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ABSTRACT

A graph is said to be a complete fuzzy labeling graph if it has every pair of adjacent vertices of the fuzzy
graph. A matching is a set of non-adjacent edges. If every vertex of fuzzy graph is M-saturated then the
matching is said to be complete or perfect. In this paper, we introduce the new concept of matching in
Sfuzzy labeling tree and its spanning sub graph. We discussed some properties using these concepts and
spanning sub graphs of labeling tree using matching andperfect matching.

1.INTRODUCTION

Graph theory is rapidly moving into mainstream of mathematics mainly because of its applications in
diverse fields with include biochemistry (DNA double helix and SNP assembly Problem), chemistry
(model chemical compounds) electrical engineering (communication networks and coding theory)
computer science (algorithms and computations) and Operations Research (scheduling).

Many Problems of practical interest that can be modeled as graph theoretic problems may be uncertain.
To deal with this uncertainty the concept of fuzzy theory was applied to graph theory.

A fuzzy set was defined by L. A. Zadeh in 1965. Every element in the universal set is assigned a grade of
membership, a value in The elements in the universal set along with their grades of membership form a
fuzzy set. In 1965 Fuzzy relations on a set was first defined by Zadeh [13]. Among many branches of
modern mathematics, the theory of sets (which was founded by G. Cantor occupies a unique place. The
mathematical concept of a set can be used as foundation for many branches of modern mathematics. [. 1,
0 JRosenfeld first introduced the concept of fuzzy graphs. After that fuzzy relation on a set was first
defined by Zadeh in 1965. Based on Zadeh fuzzy relation the first definition of a fuzzy graph was
introduced by Kaufmann in 1973.

Azriel Rosenfeld in 1975 developed the structure of fuzzy graphs and obtained analogs of several graph
theoretical concepts like bridges and tree [6]. A. Nagoorgani, D. Rajalaxmi [3] introduced the concept of
fuzzy labelling tree and S. Yahya Mohamad, S. Suganthi [8] introduced matching in fuzzy labelling
graph.

In this paper, we introduce the new concept of matching in fuzzy labeling tree and its spanning sub graph.
We discussed some properties using these concepts and spanning sub graphs of labelling tree using
matching and perfect matching. Here we consider the simple complete fuzzy graph with even number of
vertices.
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2. PRELIMINARIES

Definition 2.1. Let U and V be two sets. Then p 1s said to be a fuzzy
relation from Uinto Vif p 1z a fuzzy set of U « v. A fuzzy graph G = (a, B) 18
a pair of functions « : Vv — [0,1] and B :V xV — [0.1] where for all
u,veV, wehave B(u, v) £ mn {a(u), «(v)}.
Definition 2.2. If every vertex of fuzzy graph is M-saturated then the matching is said to be complete or

perfect. Itisdenoted by C,,.

Example

.17 .13 D15 . 75

- - - —
OO Oy, . O

Definition 2.3. Let G : («. ) be a fuzzy graph and F 1s a subset of G. If
nodes of F iz contained (or) equal to the nodes of G then F1s said to be a fuzzy
subgraph.

Definition 2.4. A fuzzyv sub graph F of the fuzzy labeling graph G 1s said
to be fuzzy spanning sub graph [FSS] of G if nodes of fuzzy sub graph 1s equal
to the nodes of fuzzy graph.

Definition 2.5. A fuzzy graph G 1=z said to be fuzzy simple labelling graph
[FSG] if G does not contain a line with same ends and multiple lines.

Definition 2.6. A fuzzy simple graph G 1s said to be fuzzy complete
labelling graph [FCLG] if every pair of nodes of the graph are jolned by line.
A FCLG with n nodes are denoted by &, .

Definition 2.7. A fuzzy labelling graph G 1s said to be fuzzy connected

labelling graph [FCG] if there exists a path between all pair of nodes of G.
Definition 2.8. A cyclic graph G 1s said to be fuzzy cyelic graph if it has
fuzzy labeling.
3. MAIN RESULTS
Definition 3.1. A subset M of p(v;,. v;,.,). 1 £ i < n 1s called a matching in
fuzzy graph if its elements are links and no two are adjacent in G. The two

ends of an edge in M are said to be saturated under M.

Definition 3.2. Let M be a matching in fuzzy labeling graph. An M-
alternating path in G is a path whose edges alternatively in g - m and M.
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Definition 3.3. An M-Augmenting path i1s an M-alternating path whose

origin and terminal vertices are M-unsaturated.

Definition 3.4. A graph ¢ = («. p) 1s said to be fuzzy labeling tree (FLT)
if 1t has fuzzy labeling and a fuzzy spanning sub graph 7 = (. v) whichis a
tree in which every pair of nodes contains an alternating path.

Example:
The fuzzy labelling trees of G are given below.

‘l."]{[]._qjt Lo va(0.5) Vi{0.3) szG.SJ
0.4
0.06| 02 0.08 0.06 0.08
[
73( 0.7) 0.04 vyl 0.9) V1(0.7) 0.04 Va(0.9)
(FLG)
FLT,
V:{0.5)
Wi(0.3] 0.07
V1(0.3) V2(0.5)
0.2 0.4
0.4
L. ~ V,(0.9)
Vs(0.7) 0.04
V(0.7) il
FLT:» FLTs

There are three distinct perfect matchings exists. Here the matchings are

M, -{006,008}, M, = {007,004} and M3 = {0.2, 0.4}

Similarly we can find the remaining nine fuzzy labelling trees.

Definition 3.6. The weight of the fuzzy labelling tree is the sum of the membership value of the lines in
the spanning subgraph.

Example:
0.07

V1(0.3) Vi(0.5)

Va(0.9)

V5(0.7) © 0.04

Here W (FLT )= 007 + 0.4 + 0.04 = 0.51 .
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Definition 3.7. An edge in a fuzzy labelling tree is said to be matching bridge if it belongs to any one of
the perfect matching.

Example:

V1(0.6) o P

Here the line {0.3) is amatching bridge.

Theorem 3.8. Every complete fuzzy labelling graph with even number of vertices (n = 2)s a fuzzy
labelling tree.

Proof. Let G be a complete fuzzy labelling graph with even number of vertices and M be a perfect
matching in G.

