 2.1. Let
I (BF . E) = {x. {{ugp{e]{x). ugp{e]{x)). . (e ®): ng[ej:jx)} cxeU,ec E)}
[:)e BIFSS. The hesitant degree of BIFSS is denoted by n;F o and n:;F e is
lefined as
HZF {e]('ﬂ= =S HTF [e]{xJ_UEF {e]Ex) and T[;F {e]{x)z = “iﬂ* [e]{xj_"';zf {c](x}
1whel‘e . )€ [-1. 0] and =® e [L. 0] respectively.

EF (e BF (e)
Definition 2.2. Let n € [0. 1] be a fixed number. Given an BIFSS (F. E)

the operator D, is defined as

_ coon ’ n D - P

DH{BF L E) = {=. “‘”BF [c]t'x} S mIBF [e:{x))' ({“BF |jz=jt'xJ i mTBF{e](x))'
T - 1 _ n o . i D (
‘-(‘BF{e]t-x}Jr (1 n)nBF[eJ{x)J' ({VBF[eJ{x) 1 n)ﬂBF[e]t'x)}

-xeU,ec E}.
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Definition 2.3. For n. 3 € [0,1]. n + § < 1 the operator F, ; for a BIFSS
(BF . E) is defined as

F, s(BF . E) = {x. ((n} (x)+ (x)). ((n% (x)+mu? (x)).

EF (2) BF[:I EF () EBF (e)

(Var (o ®) + 80 1 (*)). (VEe () ()

+81'r‘;rl )(ID x e U,ee E}.

Definition 2.4. Let n. 5 « [0. 1]. Given a BIFSS (BF . E). the operator

G, ; 1s defined as

G s(BF . E) = {x. ((nn gy (x). o (x)). (8 ().
EVH(Q:I[J:}} xelU,ec E}.
Obviously ¢, ,(BF . E) - (BF , E) and G ((BF ., E) - %.

Definition 2.5. (BF . E) and (BG . E) are two BIFSS. The operation @

on (BF , E) and (BG ., E) 1s defined as

s, o)+ MBGIE]U‘]' B o o) (&) + P-BG“_,]M].]
(BF , E)®(BG , E) = {x, , ,
L L 2 2 ]
n f n ( P D ‘ A
[vaFiei"xHVBG{e]u]' ‘-EF[eb[x]-'-vBGieh“x]'xFU —
L 2 ’ 2 ] ' Jr-

Theorem 2.6. Let (BF.,E) and (BG.,E) are two BIFSS and

n. & € [0, 1]. then the following conditions holds:
() D,((BF ,E)@(BG, E)) - D,(BF ,E)@ D, (BG . E)

() F, ;((BF , E)@(BG , E)) = F, ;(BF , E)@ F, ;(BG , E)

(1) 6, ;((BF , E)@(BG, E)) = G, ;(BF , E)@ G, ;(BG , E).

Proof.

(1 (BF .E)@(BG .E) {x [— {;HFIH[':H “351 '[T],“P (r}+ptBGl '[r}}].-
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n

;- :I p
BF (e)

(x) + vBG ) *) Ve {ej[x}+ ‘u;G {H[xjj]}

1
— . v
2

1 . .
Dn([BF ,E)@(BG ,E)) = {x[k;[unap |:e]|[x}+ TI“];F {H[x:l+ M;G {Hix:l+ T]'JIRBG {E]ix),

2 (0 8)+ MR By () (0) + Bl () 5 mx g )

'fl,n

. n
C HFI:H[:E)+{1—T’|}E

, n i n
B_F'{e]“x}-'_v [x)+{1—ﬂ}EBG

BG (e)
(1- *r]}n:;F [ej[‘r}+ v;s I:ej{:::}+ - n]l'.rl:;G I:I”[;t.']I]I ]}

DH(BF' E) = {x, {ptﬂ?w]{x}+ ““;F(e](x}“L MgF{e}[x}+ T]Trgp{g}(x}}

(2 o) ®) = A =My @) vE @)+ @ - mad @)
D, (BG . E) = {x, [ufml:gj[x}+n:n:n [x} “BG{}{:C]-'_“H_EE{ J[:r}}.
( {x}"'{]- ] BG{}('T} VE{}(K']"'(]-_U}“EE{E}('T]}}
D, (BF .E)@D,(BG.E)

1 n . mn n n
NS P L AN P IN CO P L BN 03}

1 . n n . hi 8 .
{Ei‘vBF'{Er[xj-'_[l_n}ﬂBF {x}+vm{ r“ ]I+[1—T]}71:BG{H{;::]I]I,

N O R LA G P SN CO B I N EZ SN €003

Therefore D, ((BF . E)@(BG . E)) = D,(BF ., E)@ D,(BG . E).
(i) Fno((BF. E)@(BG, E)) = {x. —(nhp o) (%) + W o (&) + BT o) (&)

+ Nn BG{ J(x}} “EF [x}+rrrEF{ :IE:C}-'-“_EEI: J(:C}"'T'TBG( J[x}}}

[?[vn {x}+5‘r () + v

EF (e) BG | |::x’lll_'_E"F[B-Gln-zr[le’]l'
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BF‘{ }(:r] + ETEF{E_:I(:C} + ng w:l[x} + 511";: (g.j(x}}}}
SBF . E) = (x. (n (o)) = ma g ( (2) w2y (=) = mn By ()

™

(Vo (o) &) + 80 g (&) + v () + an B ()

(BE, E) = {x, (um{](x}+n’rmijlx}+ up (x}+m1:EG{|[x}],
(v m{}(x]+ﬁmm: I[:\:] 'u (x}+" BG{eJ[xn}
F, ;(BF ,E)@ F, ;(BG ., E) = {x, [;(p’;ﬂej[x“ m;ﬁﬂ[xj + Bpg (o))
+ nﬂtm {E}(x)]l, ”;F {:e}(x} + T]TEEF {E}(x) + ngG {e}(x] + nﬂgG {H(x 1.
[E[vﬂF (x) + STEFIH[J."]I+\»BG (x) + ETBG ﬂ[xj}.
U_‘;_F, {e}(;r]l + 5T[;F (g.](x} + V;G w}[:\:} + &m ;; I:g](::c},'i}}.
Therefore F, ;(BF , E)@(BG , E)) - F, ;(BF , E)@ F, ;(BG , E)
(1) G, ;((BF , E)@(BG . E))
1 : :
ol E[““;F{flw} + nu;}m[x) +mul_ @)+ nr 2 () ),
(%[Gv I;F‘ .:ej(x} + &V ;G [H[xj + v ‘;F I:@:ll(:\:} + Butm {E](:r):l}
G, s(BF . E) = {r, {““BF{ }(x]l+ nnBF{}(x]l]l (8u }[x]l+ EUBF‘{ IIl[::."}}}
G, 3;(BG.E)={x, (HMBG \(x) + TIP-B;{ I(x)) (8 2 e I(:'4:)+ EwBG{ ](xﬂ}
Gﬂ_a(ﬂF L E)@ GH_E(BG . E)
i [
= b=, e = (o) (F) + T e (o) (®): M e (o (%) + M7 1 o) (®))).
1 )
tg[ﬁv; [x}+&vm|€'[x)+5v‘;al,e {x}+5vtm{e]tﬂfﬂ}.
Therefore ¢, ;((BF , E)@(BG , E)) = G, ;(BF , E)@ G, ;(BG , E).
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3. INFORMATION MEASURE ON BIFSS
In this section, we define information measure on BIFSS and prove that it is an entropy.
Definition 3.1. Let the universal set be v - {4,, 4,. ..., 4, } and the
set of parameters be E - {e;.e,.....e,}. For any BIFSs (BF.E) an
information measure to indicate the degree of fuzziness of (BF . E) is defined

as

BI,, (BF , E,) - — : A{“t‘F‘-f]tu’V;F':.e]{xpj}_“{“';av.:_e:l':xpl"’;F.;e)(xp}}
’ i v {ng (%), v] (x )} - vin? s (=, 0}

e - AONERS- JONE Per ) 2" Var o)\ p

where, ». v denotes the minimum and maximum, respectively.