To prove G has a fuzzy labelling tree.

Since every fuzzy labelling graph has proper or improper subgraph, G always has the subgraph with
fuzzy labeling.

The Matching is a set of non-adjacent edges. So every pair of nodes in spanning subgraph has an
alternating path.

Therefore by the definition of Fuzzy labelling tree, G has fuzzy labeling and a fuzzy spanning sub graph
T = (U. V) which is a tree in which every pair of nodes contains an alternating path.

Hence always G has a fuzzy labelling tree.

Theorem 3.9. Every fuzzy labeling tree of a given fuzzy labelling graph has the same number of edges.
Proof. Let 7, and 7, are two fuzzy labelling trees of a given fuzzy

labelling graph G.

To prove T, and 7, have the same number of edges.

We know that every complete fuzzy labelling graph with even number of

vertices (n = 2) has a fuzzy labelling tree.

So G has fuzzy labelling trees. And also a tree 1s a connected acyclic

graph.

By the properties of a tree, “every tree with n vertices has » -1 edges”

we have all fuzzy labelling trees have same number of edges.
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Hence every fuzzy labeling tree of a given fuzzy labelling graph has the same number of edges.

Example:
Vil 3
a1 0.2
Vel0.2) V.{0.8] Wel0.2) Va(0u8)
0.3 0.3 0.2
V4{0.5) Va(0.5)
V5{0.6) V=(0.5) \// i
007 0.25
AT Va0 1)
0.2
viio.2} T V(0.8
0.3
0.3
Vo(0.6) V3(0.5)
0.07 0.25

Va(0.1)

Here FLT, and FLT, have five edges. Similarly we can find remaining fuzzy labelling trees with five
edges.

Theorem 3.10. Every fuzzy labelling tree contains at least one matching bridge.

Proof. Let G be a fuzzy labelling graph and T be a fuzzy labelling tree of G.

To prove T contains at least one matching bridge.

By the definition of fuzzy labelling tree, "A graph & = (. B) saidtobe fuzzy labeling tree(FLT) if it
has fuzzy labeling and a fuzzy spanning sub graph T = (L7, V )'hichis a tree in which every pair of
nodes contains an alternating path", we have T has an alternating path between every pair of nodes in it.

In alternating path, the edges are alternatively in M and So T contains at least one edge from

perfect matching M. B — M.
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Example:
V3(0.5)
V,1(0.3)
0.2 0.4
i —.

Here the matching bridges are 0.2 and 0.4.
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Theorem 3.11. Let G be a fuzzy labeling graph and T be a fuzzy labelling

tree of G. Then ¢ - ¢(T) 1s again a spanning sub graph which contains a

matching.

Proof. Let G be a fuzzy labeling graph and 7T be a fuzzy labelling tree of

G. To prove ¢ — G(T) 1s again a spanning sub graph which contains a perfect

matching.

Since T be a fuzzy labelling tree. T contains a spanning subgraph s; in

which every pair of vertices contains an alternating path.

Now we remove the edges of §; from G we obtain another spanning

subgraph.

This spanning subgraph also contains an alternating path. It is also contains the edges in the matching.

Hence G — G (T ) isagainaspanning sub graph which contains a matching.
Example:

Wil 0.8) V2(0.3)
V1(0.8) 0.2 Va(0.3)

0.5 0.1
A V.[0.9) Vs0.7)

0.6
2{0.9) Wa(0.7)

FLG Ty
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Therefore every fuzzy labelling tree contains at least one matching bridge.

Example:

V,(0.8) 0.2 \,(0.3)
&
Ta.
V4(0.9) - 2 \4(0.7)
V,(0.8) V;(0.3) V4(0.8) 0.2 W,(0.3)
o 0.1
Va(0.9) V3(0.7)
V4{0.9} Va(0.7)
I 056
G-E (T3)

4. CONCLUSION

In this paper, we introduced the new concept of matching in fuzzy labeling tree and its spanning sub
graph. We discussed some properties using these concepts and spanning sub graphs of labelling tree
using matching and perfect matching. In Future, we will find centre and eccentricity of fuzzy labelling
tree using matching and perfect matching.
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ABSTRACT

In a dominating set D C Vofagraph G (V, E) if there exists at least one D-eccentric vertex u of vin D for
everyv € V—Dthenitis called a D-eccentric dominating set. In this article, the D-eccentric dominating
set, minimal D-eccentric dominating set and D-eccentric domination number (D ed ) vy in graphs are
determined. The D-eccentric domination numbers for some standard graphs arve established. Some
theorems related to D-eccentric domination in graphs are declared andverified.

1.INTRODUCTION

In 1962 O. Ore proposed a new idea dominating set and domination number [9]. In 1998 T. W. Haynes et
al., deliberated various dominating parameters [5]. In 2010 T. N. Janakiraman et al., illustrated eccentric
domination in graphs [6]. In 2011 M. Bhanumathi et al., detailed eccentric domination in trees and
various bounds of eccentric domination in graph [1]. In2013 L. N. Varma et al., determined D-Distance
in graphs [10]. In2019 A. Mohamed Ismayil et al., developed Detour eccentric domination in graphs [8].
Article [8, 10] inspired us to consider the D-eccentric domination in graphs.

2. PRELIMINARIES
Definition 2.1 [10]. The D-length of a r - s path t i1s defined as

P () = d(r, s)+ deg (r)+ deg (s)+ ¥ deg (w) where sum runs over all

intermediate vertices w of t. The D-distance 47 (r, s) = min {77 (¢)}. where

the minimum 1s taken over all » - s paths in G.

Definition 2.2 [10]. The D-radius. defined and denoted by

+r2(G) = mm {e?(s):s e v}. The D-diameter. defined and denoted by

dD[G] = max {eD[s] s e V]

" ® * . D
Definition 2.3. For a vertex s. each vertex at a D-distance ¢~ (s) from

3 1s a D-eccentric vertex of s. D-eccentric set of a vertex s i1s defined as
EP(s)={r e 1-’,."5{5 (s) = 7 (a)} or any vertex r for which
D [ .
d” (r.s)=e" (s) 18 called D-eccentric vertex of s.
Definition 2.4, The D-eccentricity of a vertex s 1s defined by

eD{s] = max {dD[r. s:n,-"r e V1.
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Definition 2.5. The vertex s in G 18 a D-central vertex if

= (s} and the D-center c D (@) is the set of all central vertices.

Definition 2.6. The D-peripheral of ¢, p”(G) = ¢™ (6). Vis a D-
peripheral vertex if ¢?(s) = d? (¢). The D-periphery P?(c) is the set of

all peripheral vertices.

Definition 2.7. A sub graph that has the same vertex set as G is called linear factor the degree of all
vertices is one.

In this paper, as it were nontrivial basic associated undirected graphs are considered and for all the other
vague terms one can allude [2, 3].

3.D-ECCENTRIC DOMINATING SET

Definition 3.1. Let P < v(G) be a set of vertices 1n a graph

G.(v. E). Then P 1s said to be a D-eccentric vertex set of G 1if for every

vertex s « Vv — P has at least one vertex r such that r ¢ E?(s). A D-

eccentric vertex set P of GG 1s called minimal D-eccentric vertex set. If no
proper subset P of P 1s a D-eccentric vertex set of (G. The minimum

cardinality of a minimal D-eccentric vertex set of P 1s called the D-
eccentric number and is denoted by e (¢) and simply denoted by ?.
The maximum cardinality of a minimal D-eccentric vertex set 1s called the
upper D-eccentric number and is denoted by E? (¢) and simply denoted
by 2.

Example 3.1. The D-eccentric vertex set and its numbers are defined ina graph G (V . FE }h suitable
example as given below

4

]
o
by

Figure 3.1
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In a graph G(v. E) as given figure 3.1, the D-eccentricity of

] ] T r D 3
T W and sq are respectively e (sy) =

D

i s3) = e (sg) = e’ (s5) = e’ (sg) = 10 and the D-eccentric set

e” (s9) = ED(

of 8y. 89, 8g. 84. 85 and 2. ~Aare ED(sl) {33.34}.ED(53}={34.55}

2

EP(a.) = fa,. 5. ). EP fay) = {5y, 2o}, B0 (e,) = {540 56}, EP (5] = fo. 5.}

respectively. Then the sets P, = {s,. s5}. P, = {s;. s,. sg} etc., are some

D-eccentric vertex sets of ¢(v. E) and D-eccentric number e? — 2 and

upper D-eccentric number E? - s.

Note: 3.1. r1s a D-eccentric vertex of s, then r € E ot 7 |

Observations 3.1.
(1) Every superset of a D-eccentric setis a D-eccentric vertex set.
(2) The subset of a D-eccentric vertex set need not be a D-eccentric vertex set.

(3)Inagraph G(v. E). e (G) < E? (G).

Definition 3.2. A dominating set p < v of a graph G(v. E) 1s said

to be a D-eccentric dominating set if for every vertex s e v - D. there
exists at least one D-eccentric vertex r of s in D. A D-eccentric dominating
set ) 18 a minimal D-eccentric dominating set if there exists a subset
D' <« D which 1s not a D-eccentric dominating set. The minimum

cardinality of a minimal D-eccentric domination set of D 1s called the D-
eccentric domination number and is denoted by y2 . The maximum
cardinality of a minimal D-eccentric dominating set of D 1s called the
upper D-eccentric dominating set and is denoted by T2 (6 ).

Remark 3.1. If P be a minimum D-eccentric vertex set of G then

D U s 18 a D-eccentric dominating set of G.

Example 3.2. The D-eccentric dominating set and its numbers are defined in a graph G (V , E ) with
suitable example as given below
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°
Sg S6 57
Figure 3.2
In this  graph, E% ) = fag). EZ (5] = lag). BV f55) = fag)

D

B iss) = {ag}. ED(saj = {s;. 835}. e?

D
(Sﬁ]z {51.52.33}.E (ST)Z {31.33}.
and E” (sg) = {s;. s3}. Here P, = {s5. sg}. P, = {s;. sg} etc., are some D-
eccentric vertex sets and D; = {s;. s,. sg}. Dy = {s57. 55. 55. 55}. etc., are

some [D-eccentric dominating sets. The D-eccentric domination number is

v2 = 3 and upper D-eccentric domination numberis rJ = 4.

Results 3.1. (i) For any connected graph 6. y(G) < y2, (G) < .

(11) Every D-eccentric dominating set i1s a dominating set but the

converse 1s not true.

(i) If r?(¢) = d? (6). then y(G) = v2 (G).

Observation 3.2. For any connected graph, »f:'ﬁf i) < ) 2 6)
Observation 3.3. If G is disconnected then y(¢)- y2 (G) since

vertices from different components are D-eccentric to each other and if G

12 disconnected graph and r. s are in different components then

dD[r, 5) = oo,

Observation 3.4. For any graph 1 < y2(6) < n. The bounds are

sharp, since y2, (6) -1 iff ¢ = k, and y2, (6) = » iff G =E.

n
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4.BOUND ON D-ECCENTRIC DOMINATION

Observations 4.1

(1) TE{KH} =1
(i) v (Ky )= 2.1 22

(i) y2 (x,, ) - 2.

(1v)

n

D jl l,fﬂrnESand n = b where |n |is agreatest integer less than n
‘fred[cn}= |_2J

| 5w =E
Theorem 4.1.
[ _
| for n = 3
D [n] : : .
T W, )= |:1 for n = 4, b, where |[n|is a least integer greatest than n.
| ra
n
H_?Jl for n = 6, where |n|is a greatest infeger less than n.

Proof. ¢ - w, - k,. Hence vy, (w;) —1. When ¢ - w,. consider

D = {r. s}. where r and s are any two adjacent non central vertices. D is a

minimum D-eccentric dominating set. Therefore 2 (w,) = 2. In a graph
G =W.,.D ={r.s, w}, where r and s are any two adjacent non central

vertices and w 1s the central vertex. If 6 = w, , 2 6D = {r. s, w}. whenr

and s are any two adjacent vertices of w 1s a central vertex. then D 1s a

minimum D-eccentric dominating set of G. Therefore 2, (w ) = lL for

Lx::u|:;

|

n = 6.
Theorem 4.2. If the graph K, by deleting edges of a linear factor then
1 2 = %(n - even integer).
Proof. Let G be graph create from a non-trivial £, has minimum two
components. By the result 3.4, y(D) - yﬂ (G). Therefore y(G) = 2— where
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G has an even number of vertices. Thatis y(G) = v2 (G) = —

Proposition 4.1. The domination number of path with four vertices is equal to the D-eccentric
domination number of path with four vertices.