Theorem 3.2. The information measure BI , (BF ., E) for BIFSS 1s an
entropy.

Proof.If (BF . E) « P(U). thenforeach x, « 4, and e ¢ E we have:

Case (i). If{pBF: (2 5). “EF (x,)) = (v BF{:.»}{""P} ”BP{ (). then
ngpw}(xp} = vrzﬂ,(gjlxpl Hpm;(gjlxp) = vgp{g}(xp)
Mg ()® ) Vi (@)} = Mg () () Vi () (3 5))

= V{“;Fw][xﬂ}’ vtﬁigj[xp)} - v{ng{ (xp), UBF{ }l[xp}}.

So, BI , (BF , E) =

Conversely, suppose that Bl » (BF . E) =

This implies that

(xp). vor (x )} = n{uEF (7 p | EFY

{“EF EBF (e)

and
A {“gF{eJLxP)' “gF{c}{IP}}_ “{“EF:EJ(IP}’ VpBFte?](xP)}'

P P * T T
Hence pF: }{x ) = vF{ (xp) and LIF(N[xp) - vF[e:l[xP)' Therefore, we have

=, }}—[v (xp )v o)\ p )).

[“EFfJx)“BFtI EF (e)

Case (i1). Suppose that (BF . E) 18 less than (BG . E) then,
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n ' r - n r
(h gp I:ej[‘xP]’ Rar o)\ *p)) = (Bpg I:e:l[‘xP]’ - (e_:[xp]]’

lvtﬁw:,(xpl vﬁﬂ?( (x,)) 2 {”m{e:{x e & p)):

P n P
For (wig ) p) mpg (o) Fp) = Vg (Fp) v (55 )
n
Pl O BNl O S T B STl
and
P : P : P P
“EFI:E_J[‘:CP'} = Pgg I:eJ[‘xP'} = vmte}{x—p} . vBF{E-‘]'{xP )
So,
n p ¢ D :
s {“BFMr[xP ). vBFier[xP}} " A{”BF‘ Mr“xp ) 1"'IBF Mr“xﬁ' }}
v {“EFMr[xP} vEFi r[xP'}} . V{“gFier(xP}‘ ugF‘ieb{xp}}
n ¢ P n ( P
) “BFm]“xP}J’“BF[ej[xP} 2 “B:Sier“:rp}-'_“.ﬁﬂ{e]{xpj
mn n g mn n
Yo ) %) " Var () p) Y g () (F ) - Vg ()% p)
T i T - P
" {“BG uj:e]t'x}-’:l‘ 1"'I_-E.hG Mr“xp }} & A{“BG Mr[x.ﬂ}’ EC |e]| }}

ot {M;G .;e]":x.v:" "";s o) % - V{“grs )\ %) ”;G (0)'\* p )

By taking summation on both sides and dividing it by n, we get

n r
I_Zn: g {“.EF‘{QJ(IPL HF‘uej 2} - Aug EF (e) (xp). "’BF(-_:-;.[IP}}
n i P
p=1 a {“BF {ej{x—ﬂ ) VEF‘ |e:| }} { EF [ej[x—ﬂ}’ VEF [ej[xp}}
mn r n : . p
. & s e {MBG{E]“xPj vamertxﬂ )} - A{“BGl r"xP}‘ ¥ BG [er[xﬂ}}
. p=1 = {MJ;G {e]‘:x}-")' vr;G ieh(xP }} - V{“;G wr“xﬁ' ) v;G [ei[xp}}

le. BI ,(BF ,E)< BI ,(BG, E).

Case (iii). Suppose that (BF ., E) 1s greater than (BG . E) then.

[Vtﬁ'te]{xpj’ U,;E,[:g][xp}} = {v;ﬂ{c}(xp}' U{:.IG H[‘xﬁ'”'
r r b
For [LIBF.{]{IP}-P- (x }}_(BG{JxP}' Vg (o))
“;F(cllxp} = “;iF‘{ J{x ) 2 vBG:el[x ), 1l"BG: }{ )
Page No. 22
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and
P P D P
Rar () @p) 2 Bpg () (Fp)) 2 v (@ p) 2 v ((xp)
So,
n n Fil - r =
. {FIEFM}[:.:P}: \'EFiclle}} B A{HBF'MI“:‘:P}' vﬂF‘ier"'tP}}

n n _ P ( B ’ ’
- {F'BFM}[:':P}: \'B.Fqulxp]} V“‘BF‘{E}":':P}‘ vﬂF‘{er"xP}}

n p
B “_aFwe]“ }+‘BF|e)r ) “BGM[[J:P}_“BG[ej(x.D]
n P B n fe) ’
VH gF Ii_e)(xp]_ Var o)\ ¥p) W g -1_e](xpj_ vV BG (e'){xp}
n . n - r
) A {“BG-:_E]'*xPj' vm‘“{xp}} = A{MBG‘N["EP} 1BC m)uﬂ}}
b {“;G -j_e](xpj' v?.lG |er{xp s V{“-;G |e|n['tp ) 1"‘:;6'- |ej| }}
By taking summation on both sides and dividing it by n, we get
n P
18 T {“m?.;_ej{xﬂj’ — p ) - aln .EH-"[ej[xp}" "'BFuje)[‘rP}}
" =1 o {Mtﬁ'iej(xﬂj’ \'BFue ]} { EF (e) = }: v;F rﬂ}}
, n - D ; Fo
E LG: n {”BG-e] ). vBG{eII“xP}} . h{p'BGicl-“'tP]' vBG [e}lxp}}
S n . n ' P r r
" p=1 i {”_BG -:e]"x_l"j‘ vBG Mr‘"t.l’ }} i V{“BG Mr"'tP ) vBG [er[x.ﬂ}}
le., BI . (BF . E) 2 BI ,(BG ., E).
Case (1v).
(BF , E) = {x, v \(55). vEp ()(%5))
(“rélFte](IP ), anF{H[xp)) o S - E}
Therefore, '
n P D
e € o L AV e M 0B - AR () kg )
A g2 Y ) B-vivE (x,), (x )}
p=1 BF (e) ;i IJ'B_F‘HE] BF (e} “HF-E}

- BI , (BF , E).

In this section, we develop a decision making concept based on information measure of BIFSS. A
procedure for decision making method is framed.

4.1.Procedure:
The following are the steps to be followed for this method:

Step 1: Construct the BIFS sets (BF , E_) over U.

Step 2. Determine the information measure of (BF . E_) by using
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Definition 3.1.
Step 3. Compare the values of BI, (BF . E,) and conclude. Thus the

better choice 1s the alternative for which the information measure 1s the least.

Example 4.2. A customer decidez to buy a television. Telewvision

(alternatives) of three different companies (BF . E,). (BF , E,). (BF . E,) are

evaluated over =six factors

to LED

screen size and ¢, = smart television. Depending on the six factors, the best

or OLED

alternative is determined.
Step 1. BIFSS over U to assess the alternatives is as follows:

{ty. 5. 23, 84.85. tg}.

where

.ty = cables and accessories, :; = audio upgrades, :.

U (BF , Eq) (BF , E5) (BF , E3)

6 | (:0.13,0.47)(-0.25,0.1)) ((-0.2,0.68).(-0.32.0.15)) | ((0.18.0.42).(0.28,0.12))
to ((-0.34,0.62),(-0.16,0.28)) ((-0.18,0.83).(-0.61,0.1)) ((0.17,0.22),(0.18.0.06))
t3 ((-0.25,0.73).(-0.4,0.14)) ((-0.32,0.45),(-0.27.0.13)) | ((-0.14,0.73).(0.3,0.12))
¢, | ((0.1,0.51).(-0.38.0.08)) ((-0.41,0.64).(-0.5,0.3)) ((-0.24,0.6),(0.04.0.11))
b | ((-0.12,0.38).(-0.26.0.04)) | ((-0.24.0.76).(-0.61.0.15)) | ((0.31.0.52).(0.17.0.28))
ts | ((-0.27,0.47), (-0.3,0.13)) ((-0.3,0.54).(-0.43.028)) | ((0.16.0.72).(0.22,0.12))

t; = price range,

Step 2. The Br , (BF . E) are estimated as follows:
BI . (BF , Eq:l = 0.6987
BI,, (BF , E5) = 0.6969

BI, (BF , E;) = 0.5922 .