=5
Theorem 4.3. In a path (P,) oforder n > 2. m =12, z :
[ r£-|+1,ifn=3m.
NEY
2 =
vﬁilP |3— if n=3m+1,
|
||_i_|+1,1}"n=3m+2.
s

Proof. Case (i) n

Let s,.s,,55...,55, represent the path p,

and has all the
peripheral vertices. D = {s,, s.. s,

. S3m 1) 15 the only y-set of P, but
not yo(P,). That is vy (P,) 158 D' ={s,.s,.s,....ss,} Where

n|
|D"|=m +1 = y(P,) +1. Therefore, v (P3, ). +1 = r—':+1.

2

Case {11) n=39m+2.

D ={s;.5,.5;...53msn.S3msq} 18 the least dominating set P, has

two peripheral vertices. Hence, vy, (P,) = v2, (P, ) = {%—:
Case {iii} n=am+ 2.

D = {s5. S5. Sg. ... . S3m.o) has end vertices s,, ., and it is not a D-
eccentric dominating set. Hence, D U {s;} 1s a minimum [D-eccentric

dominating set. Therefore y2, (P, )=y, (P, )+1 - {%} e

Remark 4.1. In a path (p,) oforder n = 2, y2 (P,) = 1.
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ABSTRACT

In this paper, boundary nodes are easily found with the help of o, B andy strong nodes from fuzzy vertex
order colouring. Some of the properties are discussed.

1.INTRODUCTION

The concepts of boundary nodes and interior nodes using sum distance are introduced by Tom and
Sunitha [6]. The fuzzy vertex order colouring using a , § and y-strong nodes are introduced by A. Nagoor
Gani and B. Fathima Kani [7]. In this paper we connect these three o, B and y—strong nodes to boundary
nodes. In Section 2 we discussed the basic definitions.

Definitions of Boundary nodes, eccentricity nodes, fuzzy radius and fuzzy diameter are given in section
3 and also properties related to boundary nodes and o, B and y strong nodes are also discussed.

2. BASIC DEFINITIONS
A fuzzy graph G :(c.pn) 15 said to be complete fuzzy graph if
p(u, v) = c(u)aoc(v) forall u,ve V. Let G ":(V.E) bea graph. Length of
u-v path P as the sum of the weights of the ares 1n

P.L{P)=¥% !” QB _g. u) The sum distance between u and v denoted by
d (2, v)=mn {L(P,): P, e P,i=1,2, _} d,(u,v) is8 a metric on V. A node
v 1s strictly a-strong if d(v) > d(u), Vu € A(v). A y-strong node 1s strict

always. A B-strong vertex 1s strong as well as weak.

3. Relation among Boundary Nodes and o, p and y Strong Vertices

Definition 3.1 [6]. A boundary node In a connected fuzzy graph satisfles

d,(u.v) = d,(u, w) for each neighbour w of v. Collection of all boundary nodes
denoted by «°.

Example 3.2. Here d(u)=1.5. d(v)=10.9, d(w)=1.7. d(x)=1.3.

S54(V)={w}, B(V) = {u}, W, (V) = {v, x}. In example 3.2 i {x}, v° = {x}.

b

w = {v, x}, xt

= {v}. The boundary nodes of G are {v, x}.
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0.5

27

B W

Fig.1
Property 3.3. In a fuzzy-graph all «, y-strong nodes are the boundary

nodes.

Proof, If x  «®, (ie) u® = {x}. then d,(u, x) 2 d,(u, w) for each
neighbour w of x. That 1s d_ (u, x) = d,(u, A(x)). A vertex i1z a weak or y-
strong vertex if d(x) < d(A(x))vx € A(x). Combining these two equations we

get d(A(x)) > d(x) > d, (u;, x) 2 d,(u;, A(x)) or d(A(x)) > d (u;, x) > d(x)

I

d,(u;, A(x)) for every vertices u; « v. We know that if a node v 1s a-strong

if {vveV/dw)zd(aw)}. It is clear that d(v)= d(A(v)) = d,(u;, v)

I

d,(u;, A(v)) Thus o-strong nodes are also serve as a boundary nodes.

Example 3.4. Consider fuzzy graph G. Here u° = {x}, v’ = {u, x},

e fu, x}, - {u, ¥}, ,}rb = {u, x}. Boundary nodes of G are {u. x. »}.

Here d(u)=1.4,d(v)=2.0,d(w)=1.8,d(x)=2.2,d(y)=1.0, S_ (V)= {x}.

B(V)={v,w}, W, (V)= {u, 5}

u 0.8 v
0.3
0.6
0.6
0.3 Y
0.9 0.7
W X
Fig. 2

Thus we clear that a-strong node {x} and y-strong nodes {u, y} are

boundary nodes.
Definition 3.5 [5]. The fuzzy eccentricity of a vertex u 1s
e,lu)=max d_ (u,v)

velV
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Definition 3.6 [5]. The min of the fuzzyv eccentricities of all vertices 1s the

fuzzy radius =ay. y_(G) = min e, (u).

uslV

Definition 3.7 [5]. The max of the fuzzy eccentricities of all the vertices

1s called the fuzzy diameter say. d_(G) = max e (u).
usl’

Property 3.8. In a fuzzy-graph -strong node is a fuzzy radius and y- strong nodes are fuzzy diameter of
afuzzy graph.

Proof. Property 3.3 states that, fuzzy graph G have boundary nodes which are o and y-strong nodes.
Thus the sum distance of y-strong nodes are greater than or equal to its sum distance of their neighbours.
We know that fuzzy diameter is the max of all eccentricities. Thus y-strong nodes are fuzzy diameter.
Only B-strong nodes have the min eccentricity. Hence 3-strong nodes are fuzzy radius.

Example 3.9, Here () =1.2,d(v) =1.7, d(w) = 1.1, d(x) = 1.8.
S,(V) = {x}, B(V) = {v}, W_r{l-’] = {u, w}.

Property 3.8. In a fuzzy-graph B-strong node is a fuzzy radius and y- strong nodes are fuzzy diameter of
afuzzy graph.

Proof. Property 3.3 states that, fuzzy graph G have boundary nodes which are o and y-strong nodes.
Thus the sum distance of y-strong nodes are greater than or equal to its sum distance of their neighbours.
We know that fuzzy diameter is the max of all eccentricities. Thus y-strong nodes are fuzzy diameter.
Only B-strong nodes have the min eccentricity. Hence 3-strong nodes are fuzzy radius.

u

0.5
w

Fig.3

In this example By {w}, ot - fw, x}, 0’ - {u}, x® - fu}. Hence the
boundary nodes of G are {u, x, w}. It 1s clear that a-strong node and y-strong

nodes are the boundary nodes of G.

Here e, (u) =1.1, e, (v) =06, ¢,(w)=11¢e, = 0.7.

We know that y,(G) = min e, (u) = e, (v) = 0.6. Thus B-strong node ‘v’ 1s
usl’

fuzzy radius. And d,(G) = max e, (u) = e, (u)=e, (u) =1.1. Hence y-strong

uesl

nodes are fuzzy diameter of G.
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Property 3.10. Let G be a fuzzy graph and 1ts underlving crisp graph 1s

complete. Then a-strong and B-strong nodes are the boundary nodes.

Example 3.11. Here d(u)=20.d(v)=15, d(w)=1.8, d(x)=1.9.

S5, (V)= f{u}.p(F) = x. wl.W (W)= {v}. In this example 3.11. u’ = {w},

o {x}, Wk = ful, e {u}. Hence the boundarv nodes are {u. x, w}. It 1s
clear that Then a-strong and B-strong nodes are the boundary nodes.

o 0.5 y

0.8

0.6
0.7 04

0.6
Fig.4

Property 3.12. Let G be a fuzzy-graph with its underlying crisp graph 1s
complete. y-strong nodes are the fuzzy radius and o-strong and p-strong

nodes are the fuzzy diameter.

In example 3.11 ¢, (u) = 0.8, ¢, (v) = 0.6, ¢, (w) = 0.8, ¢, (x) = 0.7.
We know that y_(G) = min e, () = ¢, (v) = 0.6. Thus y-strong node v’ is

usl’

fuzzy radius. And d_(G)= max e, (u) = e, (u) = e, (w) Hence o-strong and

ueslV

B-strong nodes are fuzzy diameter of G.

Property 3.13. If a fuzzy-graph G have more than one p-strong nodes
then the highest degree B-strong node 1s fuzzy radius.

Example 3.14. Here ¢, =14, ¢,(v) =08, ¢,(w) =16, ¢,(x) =14,
e, (») = 1.6. The vertex ‘v" has the min fuzzy eccentricity. Thus the fuzzy

radius 1s 'v’, (1.e.) B-strong node. But in this example we have two p-strong

nodes. say {w, v}. Degree of these nodes are d(w) = 1.8, d(v) = 2.0. Thus the

highest degree node belong to fuzzy radius.

u 0.8 v
0.3
0.6
0.6
0.3 ¥
0.3 0.7
W X
Fig.5
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4. CONCLUSION

The graphs without vertices are meaningless. In the similar way in a fuzzy graph nodes are the most
important for finding many applications in more areas like networking. Finding the nodes on the
network boundary is the need for correct operation in wireless applications. Focusing on these
applications a research under boundary nodes in a fuzzy graph are carried out. But finding boundary
nodes in small order fuzzy graphs is very tedious way. For simplifying this process of finding boundary
nodes, we can use the three strong nodes a-strong and -strong, y-strong. We can find these three nodes
very easily as per the definitions. It is observed and verified that o- strong and y-strong nodes are served
as a boundary nodes. But if we consider a fuzzy graph G with its underlying crisp graph is complete then
a-strong and -strong nodes are served as a boundary nodes.
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ABSTRACT

In this paper a new procedure namely Modern Zero Suffix (MOZES) method is proposed to find the IFBS
it meets optimal solution for the transportation problem. A new algorithm is generated to find the optimal
solution for the transportation problem with the aid of above said notion. The relevant numerical
illustrations are given to justify the above proposed notion.

1.INTRODUCTION

In operations research transportation problem is a modern class of linear programming problem.
Transportation problems used in various fields such as scheduling, assignment, and product mix
problems and so on. Dantzing G. B [2] solved linear programming and extensions. Nagoor Gani and
Stephen Dinagar [3] proposed a note on linear programming in fuzzy environment. Abdul Quddoos et al.
[1] finding a new method of an optimal solution for transportation problems. Stephen Dinagar and
Keerthivasan [4, 5, 6] suggested some new algorithm for transportation problem.

In this effort, a new method is recommended to examine optimality of the TP. Also, the new algorithm
provided now to find the optimality. A relative study is too carried out by solving transportation
problems.

The organization of this paper is arranged as follows. In section 2, the proposed Modern Zero Suffix
method is lead with its algorithm illuminated step by step. The numerical illustrations are obtainable in
section 3. Arelative analysis is carried out in section 4. Finally the conclusion part is in section 5.

2.ALGORITHM OF MODERN ZERO SUFFIX (MOZES) METHOD

Step 1: Build the cost tables from the certain problem. Inspect whether sum of the supply equal to sum of
the demand, if it stable then go to step 2. If not introduce a dummy row or dummy column.

Step 2: In a cost matrix, deduct each row by the least element of this row. From the concentrated matrix
deduct each column by the least element of its column. From the concentrated matrix, every row and
every column has no less than one zero.

Step 3: Select one zero and computation the number of zeros in the corresponding row and column
expect the selected zero, and mark the sum of the number of zeros in suffix.

Step 4: Select every zero and mark the suffix as the way of'step 3.

Step 5: Select the lowest suffix and allocate the conforming cell. Each allocation is in rising order of
suffices.
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Step 6: Sometime suffix values are identical; select the minimum cost cell of the conforming suffix
values.