Step 3. The best alternative is the one which has least information measure with respect to six factors. We
have BI .. (BF . E;) < BI ,,(BF . E,) < BI ,, (BF . E;). Therefore, the information measure
BI ,, (BF . E3) has the least value and its corresponding alternative is the best alternative. So, the
television (BF - E3) isthebestone among the others.
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ABSTRACT

Rough set introduced by Pawlak is a mathematical tool to deal with a special type of uncertainty. In this
a set with incomplete and insufficient information is represented by set approximations called the lower
and upper approximations. Intuitionistic fuzzy rough set is a generalization obtained by combining the
notion of intuitionistic fuzzy set and rough set. Intuitionistic fuzzy rough matrices arise when a finite
number of intuitionistic fuzzy rough sets are defined over a finite universe. The purpose of this paper is to
define intuitionistic fuzzy rough matrices and study some of their theoretical properties including some
operations between them. Decision making based on composition of intuitionistic fuzzy rough matrices
is developed. An example is presented to illustrate the working of the method.
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1.INTRODUCTION

The theory of rough sets was initiated by Pawlak [4, 5]. It is an extension of classical set theory for the
study of systems characterized by insufficient and incomplete information. A key notion in Pawlak
rough set model is the equivalence relation, where equivalence classes serve as the building blocks for
the construction of lower and upper approximations. Replacing the equivalence relation by an arbitrary
binary relation, different kinds of generalizations in Pawlak rough set models were obtained.

Matrices play an important role in the broad area of science and engineering. The classical matrix theory
cannot answer questions involving various types of uncertainties. Yang et al. [6] initiated a matrix
representation of fuzzy soft set and studied their basic properties. They defined products of fuzzy soft
matrices that satisfy commutative law and used them in a decision making method. The notion of fuzzy
soft matrix was studied by Borah etal. [1].

In [7] Yang et al. introduced the concept of interval-valued fuzzy soft set. They defined complement,
AND, OR operations and proved De Morgan's, associative and distributive laws for the interval-valued
fuzzy soft sets. They also developed a decision making method using interval valued fuzzy soft sets.
Some numerical examples are employed to substantiate the theoretical arguments.

Lei Zhou et al. [3] proposed a general framework for the study of relation based intuitionistic fuzzy
rough approximation operators within which both constructive and axiomatic approaches were used and
established some basic properties of intuitionistic fuzzy rough approximation operators. Chetia et al. [2]
defined intuitionistic fuzzy soft matrices and some operations on these matrices.

In this paper we define intuitionistic fuzzy rough matrix and and study some of their theoretical
properties including some operations between them. Decision making method based on composition of
intuitionistic fuzzy rough matrices is developed. Numerical example is given to illustrate the application
ofthe method.
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2. Preliminaries
Definition 2. 1 [3]. Let U be anonempty and finite universe of discourse.

An intuitionistic fuzzy relation IFR on U is an intuitionistic fuzzy subset of U x U, viz.,
IF = {({x ) pi=. ) olz. ¥)l{z. ) e U x U )}

Where pn : U xU —» [0.1] and v : U x U — [0. 1] denote the membership and
non membership values  of (x. ¥) satisfying the  condition
0 < pu(x. ¥)+v(x. y) <1 forall (x. y) e U xU.

Definition 2.2 [3]. Let IFR be an intuitionistic fuzzy relation defined on (U x U ). The pair (UIFR ) &, is
called an intuitionistic fuzzy rough approximation space. Forany A € IF (U ), where I F (U ) denotes the

intuitionistic fuzzy power set of U, the lower and upper approximations of A with respect to (U, IFR )
denoted by IF R (A)and IF R (A) are defined as follows:

IF R(A) = {x. Hip p(a)(x). UIF;E[A}(I]'/I e U}

IF E(A] = {x 1 (x). v /(.:\: e U}.

IFR (A) IFR (A) (%)

Where
Wir E[AJ{I) = Ayer v J_'r;{ﬂ% y)v g (y)]
UJF&[A:“’) = Vyer iF (% y)ava(y)l
R ra)y®) = Vycr (= ) A ()]
D El::”(x) = A eplvprp(=. ¥) v, ()]
The pair (IF R(A). IFI?(A]} 1s called the intuitionistic fuzzy rough set
assoclated A denoted by IFR (A).
Example 2.3. Let (U.IFR ) be an intuitionistic fuzzy rough

approximation space, where U = {x;. x,. x5} and
A = {{x;. 0.9 008) (x5.1.0), (x5. 0.7, 0.3)}.

IFR = {{(xy. ;). 0.9. 0.1}, {(x,. x,). 0.3, 0.6), {{xl, xy). 0.4, 0.4)

((x5. x5). 0.4, 0.6), {(x5. x5). 1. 0}, {(=,. 7.0.3).
((x3. x1). 0.2. 0.5). ((x3. x5). 0.5. 0.5). ((xs x3). 1. 0)}.
Then
I-'IF;E{A](H} = 0.7, “IFE[A:I{WQ:' = 0.7, “H?R;{A]{xsj = 0.7, UIFE{A‘J{II} = 0.3,
UIFQ[A:(“"E.) = 0.3, UIFE;{AJ(xs) = 0.3.
“IFE(A][le Sl ”IFE[A;{IE:' ol irr(a)l®s) = L IFR[A:l( gl =01
UIFI?[AJ("TE =0, LIFR'A:I(xS:I =0.3.
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Hence
IFR (A) = {{{x;. 0.7, 0.3), (x,. 0.7, 0.3), (x5. 0.7. 0.3)}, {{x,. 0.9, 0.1},
(ra.1.0), (x5 0.7 0.3}
Definition 2.4. Let U = {x; =x,. . x,} be the universal set and
IFR (A;). j =1.2. ... q denote the intuitionistic fuzzy rough sets defined on

U. An intuitionistic fuzzy rough matrix associated with Uand {4;} isa p x q
matrix expressed as

IFRM = (F RM.IFRM), .

where e SRR ST B NSO i - SRR and

ifrm i = {(I‘Lifim.j’ u,-f,—ml_j ). (Uffim sy NV, j'”'ifim,--’ ].l:r-f;mi_j represent the

ij j ]
lower and upper approximations of the degree of membership and

Vifrmy - Vifrm, Tepresent the lower and upper approximations of the degree of
non-membership satisfying the conditions n ifrm,, + Vifrm, <1 forall ;, ;.

Definition 2.5. An intuitionistic fuzzy rough matrix of order p x q is called intuitionistic fuzzy rough null
matrix ifall its elements are ((0,0) (1, 1)). Itis denoted by IFR ¢.

Definition 2.6. An intuitionistic fuzzy rough matrix of order p x q is called intuitionistic fuzzy rough
absolute matrix ifall its elements are ((1, 1) (0, 0)). Itis denoted by IFRA.

Definition 2.7. Two intuitionistic fuzzy rough matrices IFRM = ifrm ;
and IFRN = ifrm; of the same order are equal if and only if
uifimfj = J-lifzn!-j- . Ma'f;mi-}- = U-if;?n,fj and L‘ifimu- = Ui}"inf}-’ L'if;ml-j = I"i;’?nﬂ fDI‘ a]']'
t, J-

3.OPERATIONS ONINTUITIONISTIC FUZZY ROUGH MATRICES

Definition 3.1. The sum of two intuitionistic fuzzy rough matrices IFRM and IFRN of the same order is
defined as
IFRM + IFERN = [max (u

) max (Wi, Biriny, )]

1.