Step 7: When the allocation if we ensure less than m+n-1 cells, reprise the process from step 2 to step 6.
Step 8: Remain the process all rim necessities are fulfilled.
3.NUMERICALILLUSTRATIONS

Ilustration 3.1. Solve the optimal cost of TP with three factories and three markets:

Table-3.1.1

M, M, M, Supply
F, 3 3 5 9
Fy 6 3 4 8
Fy 6 10 T 10
Demand il 12 8
Solution
Table-3.1.2
M, M, M 5 Supply
Fy 02 01 2 9
Fy 2 1 0o 8
Fy 01 4 1 10
Demand 7 12 8

Here minimum suffix value is 0 and the conforming supply and demand are equal so we have a choice the

next minimum suffixis 1.

Table-3.1.3

M, M, M, Supply
Fy 3 39 ] 9
F, 6 G 4s 8
Fs 67 10 T3 10
Demand 7 12 8

Minimum Cost =125.
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Table-3.2.1
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M, M, My, | M, Supply
Fy 9 8 5 7 12
F, 4 6 8 7 14
F, 5 8 9 5 16
Demand 8 18 13 3
Solution:
Table-3.2.2
M, M, M, M, Supply
F, 4 1 0o > 12
F, 02 01 4 3 14
F, 02 1 4 01 16
Demand 8 18 13 3
Table-3.2.3
ALy M, M, M, Supply
F, 9 8 512 T 12
F, 4 614 8 il 14
F, be 34 9 b3 16
Demand 8 18 13 3

Minimum cost = 240.

Ilustration 3.3. Solve the optimal cost of TP with four factories and three markets:

Table-3.3.1

My M, M, Supply
Fy 3 2 8 250
F, 1 6 3 350
Fy 7 b 3 400
F, 5 9 2 200
Demand 300 400 500
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Solution:
Table-3.3.2
M, M, M, Supply
Fy 2 Oo 6 250
Fy 0o 4 1 350
F, 5 2 01 400
F, 3 [ 01 200
Demand 300 400 500
Table-3.3.3
My M, M, Supply
Fy 3 2250 8 250
Fq 1300 6 350 350
F; 7 D150 3250 400
Fy 5 9 2200 200
Demand 300 400 500
Minimum Cost = 2850.
4. Result Analysis

Above table, it is evidently noted that our suggested method "Modern Zero Suffix Method" is meet to
MODI method.

METHOD Total Transportation Cost
Illustration-1 IMustration-2 | Nlustration-3
Least Cost Methed 159 248 2850
VAM 143 248 2850
MODI- Method 125 240 2850
Modern Zero Suffix (MOZES)Method 125 240 2850
5. CONCLUSION

A novel approach is proposed and termed it as modern zero suffix (MOZES) method to inspect the
optimal solution for the TP. The leading improvement of the proposed algorithm is very calm to realize
and performs stress-free calculation and provides the optimal solution with least steps. This new
Proposed method is more real to find out the minimum cost when associate with additional existing

methods for decision makers.
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ABSTRACT

Matrices play significant roles in various areas in science and engineering. The problems involving
various types of uncertainties cannot be solved by the classical matrix theory. Neutrosophic sets theory
was proposed by Florentin Smarandache in 1999, where each element had three associated essential
functions, namely the membership function (T), the non-membership (F) function and the indeterminacy
function (1) defined on the universe of discourse X, the three functions are entirely independent. In this
paper, the interval-valued neutrosophic fuzzy matrix (IVNFM) is introduced. Some fundamental
operations are also presented. The need of the interval-valued neutrosophic fuzzy matrix (IVNFM) is
explained by an illustration. [llumination of some of the operators are given with the help of the example.

1.INTRODUCTION

Academics in economics, sociology, medical science, industrial, atmosphere science and many other
numerous fields agree with the vague, imprecise and infrequently lacking information of exhibiting
inexact data. As a result, fuzzy set theory was introduced by L. A. Zadeh [15]. Then, the intuitionistic
fuzzy sets was developed by K. A. Atanassov [1, 2]. Estimation of non-membership values is also not
constantly possible for the identical reason as in case of membership values and so, there exists an
indeterministic part upon which hesitation persists. As a result, Smarandache et al. [8, 9] has introduced
the concept of Neutrosophic Set (NS) which is a generalization of conventional sets, fuzzy set,
intuitionistic fuzzy set etc.

The problems concerning various types of hesitations cannot solved by the classical matrix theory. That
type of problems are solved by using fuzzy matrix [13, 14]. Fuzzy matrix deals with only membership
values. These matrices cannot deal non membership values. Intuitionistic fuzzy matrices (IFMs)
introduced first time by Khan, Shyamal and Pal [12]. But, essentially it is difficult to measure the
membership or non membership value as a point. So, we consider the membership value as an interval
and also in the case of non membership values, it is not nominated as a point, it can be considered as an
interval. Interval valued Intuitionistic fuzzy matrices was considered by Madhumangal pal et al [13].
But, the indeterminate values cannot be considered by the Intuitionistic fuzzy matrices. Hence, the
concept is extended to interval valued neutrosophic fuzzy matrices (IVNFMs) and some basic operators
on IVNFMs are introduced. The interval-valued neutrosophic fuzzy determinant (IVNFD) is also
defined. A real life problem on IVNFM is presented. Interpretation of some of the operators are given
with the help of this example.

In this work, some definitions are discussed in section 2. Section 3 dealt with the operations of interval

valued neutrosophic matrices. Properties of interval valued neutrosophic matrices are given in section 4.
The importance of [IVNFM is discussed in section 5. Concluding remarks are given in section 6.
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2. DEFINITION AND PRELIMINARIES

In this section, we first define the neutrosophic fuzzy matrix (NFM) based on the definition of
neutrosophic fuzzy sets introduced by Smarandache [8, 9]. The intuitionistic fuzzy matrices are
introduced by M. Pal etal. [13]. The same concept is extended to neutrosophic fuzzy matrices here.

Definition 1. Neutrosophic fuzzy matrix (NFM): An neutrosophic fuzzy
matrix (NFM) A of order m x n is defined as A4 = [X ;. (a;,. a5 . G4y M-

where aj;,. a;; . a;, are called truth, indeterminacy and falsity of x;; in A,

which maintaining the condition 0 < a;, + a;;, + ay, < 3. For simplicity, we

write A = [X,. a,

i+ %5 mxn OF simply [a

Where Gy = {Giju’ GT-J;:‘“_ a;ij }

T'J']mxn L

Using the concept of neutrosophic fuzzy sets and interval valued fuzzy

sets, we define interval valued neutrosophic fuzzy matrices as follows:

Definition 2. Interval-valued neutrosophic fuzzy matrix (IVNFM): An
interval valued neutrosophic fuzzy matrix (IVNFM) A of order m «n is

defined as A = [X;. (@, 341 G4y )lmxn- Where ay,. a;, and ay are the

subsets of [0,1] which are denoted by @, = [ajur. agrv].
a;;, =lay, . a5¢] and ay, = [a;,;. a5y ] Which maintaining the condition
0 £ sup @y, + SUp ay; + SUp ay, =z lar: -1 =2 .. ., m and =12, . ,m
Definition 3. Interval-valued neutrosophic fuzzy determinant (IVIFD):
An interval wvalued neutrosophic fuzzy determinant (IVNFD) function

f: M — F 1is a function on the set M (of all » x n IVNFMs) to the set F,

where F'is the set of elements of the form ([a,;. a,y]. [a,z. asp]. [ay . oy ).

maintaining the condition 0 < a,; +a,,5 +a,; £3,0<a,; <a,; <1 and

0<a,; +a;7 <1, 0<a, <a,, <1 suchthat A <« M then r(a) or |4 |

or det (4 ) belongs to F and is given by

n
|A ‘ = Z H <[aiG|:ir|.|L' “fcs.;_ij_ut-']= [afcu:f]li.l.' aft:ﬂ:ir}.U]-' [aft:rn:_ijvl.= s (iwtr ]}

TeS, i=1

and s, denotes the symmetric group of all permutations of the symbols

1,2, _.n}
Definition 4. The adjoint IVNFM of an IVNFM: The adjoint IVNFM of
an IVNFM A of order » = n. is denoted by adj. A and is defined by adj.

A =[A;] wherea, 1s the determinant of the IVNFM A of order
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(n —1)= (n - 1) formed by suppressing row j and column i of the IVNFM A. In
other words, 4 ; can be written in the form

Z H {[ﬂ’tm:rju}_'.: Cig(t)pU 1. [ﬂic.;i]},r.~ Cigit)nrr 1. ['-’Itc.;r]uL » Qg (t WD ]}
UES"iJ‘_;i IEnj ) ) )

where, n; = {1. 2, ... al\{j} and Snin 1s the set of all permutations of set »;

over the set n,. Depending on the values of diagonal elements, the unit
IVNFM are classified into two types: (1) g-umit IVNFM and (1) r-unit IV
NFM.

Definition 5. Acceptance unit IVNFM (a-unit IVNFM): A square IVNFM
15 a-unit IVNFM if all diagonal elements are ([1,1]. [0, 0]. [0, 0]} and all

remaining elements are ([0, 0].[t,1].[1.1]) and it is denoted by
X0, 01, . 1], 11, 1))

Definition 6. Rejection unit IVNFM (r-unit IVNFM): A square IVNFM 1s
a r-unit IVNFM if all diagonal elements are ([0, o], [1, 1]. [t, 1]} and all
remaining elements are ([1.1]. [0, 0].[0.0]) and it is denoted by
Ii1,1], [0, o], [0, 0]) - Similarly, three types of null IVNFMs are defined on its

elements.

Definition 7. Complete null IVNFM (c-null IVNFM): An IVNFM i1s a e-
null IVNFM if all the elements are {[o. o]. [0. 0], [0. 0]).

Definition 8. Acceptance null IVNFM (a-null IVNFM): An IVNFM 1s a a-
null IVNFM if all the elements are ([0. 0]. [1. 1]. [t. 1]).

Definition 9. Rejection null IVNFM (r-null IVNFM): An IVNFM 1s a r-
null IVNFM if all the elements are {1, 1]. [0. 0]. [0. 0]).

3.SOME OPERATIONS ONIVNFMS

Let 4 - [<[ar'jul.= aiqu]’ [“ij:-_L- D 555, o 1 [aijL'I. » Qiprr D]- i [{[bi}'u.[.’ ‘bijp.U]'

[bisr- byru - By - bu 1. be two IVNFMs. Then,

(1) <[Gijul. R e k [Gij}.l. g ]=['3fjv1. » @ jptr ]:' & {[bij oL P L. [bij.?.L by 1.
[b5ur - Piprs ]> = [max (ay,;. a5, ) max (ay,p. Gy, )]
([mjﬂ (@i, by ) min {ay; . byip ']) [min (aj,z . byyr ). min (a5, . by )]

(1) {[“‘fjuL s Tgnw 1L [“‘f;‘}.L - Bga 1. [“‘fjuL : Qi D : (l:bijul}' biinu 1. [bij.'-.l. Y 1.
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[bipz - Byur ]} = [max (@yur . bijur )» max (ag,p. byup )]
([min (@gor- byar ). min (ag, . by iy 1) [min (@gyr - Gyag ) min (@ . Gy
[max @z bypr ) max (@, 0. by .
(111) A+ B = {mn (ay,;.by,) mn (ag . by, D). [min (a7 . bz )

min (&g, - by 1], [max (@guz - byur ) max (a0, by ]

(1v) A -B = ((min L TR LN (TR T 1), [min TR |

min (G, . by 1.

(v) 4 = [<[aijuL g 1L —ayp.1 -0y p ] B, 040 D]- (complement

of A)
. T .