Example 3.2. The intuitionistic fuzzy rough matrix associated with

ifrmy > Mifrng

= [min '[b'ffgmﬁ: Yifrng ). min Wifrmy - Vifra

U =-{X,, X,, X,} and {A4,, A,, A;} is given by

A A r i
X, (0.6, 0.9)(0.4, 0.1) (0.6, 0.75)(0.4, 0.25) (0.7, 0.75)(0.3, 0.25 )

IFRM = X, (0.7, 0.8)(0.3, 0.2) (0.7, 0.7)(0.3, 0.3) (0.7, 0.7)(0.3, 0.29) I
X31(0.76,0.9)(0.14,0.1) (0.76, 0.81)(0.16, 0.16) (0.8, 0.88 }(0.16, 0.09 )

For the same universal set U = {X,, X,, X;} the intuitionistic fuzzy

rough matrix associated with {B,. B,. B,} 1s given by
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By B B,
( (0.5, 0.8) (0.5, 0.2) (0.8, 0.8)(0.19, 0.19) (0.5. 0.8)(0.5, 0.19) )
IFRM = X,, (0.6,0.6)(0.4,04) (0.75,0.7)(0.25,0.15) (0.6, 0.84)(0.4, 0.16)
X;1(0.75,0.8)(0.25,0.2) (0.75, 0.9)(0.25,0.1) (0.8, 0.89)(0.2, 0.11) )
Now
[' (0.6.0.9)(0.4,0.1) (0.8,0.8)(0.19.0.19)  (0.7,0.8)(0.3,0.19)
IFRM +IFRN =| (0.7,0.8)(0.3,0.2) (0.75,0.79)(0.25,0.15) (0.7,0.84)(0.3,0.16) |.

L(O.TG.D.QJ[D.M,D.IJ (0.76 ,0.9)(0.16 ,0.1) (D.SI,O.SQJ[{J.lﬁ,D.OQ}J

Definition 3.3. The difference between two intuitionistic fuzzy rough matrices IFRM and IFRN of the
same order is defined as
IFRM - IFRN = [min {I-lifimi.j - Mifpn, ). min (“ifr_mij CMirin 1]

[max ), max (v

(Uif rm; e Vi rn ifrmg: Uir Tng -

for all i, j

Example 3.4. Consider the intuitionistic fuzzy rough matrices IFRM and
IFREN as in Example 3.2.

[ (0.5,0.8)(0.5,0.2) (0.6,0.75)(0.4,0.25) (0.5,0.75 )(0.5,0.25)
IFRM - IFRN =| (0.6,0.6)(0.4,0.4) (0.7,0.7)(0.3,0.3) (0.6,0.7)(0.4,0.29 ) |
l(n 75.0.8)(0.25,0.2) (0.75,0.81)(0.25,0.16 ) (0.8,0.88 (0.2 0_11}J

Definition 3.5. The AND operator between two intuitionistic fuzzy rough matrices IFRM and IFRN
denoted by IFRN AIFRN is the intuitionistic fuzzy rough matrix

IFRM A IFRN = (ifrm . ifm ;) 2, Vi, j=1,2, ... p

ij j.'J xg
and
ifrm ij * ifrn iy = [min (llgfr_m'.j, “T}'L“ij ). min [Ivlrgf;Tmij, H"-['lfr_nij ]
[max I:T*'lf’rm‘r Vifrny; ). max [Lifrm‘r Vifrny ). i, L

Example 3.6. Consider the intuitionistic fuzzy rough matrices IFRM and IFRN as in Example 3.2.

IFRM A IFRN =l[;['}"}"rnf-,afm1J1 = W‘v‘a J o=l s

f (0.5, 0.8)(0.5, 0.2) (0.6, 0.75)(0.4, 0.25) (0.5, 0.75) (0.5, 0.25 )
| (0.6,0.6)(0.4, 0.4) (0.6, 0.75)(0.4, 0.25) (0.6, 0.75)(0.4, 0.25) |
| (0.6, 0.8)(0.4, 0.2) (0.6, 0.75)(0.4, 0.25) (0.7, 0.75) (0.3, 0.25)|
| |
| (0.5.0.8)(0.5, 0.2) (0.7, 0.7)(0.3. 0.3) (0.5, 0.7)(0.5, 0.29) |
| (0.6.0.6)(0.4, 0.4) (0.7, 0.7) (0.3, 0.3) (0.6.0.7)(0.4, 0.29) |
| |
| (0.7, 0.8)(0.3, 0.2) (0.7, 0.7) (0.3, 0.3) (0.7, 0.7)(0.3, 0.29) |
| |

(0.5, 0.8)(0.5, 0.2) (0.76, 0.8)(0.19, 0.19 ) (0.5, 0.8)(0.5, 0.19 )
| |
I (0.6, 0.6)(0.4, 0.4)  (0.75, 0.79)(0.25, 0.16) (0.6, 0.84)(0.4, 0.16 ) I
| (0.75. 0.8)(0.25, 0.2) (0.75, 0.81)(0.25, 0.16) (0.8, 0.88)(0.2, 0.11)
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Definition 3.7. The OR operator between two intuitionistic fuzzy rough matrices [IFRM and IFRN
denoted by IFRM v IFRN is the intuitionistic fuzzy rough matrix

IFRM v IFRN = (ifrm ;. ifm )2, Vi, j=1,2, ., p
and
ifrm ; = ifrn ; = [max (Riprm;+ Rirrn,; )., max {ulfrmj, Rifn, ]
[Il:ljn (btflmz_;r- Uflfl”ij ]_. min [uime,-j’ UErJTnij :l], I.-_. _il.' = 1, 2, . . B

Example 3.8. Consider the intuitionistic fuzzy rough matrices [IFRM and IFRN as in Example 3.2.

(0.76, 0.9)(0.14, 0.1) (0.8, 0.81)(0.16, 0.16)  (0.81, 0.88)(0.16, 0.09 )
(0.76, 0.9)(0.14, 0.1) (0.76, 0.81)(0.16, 0.15) {0.81,0.88][0.16_.[].09]}
(076, 0.9)(0.14, 0.1) (0.76, 0.9)(0.16, 0.1) (0.81, 0.89)(0.16, 0.09))

IFRM v IFEN ={ifrmi-,afrnu it xq”ﬁ’i,j=1, 2, .. p

f (0.6, 0.9)(0.4, 0.1) (0.8, 0.8)(0.19, 0.19) (0.7, 0.8)(0.3, 0.19) ]
| (0.6,0.9)(0.4, 0.1) (0.75, 0.79)(0.25, 0.15) (0.7, 0.84)(0.3, 0.16 ) |
I (0.75, 0.9)(0.25, 0.1) (0.75, 0.9)(0.25, 0.1) (0.8, 0.79)(0.2, 0.11) I
| (0.7, 0.8)(0.3, 0.2) (0.8, 0.8)(0.19, 0.19) (0.7, 0.8)(0.3, 0.19) |
I (0.75, 0.8)(0.3, 0.2) (0.75, 0.79)(0.25. 0.15) (0.7, 0.84 )(0.3, 0.16 ) I
I 75, 0.8)(0.25, 0.2) (0.75, 0.9)(0.25 . 0.1) (0.8, 0.80)(0.2, 0.11) I
i

|

Definition 3.9. The max-min composition of the two intuitionistic fuzzy rough matrices IFRM p x qand
IFRN p x qdenoted by IFRM * IFRN is defined as

IFRM +IFRN =IFRD ., =[ms;x N TR - B (T S TR )]
[min max {L‘r}’rm Uifrn: k} mm max {I‘a,frm if?njk Vi, j. &

i)

Definition 3.10. The intuitionistic fuzzy rough complement of IFRM denoted by IFRM is defined as IFR
M'=(ifrm; ), where
NYi. j

e {{Uffr_m;j' Vifrm; ) “lifim;j' Hifrm jy,

where

+ v < 1.

11fr_m ij

Theorem 3.11. Commutative law holds for intuitionistic fuzzy rough matrices over the universe U.

(1) IFRM A IFRN = IFRN A IFRM

(1) IFRM v IFRN = IFRN v IFRM .

Proof.

() FRM A IFRN = min (pg5, 5 Wipn ) maxX (Vi o Vipy )

B m (uiﬁ'ﬂ- !}. iy J'l :rf?m U‘. }’ max {-Lli-ffﬂ- I-,f 1:r'frm I__J_' }

= IFRN A IFRM .

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 01, January - April 2023) Page No. 29



ISSN : 0974-6803

(11) IFRM v IFRN = max (u‘iﬁrm i WL ifn ij ). min {uvr'frm i’ Vifrn i :l

max (K gy, g Wifm ). min (v, o Viem )
= IFRN « IFRM .
Theorem 3.12. Associative law holds for intuitionistic fuzzy rough
matrices over the universe U.
(i) (IFRM A IFRN )A IFRO = IFRM a (IFRN A IFRO )
(ii) (FRM v IFRN )v IFRO = IFRM v (IFRN v IFRO )
Proof.
(i) (IFRM A IFRN )} A IFRO = (min | T 5 Mimm ). max (v 5 Virm DR (TP = ).
(Vo ;)
= (min (R 5, Mmoo ). max (v;qp, 5 Vitm s Vifro 1)
= ((ipm 5 ) Wi ;D) A (@D (Hypp o B )
max (Ve - U itro = ))
= IFRM ~ (IFRN ~ IFRO ).
(1) (IFRM v IFRN )v IFRO = (max (W o Bapm ) M (Ui Vi )

V[[Mfﬁ.o i ], {Uiﬁ'{) = ]]

{max {-u'i}‘r'm s H ifrn = U imo = ), min {L’iﬁ-m i Vifrn s Usitro i 1)

= (M iprm ) (Vifrm GV (max (Wigy o Ry ) TR (Vifrm i Vit ;)

= IFRM v (IFRN v IFRO ).
Theorem 3.13. Distributive law holds for intuitionistic fuzzy rough matrices over the universe U.
(1) IFRM A (IFRN VIFRO )=(IFRM A IFRN) v (IFRM AIFRO)

(1)) IFRM v (IFRN AIFRO ) =(IFRM v IFRN) A (IFRM VIFRO) .
Proof. Proof'is straight forward.

4. APPLICATION OF INTUITIONISTIC FUZZY ROUGH MATRICES
In this section some applications of intuitionistic fuzzy rough matrices in real life situations are
presented.

4.1. Statement of the problem:

Let Bl NG ime ] be a given universal set and
Y = {y;.5,. -—-. ¥, } beagiven set of properties based on which the elements

of the universal set are described in the form of intuitionistic fuzzy rough

matrices. Let Z = {z;. z,. ... . z,} be the set of possible conclusions that can
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be drawn on the individual elements of U based on the set of properties Y. The effects of the properties on
the conclusion are given in the form of another intuitionistic fuzzy rough matrix of appropriate order.
The problem is to arrive at the best conclusion for each element of the universal set based on the
properties.

4.2. The Method
Let X ={x;.x,....x,} be the given set of objects. Let
A ={A;. A, .. A} be the set of properties associated with the given set of
objects and let B = {B,. B,. ... B,} be the set of conclusions arrived on U
based on A Let IFRM = ((Ry,n, L L P be the

intuitionistic fuzzy rough matrix associated with U x A4 and
IFRN = ((Rifpn - Rifrng ) (Vi rny - Virn ) be the intuitionistic fuzzy rough

matrix associated with A x B. Let
FRT = (Wit ey, - Mifry, ){”ifr_z,-,,’ = )) = IFRM + IFRN

be the composition of IFRM and IFRN. Let
IFRS = {{uifﬂsjk .u I'fr_sfk }(Uifisfk N Uff!'_sik J} = IFRM = JFRN
be the composition of [IFRM and IFRN, where IFRN denotes the complement of IFRN . IFRT and IFRS

are p x r intuitionistic fuzzy rough matrices giving the conclusions on the elements of the universal set U
based on the influence of A and B.

Let X = (max (Mymp, - Wipps, ) min (Vimg » Virps )
a.%.nd Yfk = {J:L‘La.x {uifit]'k , ].l ifisfk }, min (Uifirfk 5 U]:f;sik ))

[ [ Bipr 5 * Bify 5 | (Vi 5~ Vit g
Zyp = h 9 } <| 2

" \l
|
-
|
44

The elements of Zik give the maximum intuitionistic fuzzy membership and minimum intuitionistic
fuzzy non membership values of each element of the universal set based on the effect of A in relation with
B. Itis ap x r matrix whose rows are labeled by elements of the universal set and the columns are labeled
by the elements of B. To arrive at a conclusion regarding each element of the universal set, we compare
between the elements of first column and conclude that the element of the column which has maximum
intuitionistic fuzzy membership and minimum intuitionistic fuzzy non membership values is the best
among the elements of the universal set in respect of the first element of B. Similar conclusions can be
drawn with respect to other elements of B.

4.3.Algorithm
The steps of the algorithm based on the method explained above are as follows:

Step 1: Input the intuitionistic fuzzy rough matrix IFRM on U x A.

Step 2: Input the intuitionistic fuzzy rough matrix IFRN on A x B.
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Step 3: Compute the matrices IFRS =IFRM * I[FRN and
IFRS = IFRM * IFRN .

Step 4: Compute the values X, and Y, where,
X = (max (Wyr - R, ) min (Uirry o Virrs, )

Y = (max (Bypp, - Wippe, ) mm (Uirp . vir, ) and

[- it ifrx i + l.,lz.}r_r:}I i } {Uiff.t jk i I"i.f-'.'} & }\

Za = [1 2 2

Step 5: Compare and conclude. The entry Z, that corresponds to the maximum membership and
minimum non-membership values under each column identifies the best element of the universal set
with respect to that column.

s

4.4. Example

Suppose there are four patients P,, P,, P, and P, in a hospital. Let U= {S, S,, S,, S,} be the universal set
representing the symptoms weight loss, headache, fatigue and rashes, respectively. Step 1: The
intuitionistic fuzzy rough matrix IFRM representing Patients symptoms is given below:

5 5, 5 S,
B
P‘ (0.6,0.8)(0.29.0.1)  (0.75,0.90.14.0.07)  (0.68.0.69(029.0.2)  (0.88.0.9)(0.1.0.07)
Fri < [2[(06.0.7)(0.4029)  (0.7,0.8)(03.0.2) (0.68,0.69)(0.29.02)  (0.73,0.88){0.22,0.12) |
= p |(0.7509)02.003) (0.78.0.87)(0.19.0.1) (0.8.0.85)(0.12.0.08) (0.79.0.92)(0.16.0.06)
P—‘ (07.09)019.01) (06085)(02008) (0.65076)0.17.015) (0.79.083)(015009)
4

U = {D,. D,. D5, D} be the set of diseases under consideration.

Let Dy = chicken pox, D, = small pox, D; = mumps and D, -

measles.

Step 2: The intuitionistic fuzzy rough matrix IFRN representing symptoms diseases is given below:
D D, D D

1 ) 3 4
2 \
(0.65.0.9)(0.25.0.1) (0.8.08)(0.15.0.15)  (0.69.0.73)(0.18.0.13)  (0.7.0.74)(0.22.0.17)
RN - 2| (069,09)(0.3.0.1) (0.66.0.75)(0.27.0.21)  (0.75,0.8)0.150.12)  (0.82.0.88)(0.18.0.11)
5. | (069.0.9)0.19.0.07) (0.75.075)0.25.0.24)  (0.77.08)(0.24,02) (0.81,0.82)(0.18,0.14)
3| (0.73.085)(022.0.13)  (0.68.0.8)(0.3.0.16) (0.79.0.9)(0.19.0.08) (0.81.0.85)(0.18.0.14)
S4
D, D, D, D,

S,
1 02501)(065.09)  (0.15.0.15)0.8.0.8) (0.18,0.13)(0.69.0.75)  (0.2.0.17)40.7.0.74)
RN - D2/(03,0.1Y0.67,09) (0.27.0.21)(0.66.0.75)  (0.15,0.12)(0.75,0.8)  (0.18,0.11)(0.82,0.88)
5. 1{0.19,0.07)(0.69.09)  (0.25,034)(0.75,0.75})  (0.24.02){0.77,0.8)  (0.18,0.14)(0.81.0.82)
53 1(022,0.13)(0.73,085)  (03.0.16){0.68.0.8) (0.19.0.08)0.79,0.9) (0.18.0.14)(0.81.0.85)

El

Step 3: The composition of the intuitionistic fuzzy rough matrices [IFRM * [FRN and IFRM * IFRN give
two intuitionistic fuzzy rough matrices IFRT and IFRS respectively, as given below:
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Dy D, Dy D,

—r

((0.73,09)(0.22.0.1)  (0.68.0.8)(0.27.0.15)  (0.79.0.9)(0.15,0.08)  (0.81,0.88)(0.18,0.11)
IFRT Py 1 (0.73,09)0.19.0.1)  (0.75,0.8%0.25.0.16) (0.77,0.8)(0.22.0.12)  (0.8,0.85)(0.18,0.14) |
= p [(0.73.09)0.19.008) (0.75.0.8)(0.2.0.15) (0.79.0.9)(0.19.0.08)  (0.79.0.87)(0.18.0.11)

3|(0.73.09)(0.19.0.1)  (0.7.0.8)0.19.0.15)  (0.79.0.83)0.19. 0.09) (0.79.0.85)(0.18.0.11) |
£y
D, D, D, D,
Ll
(03.013)(0.65.085) (03.024)(066075) (024.02)(0.69.075) (0.22017)(0.7.0.74)
Frs - 72 [(03.0.13)(0.65085) (0.3.0.24)(0.66.0.75) (024.03)(0.69.0.75)  (0.22,0.17)(0.7.0.74)
= £ | (03.0.13)(0.65.0.85) [0.3.0.24)(0.66,0.75) (0.24.0.2)(0.69.0.75)  (0.22.0.17)(0.7.0.74)
P3 (0.3.0.13)(0.65,0.85)  (0.3.024)(0.66.0.75)  (0.24.0.2)(0.69. 0.75) (0.22.0.17)(0.7.0.74) )
3

Step 4: Computationof x_ . vy, and z, .

Dy D, Dy D,
A
(09.01) (08015 (09,008 (0.88,0.11)
v P (0901) (08016) (08012  (0.850.14)
ik = p [(09.0.08) (08.0.15) (0.9.0.08) (0.87.0.11)
31(073.01) (08015 (083.0.09) (0.850.11)
2y
D D, Dy D,

(0.73.022) (0.68.027) (0.79.0.15) (0.81.0.18)
(0.73.0.19) (0.75.025) (0.77.022)  (0.8.0.18)
(0.73.019) (0.75.02) (0.79.0.19) (0.79,0.18)
1(0.73.0.19)  (0.7.0.19) (0.79.0.19) (0.79.0.18)

Dy D, D, Dy

(0.815.-0.06) (0.74.-0035) (0.845-0.035) (0.845.-0.025)
(0.815.-0.045) (0.775.-0.045) (0825.-0.05)  (0.825.-0.015)
(0.815.-0.055)  (0.775.0.025) (0.845,.0055) (0.835.-0.025)
L(0.815-0045)  (0.75-002)  (0.81.-0.05) (0.82.-0.03)

o

_B
Zg =

20

Step 5: By comparing the elements of first column we conclude that patient P, is affected by chicken
pox. Similarly we conclude that P, is affected by small pox, P, is affected by mumps and P, is affected by
measles while P, is also affected by measles.
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ABSTRACT

In this paper, an optimality conditions for fuzzy non-linear equality constrained minimization problems
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1.INTRODUCTION

Many authors considered different types of the fuzzy non-linear programming problems and proposed
several approaches by solving these problems. R. E. Bellman and L. A. Zadeh [5] have introduced the
decision making in a fuzzy environment. Hsien-Chung Wu [10] has presented an (a, f)— optimal
solution concept in fuzzy optimization problems and also he [ 11] discussed the optimality conditions for
optimization problems with fuzzy-valued objective functions. V. D. Pathak and U. M. Pirzada [19] have
introduced the necessary and sufficient optimality conditions for nonlinear fuzzy optimization problem.
R. Saranya and Palanivel Kaliyaperumal [20] have presented fuzzy nonlinear programming problem for
inequality constraints with alpha optimal solution in terms of trapezoidal membership functions.

Here, either an objective function or constraints or both of them are non-linear and all the variables are
considered as fuzzy variables. Here, the necessary and sufficient optimality conditions are based on the
concept of partial differentiability of the Lagrangian function are discussed. Numerical examples based
on these optimality conditions are given.

2. PRELIMINARIES

2.1. Fuzzy non-linear programming problem:
It refers to an optimization problem in which the variables are continuous variables and the problem is of
the following general form:

Minimize 6(x )
Subjectto h,(x)=0.i=1.2. ... m.
gp{.fE} > B.op =02 _ &

where 6(x), h;(x). g,(x) are all real valued continuous functions of

~ -~ n

;:[x1,___,xn]ER
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2.3. Fuzzy local minimum:

Consider a fuzzy non-linear programming problem in which a function
6(x ) 1s required to be optimized subject to some constraints on the variables

¥ =(%,..%)" Let K denote the set of fuzzy feasible solutions for this

problem. For this problem a fuzzy feasible solution = = K is said to be a local
minimum, 1if there exists an =< 0 such that o(x)= a(x) for all
FeRKNix:|x-7 <.
2.4.Fuzzy set

A fuzzy set P is defined by P - {(s.npis)):se P, up(s)e [0,1]}. In the
pair (s. up(s). the first element s belong to the classical set P, the second

element . (s) belong to the interval [0, 1], called membership function.
2.5.Fuzzy number

The notion of fuzzy numbers was introduced by Dubois D and Prade H

[26]. A fuzzy subset P of the real line R with membership function
py R - [0.1] 1s called a fuzzy number if

(1) A fuzzy set P isnormal.
(11) P is fuzzy convex, that 1s
”1’5[""5‘1 +(1-21)sg] 2 “5{31 ) oA u;[sﬂ ). 8y. 89 € R, ¥V A € [0, 1].

(111) p = 1s upper continuous and

Supp P is bounded, where suppl; ={s e R:uz(s)> 0}
2.6. Triangular Fuzzy Number

The triangular fuzzy number can be denoted as P = (p,., p,. p3). Where
py 1s the central value. u;(p;) = 1. such that p,

R.

< pg < ps are defined in

The a-cut of a triangular fuzzy number is.

= [[Pg - P)a+ py. —(P3 — pgla + Pa]-
The membership function ng(s) 1s given by.
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[ 0 for s < p;
)| i
P
S I for p; = 5 £ psy
T Pg — Pq
=is) | e
|— for p, £ 5 = py
Pz — Po
{ 0 for s > p4.

2.7. Operations of Triangular Fuzzy Number using Function Principle

Let P = (p,. py. p;) and @ = (q,.4q,.9;) be two triangular fuzzy
numbers.
Then

(i) The addition of » and @ is

P+@ =(p;y +8;. Py + G5, P3 +4g3)
where p;. ps. P3. 9;. g5.95 are real numbers.
(11) The product of 7 and Q is
Py = ey o0y where T = {P;y9:. P29s. P393}
where £, — min (T} €5 — Polfy. €y — mam T}

If p,. P>. P5. ;. a-. g5 are all non-zero positive real numbers, then

Px@Q = (py4y, P2z P3d3)
) T S S N
Then the subtraction of @ from P is
P (Py —93. Pg — 43, P3 — 491 ),
where p,. p5. p3. 9;. g5. g5 are real numbers.

PN T T T
T e G

Q .93 9o 44 )
P Py Po  P3)
— = (ey. €5. ¢3). Wwhere T - |—l : —3| where
@ S ) 41 )

¢; =min {T}, ¢g = p—2 c3 = max {T}.
92

If p,. p>. Ps. 94. 5. g5 are all non-zero positive real numbers, then

'-QS:‘?E,‘-II

| Py Pa Pz

(v) Let « « R, then oP — (epy. aps, apz), if o =2 0

= (apsz, dpy. wpy) if « < 0.
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2.8. Triangular Fuzzy Matrix

A triangular fuzzy matrix of order m x » is defined as P = (py), .-
where p; = (pyy. Py, Pys) 1s the ii" element of P.

2.9. Operations on Triangular Fuzzy Matrices
Let S = (5;) and T = (t;) be two triangular fuzzy matrices of same

if
order. Then

(1) s +T =*Eij + b )

nm) 8§ -T = i's'!.j - ty)

(111) For 8 = (35 ) xn and T = (85 D n s then sT = T S
I n o~ = i :
where ¢; =¥ e gt =12 om and j =1, 2, k
{i’\-"]‘ ST = | FS-jE :'
(v) ES = (K 5;) where K is scalar.
2.10. Positive semi-definite fuzzy matrix
A fuzzy square matrix A = (d;) of order n. whether it is symmetric or

not. is said to be a positive semi definite fuzzy matrix if ¥7 4% 2 0 for all

s n

x =R
2.11. Positive definite fuzzy matrix

A fuzzy square matrix A4 = (a;) of order n. whether it 1s symmetric or

not. is said to be a positive definite fuzzy matrixif ¥~ A% > 0 forall ¥ = o.

3. OPTIMALITY CONDITIONS FOR FUZZY NON-LINEAR EQUALITY CONSTRAINED
MINIMIZATION PROBLEMS

Consider the fuzzy non-linear programming problem,
minimize &(x )
Subject to A,(x) = 0,i =1 tom (3.1)
where #(¥), h;(x) are all real valued continuously differentiable functions
defined on R". Let A(%¥) = (hy(X), ... h, (¥))7. The set of fuzzy feasible

solutions iz a surface in R", and it is smooth if each &, (¥) is a smooth
function (1.e., continuously differentiable). If ¥, 1s a fuzzy feasible point.
when some of the a,(¥) are nonlinear. there may be no fuzzy feasible

direction at x. In order to retain fuzzy feasibility while moving from %, one
has to follow a nonlinear curve through ¥ which lies on the fuzzy feasible

surface.
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Acurvein R" is the locus of a point ¥(%) = (x;(1)) where each x;(i.) 1s a

real valued function of the real parameter J. as the parameter varies over
some 1nterval of the real line.

% (L)
The curve x(i} = [:'Eji_'r. )1 1s said to be differentiable at i if d; exists
n
z F'E (A
for all j. and twice differentiable if — 2 exist= for all j. The curve % (1) is
d .

[ ]

said to pass through the point 7 if ¥ = ¥(») for some 1.

If the curve =x(.) defined over a < i < b 1is differentiable at

— — ) - = dx
L.a < h < b, then the ine {x = x(L)+ &

(L) - & real} is the tangent line

.r-\.

to the curve at the point ¥(%) on it.

The tangent plane at a fuzzy feasible point 7 to (3.1) 18 defined to be the

. . Fdx ()
set of all directions | '

where x(3.) 1s a differential curve in the

Ja=0
fuzzy feasible region with x(0) = =
Theorem 3.1. If 7isa fuzzy regular point for (3.1). the tangent plane for
(3.1) at 7 is { : (VR(Z)) ¥ = 0}.

Proof. Let x¥(a) be a differentiable curve lyving in the fuzzy feasible

dx(0)

region for o lving in an interval around zero. with ¥(0) = ¥ and 7 = ¥.
ol
So hix(a)) = 0 for all values of a lving in an interval around zero. and hence
dh (x (e ) : el il e :
d—‘ = 0, that 1s (VA(x¥))¥ = 0. This implies that the tangent
Lo}

‘a=0
plane is a subset of {y : (VA(x )y = 0}.

Suppose ¥ € {¥ : (VA(¥))y = 0} and ¥ = 0.

Define new variables & = (i, ..., &, )’ . Consider the following system of
m equations in m + 1 variables &, ... 4, . «.
gila, o) = gii&" OSSR = Wl R R N ) (3.2)
g0, 0) = 0 and the Jacobian matrix of giu. o) with respect to ¥ 1s non-

singular at & = 0, o = 0 (slnce 7 isa regular point of (3.1)). So by applyving
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the implicit function theorem on (3.2). we can express u as a differentiable

function of 0. say #(«), In an interval around « = 0, and that (3.2) holds as

an 1dentity in this interval when u 1n (3.2) 1s replaced by #(«), and that

~ du (D) . . :
#(0) = 0, and d 15 obtained by solving
o
i e -~ =T ~ | ! d . :
—h(x + oy + (VR(x)) ulx) = 0 which leads to —u(0) = 0 since
Lda ) do
a=0
Vh(x) has rank m.
Soifwe define ¥la) = ¥ + ay + R ala)

This defines a differentiable curve lying in the feasible region for (3.1) for

‘ - dx - i : ; :
values of o 1n an interval around « - 0, and that d—ru = y. which implies
L

that y 1sin the tangent plane for (3.1) at z.

We will now derive optimality conditions for (3.1) by using theorem (3.1).
If ¥ is a fuzzy feasible regular point for (3.1). and 1t 1s a local minimum.

clearly along every differentiable curve ¥ (o) lying in the fuzzy feasible region
for (3.1) for wvalues of o iIn an interval around o = 0, satisfving
Z(0) = i-T @ = 0 must be a local minimum for 8(F) on this curve. That is. for
the problem of minimizing §(7(a)) over this interval for o, o =0 must be a

local minimum. Since ¢ = 0 1s an interior point of this interval this implies

a8 _ . . :
that d—ixlﬂ'l] must be zero. Applyving this to all such curves and using
ol

theorem 3.1 we conclude that (ve(x )y = 0 for all y satisfving t'\?hig]ﬁ- =0.
: — - — =] m __ =
There must exist n = (u;. ..., pp ) such that (ve(x)) - 3 i MiVRi(x) =0
and by feasibility h;(x) = 0 (3.3) the conditions (3.3) are the first order

necessary optimality conditions for (3.1). the vector i 1s the wvector of

Lagrange multipliers. (3.1) 1s a system of (n + m) equations In (n + m)

unknowns (including 7 and f_u and 1t may be possible to solve (3.3) using

algorithms for solving nonlinear equations. If we define the Lagrangian for
(3.1) tobe L(x, n) = 8(x) — uh(x) where p = (n;, upy ). R(x) = (R(X), Ap, (Nt
(3.3) becomes: (x, i) satisfies
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hix) =0
¥ x&ix. p) = 0. (3.4)

We will now derive the second order necessary optimality conditions for
(3.1). Suppose the functions 6(x), h;(x) are all twice continuously
differentiable. Let ¥ be a fuzzy feasible solution for (3.1) which 1s a regular

point. If 7 iz a local minimum for (3.1). by the first order necessary
optimality conditions (3.4). there must exist a row wvector of Lagrange
multipliers. MR (T such  that VoL(x.pn)=0. where
Lix.u) = 68(x)- nhix) 1z the Lagrangian. Since x 1s a fuzzy regular point.
the tangent plane to (3.1) at Fis T = T [Th[gnii = 0}. Suppose there
exists a y = T satisfying F}_TTHfiL[E, W)y <0. Since y e T. and all the
functions are twice continuocusly differentiable. there exists a twice

differentiable curve x(.) through ¥ lying in the feasible region (i.e..

x(0) = x, and the curve 1s defined in an interval of 7 with 0 as an interior
. . . o e (dx (L)) oy
point. with A(¥(x)) = 0 for all X in this interval). such that | ———| = 7.
\ dr J._p
d e - - ~ fdx(A)
Now, —L(x¥, A, p) = (VzL(x(L), p))}| —|
A \ A |
TR ¥ o dE(h) L o
TL(;{:[ b, m) = = | Hez(L{x(d), p)) = + (VyL(x(d), I'll'l:.—z:'
di T I
where V:(L(x,p)). H;(L(¥, u)) are the fuzzy row vector of partial

derivatives with respect to ¥ and the Hessian matrix with respect to ¥ of

Li¥.u) at X=x respectively. At ho=0, we have
VeL(x(0),n)=VzL{x,n)=0 by the first order necessary optimality
conditions.
So, from the above
(d Sl (0
| — Li{x(R), pn) =0
Ldh e
i dz —_~ . = . =7 fom Tt et
.—ELi:t.'[.-'-._l, .ul‘ =3y Hz(Lx, p))y.
Lda L=0
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Using these in a Taylor series expansion for f(i)= L(x(x). p) up to
second order around % =0 leads to fi(i)=L(¥(L). n)=L(¥, p)+ '; y
Ehes = i i : ol
H:(L(x,p))y + o(k) where o(L) = 0, since Lm = 0.
h—=0 }‘2
Since hA(x(L))=0 for every point on the curve. we have
fin) = Lixi»), n) = 8(xir)) for all A in the interval of & on which the curve 1s

defined. So in the neighbourhood of » = 0 on the curve we have from the

above
sEGN- o) 2067G)=FON = = _ = 2(e(r))
= i i =:.'TH;[L[J:,HJ|}'——
.2 = =
A o M
. ~ e, ali) - i
and since y  Hz(L(¥. 1))y <0 and lm — = 0, for all i sufficiently small
x>0 32
8(x (1)) - 8(x) < 0. For all these 1, ¥(1) is a point on the curve in the fuzzy

feasible region in the neighbourhood of ¥, and this 1z a contradiction to the

fact that ?:T is a fuzzyv local minimum for (3.1).

s .
: . o = = o= @ FA . .
In fact it can be verified that ¥ THJ-E (L(Lx, n))y = | ;" ‘ and if this
dr” ), _
L=0
quantity 1s < 0, % = 0 cannot be a local minimum for the one wvariable
minimization problem of minimizing 7(%) = &(¥(+)) over A: or equivalently.

that ¥ = ¥(0) is not a local minimum for &(%) along the curve x ().

These facts imply that if 6(x), h,(x) are all twice continuously
differentiable, and % is a fuzzy regular point which 1s a fuzzy feasible
gsolution and a fuzzy local minimum for (3.1). there must exist a Lagrange

multiplier fuzzy vector 1 such that the following conditions hold.

hix 0

I =
VzL(x,p)=Vo(x)- uVh(x)

0

T
.

Ho(LG.W) =0 forall5 T = (5 : (VA((F)NF = 0}. (3.5)

n.e., H: (L((F), 1)) 1z PSD on the subspace T.

These are the zecond order necessary optimality conditions for a fuzzy
regular feasible point 7 tobea fuzzy local minimum for (3.1).

Theorem 3.2 (Sufficient optimality condition for (3.1)). Suppose

8(x) h;ix). i =1 to m are all twice continuously differentiable functions, and

7 isa fuzzy feasible point such that there exists a Lagrange multiplier vector

w = (uy, -.. . u, ) which together satisfy
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hix)=0

Ve(x)-pVhix) =10

TH;{LEEE, Ny >0 forall y e {y : VR((Z))y =0}, 5 =0 (3.6)

¥
where Lix. u) = 8(x) — uhix) 18 the Lagrangian for (3.1).
Then ¥ is a local minimum for (3. 1).

Proof. Suppose % is not a loeal minimum for (3.1). There must exist a

sequence of distinet fuzzy feasible points {¥' :r = 1. 2. ..} converging to &

such that (") < 8(.%71 for all r.

Let s, = |z - |.¥ = (x -x")/fs,.

Then | 5" | -1 forallrand " = ¥ + 35,5 .

Thus 5, » 0" as r » =.

Since the sequence of points {3 :r =1, 2, __ . } all lie on the surface of

the unit sphere in R". a compact set. the sequence has atleast one limit

polnt.
Let y be alimit pointof {3" :r = 1.2, .. }.

There must exist a subsequence of {3’ :r =1, 2, .., } which converges

to . eliminate all points other than those in this subsequence. and for

2

simplicity call the remaining sequence by the same notation

LTS S G R N

So now we have a sequence of points ¥’ = ¥ + 5,y all of them fuzzy

feasible. such that || y' || -1 forallr, 57 - ¥ and 5, > 0 as r - w.

By feasibility A% + 5,y ) =0 for all r. and by the differentiability of
hix) we have
= s 5,5 ) = hil s a,vmx:a;’ + 0(3,)
= 5, VA(F)F" +0(5,).
Dividing by &, > 0. and taking the limit as r - = we see that
Vh(Z)Y = 0.

Since Li(x¥.p) 18 a twice continuously differentiable function in =x.

applving Tavlor's theorem to it. we conclude that for each r. there exists a
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0<a, £35, such that L(x +8,% .p)=L(x W)+ 8, VzL(x, W)y’

r.T -

+(1/2)82(37)Y Hz (R + a,57. 05"

From the fact that ¥ + 5,3 =" and % are feasible. we have

L(x",w)=6(¥") and L(x, )= 6(x) Also. from (3.6). V-L(¥, p)=0. So.

from the above equation. we have

= - o = ar —~ 7
V-eZ)=1f2)5:(37) HF(L(F +a«, 53, 005 . (3.7)

Blx
Since 0<a, <& and 3, - 0 as r - =, and by continuity.

= = s N R . ~r =
H;(L(¥ +a,y,, n)) converges to H;(L(X¥, pn)) as r - =. Since 5 — 7 as
r— =, and Va(x)y = 0, from the last condition in (3.6) and contiuity we
conclude that when r 1s sufficiently large. the right-hand side of (3.7) 13 = 0,

while the left-hand side 1s < 0. a contradiction. So. ¥ must be a fuzzy local

minimum for (3.1).

Thus. (3.7) provides a sufficient condition for a fuzzy feasible point % to

be a fuzzv local minimum for (3.1).

4. NUMERICALEXAMPLE

Example 4.1. Consider the problem minimize

(-1.95, -1, -0.75)5, + (-1.25, -1, -0.75 )5, Subject to

(0.75,1,1.25)5,” + (0.75,1,1.25)5, + (-8.25, -8, —7.75) = 0.

Solution
Given constraint is
(0.75,1,1.25)5 + (0.75,1,1.25 )5, + (-8.25, -8, -7.75) = 0. (4.1)

The Lagrangian is
E(s, ) =(1.25, 1, —D.75 3-:‘:1 + (-1.256, -1, -0.75 3-2
~ %[(0.75,1,1.25)57 + (0.75,1,1.25 )5, + (-8.25, -8, —7.75)].
The first order necessary optimality conditions are
L,S_r) = [(-1.25, -1, 0.75)-2(0.756,1,1.25 IF'-.EI, (-1.25, -1, -0.75 )
é

-2(0.75,1,1.25 )15, = 0.
= s, = —(-0.5, -0.5, -0.5) (4.2)
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5, = —(-0.5, -0.5, -0.5) (4.3)

X~

Using (4.2)and (4.3)in (4.1), we get

= (0.06, 0.06, 0.08 )
o= F(0.22, 024, 0.28 )
o= —-(022, 024 0.28 )
5, =(1.78,2.08, 2.27 )
(1.78,2.08, 2.27 )

]

[ 178, 2.08_227)
(i - 78, 208, 2.27 :.J

A= -(022,024 0.28)

Therefore. 5 =

8L(s) oy i
= =[|—1_25 ,—1,—-0.756 )+ (0.33 .0.4-8,0.Tlsl,t—l.iﬁ,—l,—ﬂ.?ﬁ I+ (0.33 ,EI.-&S,U.TIS]_].

ds

The Hessian of the Lagrangian 1s

p 0.33, 0.48, 0.7) 0, 0,0}
H;+L|s,_a|:|=“ _ , 0.7) (0.0.0) 1
| (0,0, 0) (0.33, 0.48, 0.7)]
5 = —~ o~ ~ [(0.33, 048, 0.7) (0,0, 0) [,
t THz(L(5, L))t =[£1.52]r : = ' _1 L
|  (0.0,0) (0.33, 0.48. 0.7)]| % |

(0.33, 0.48, 0.7);" + (0.33, 0.48, 0.7)t,"

(0.33, 0.48, 0.7)[f," + 5]

= 0
H:(L(5, »)) 1s PD.
Hence 5 satisfies the sufficient condition for being a fuzzy local minmimum

in this problem.

5. CONCLUSION
In this paper, the fuzzy nonlinear equality constrained minimization problem is defined and the
optimality conditions for this problem are stated. Some examples are discussed based on these

optimality conditions.
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