{'\-?1} A = <[a_]'i|JL' ajfllLT]’ [a_;l'i-’L' aj'lf.:‘.br]’ [a_]'iL'I. . G_J;i:l'br anm {TI'H.IIL'JPUSE Of
A)

(vm) A @ B - [[a’jiuL +buur — %5ur by %Guu t Pyur — %huv 'bgw],

{[Gi_;f?_L “byar - S Ygau D [“i;'vz. by, - G - P 1l

[@ 50z - Oypr. Chprr - By ]

(vin) A @ B = <[“1j3,L +bgar — G5an - byarn: Gyar + Pyru — %gav - Pyau ]>

'_C[Gijv.[. oy —Eey By By Fhoy —Bew -G D_‘

Cone T8 Spaw T
.. ) 2

\

2 ’ 2 - }

:

'Irl_ﬂ'ij:-.l. +birr Giav b
| ;
§

S

L 2 ; 2

] ['\jafjj.l.l. 2 bijuL' '\/aij}lU = bijp_U]
= I<[J‘3tj;t_1. + BiaL - J“tﬁ.ﬁ + biu 1)
L [Wogr = bsr - Voqu + by | |

ifuly

:
|
|
i
|

J

| —

(X) A$B
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[2a5uz byur 205u0 byuu 1 1
. |
LaijuL +bjinr Giuv T Ojur | |
[2a_., -B 2a b i
: 2au5, Ogar 2%5av byav 1\ |
(xi) a# B - (| —— = P27 BT
ﬂi @iar *O5aL  %ijav +Piav |/ |
[265r bz 2850 bgo 1 |
8 *O5L  %pu O J J
Gyur +bpuL @jjpr +bur 11
. : W
_2'-51';';1[, -quL +1) 2'—“7'“1{: -b!-}-“L +1 |J|
I (i UPRE S T @oon pp + Dioia '||
o ijaL ifLL LU ijAa U
(X]]} A s B o ] ] A ] T A LT A : |
'_2|_cx!-J-LL-bU}‘L+13 2'-“:‘}3.{: -b!.”‘L +1|J|
[ Gy +bgur Gy + bpo |
|1 2080z bipr. +1) 2(a45p by +1)] ]
(xm) A<B iff Gyur = Byur- Gypr S
i 2 byrus G5 2 by - G 2 by

Ev) A-BMHA<BandB<A

< b
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ijuU - %gar = byar e

In the following section, we consider a daily life problem which can be studied using IVNFMs in better

way.

4. IMPORTANCE OF
(IVNFMS)

INTERVAL

VALUED

NEUTROSOPHIC FUZZY

MATRICES

Anetwork consisting of four important cities (vertices) in a country is considered. They are connected by
highways (edges). The number neighboring to an edge characterizes the distance between the cities

(vertices). The above network can be represented with the help of a classical

matrix A - [a;], i, j = 1, 2, ..., n, Where, n is the total number of nodes. The

ijth element o, of A1is defined as

J

a.; =+ %, the vertices

ij |

Wy .

Wy iz the distance

B, i i

iand jare not directly

of the road connecting

Thus the adjacent matrix of the network of'is

[0 15 20
15 0 55
20 bo 0
35 40 5

connected

iand j

3

5 &

:
|
|

75 |

[i5]
0 |

by an adge

Since the distance between two vertices is identified, precisely, so the above matrix is obviously a
conventional matrix. Generally, the distance between two cities are crisp value, so the corresponding
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matrix is crisp matrix. Now, we study the crowdness of the roads connecting cities. It is clear that the
crowdness of a road clearly, is a fuzzy quantity. The amount of crowdness depends on the decision
makers temperament, practices, environments, etc. i.e., finally depends on the decision maker. The
measurement of crowdness as a point is a difficult task for the decision maker. So, here we consider the
amount of crowdness as an interval instead of a point. The aloneness is considered as an interval and also
the indeterminacy is considered as an interval. The crowdness, indeterminacy and the aloneness of a
network cannot be represented as a crisp matrix, it can be represented appropriately by a matrix which
we designate by interval-valued neutrosophic fuzzy matrices (IVNFMs). The matrix representation of
the traffic crowdness, indeterminacy and aloneness of the network ofis shown in the following [IVNFM.

r{0.0Ln.1L[p.1]) {[1..3].[2..4L.[2,.5]) {[2 1.[L..5]) (-3 5].15, 5}1
{{1..3].[2,.4].[2.-5]) {[0.0].[1.1].[1.1]} {L.7 [2 AL[0,.1]) (.3 [3 6].[.4, 5}|
§-2..41.[3,51.[1..5]) ([7.-8].[2..4].[0.1]) ([0,0],1,1],[1,1]} (. 5] [1 3] [.2.-30}1
| {[3..4].[2..5].[5.-6]) {[3..5].[3..6].[.4..5]}) {[5.-6].[1.-3].[.2.-3]) ([0,0] [1,1])
To explain the meaning of the operators defined earlier we conmder two
IVNFMs A and B. Let A and B represent respectively the crowdness,

indeterminacy and loneliness of the network at two time instances ¢, and ¢,.

Now, the IVNFM A4 + B represents the maximum amount of traffic
crowdness, the minimum of indeterminacy and the minimum amount of
aloneness of the network between the time instances ¢ and :,. 4 B
represents the minimum amount of traffic crowdness. minimum amount of

indeterminacy and the maximum amount of loneliness of the network. a
matrix represents the aloneness, confidence and crowdness of the network.

A @B, AsB and A# B reveals the arithmetic mean, geometric mean and
harmonic mean of the crowdness, indeterminacy and aloneness in between
the two time instances #; and ¢, of the network. To illustrate the operators
A-B, A+B and ‘A | we consider a network consisting two vertices and
two edges. The crowdness, indeterminacy and aloneness of the network are

observed at two different time instances ¢ and i,. The matrices 4; and

A, represent the status of the network at ¢, and at ¢,. The number adjacent

to the sides represents the crowdness, indeterminacy and aloneness of the

roads at two different instances of the same network.
Let

| (fo.o]. .1]. 1. 1)) ([1..3]. [2. .4]. [2. .5])7
g! [{[_1, 3], [.2. .4]. [.2. .5]) (fo. 0]. 1. 1]. 1. 1])
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1 (lo.0l..1l 1)) ([.2..4].03..5].[1..5])]
{[2. 4].[3.5).[.1..5]) ([o,0].[1.1].[1,1]) J

ity

[ ((o.0]. 11,121} (L2,-4].[.2,.4],[.1,.5])]
[ {l=2. 4l .12 al L1 sl} ([0.0].[1,1].[1.1])

Then 4, +4, - and

r (f0.0].[1.1].[1.1]) {1, 3].L3..56]. L2.-50)
L{[.1,_3]_[.3,_5]_[.2,_5]} ([0.0].[1.1].[1.1])

|4y |=(l0.01.0.1],[1,1])-(fo, 0], [1.1]. [1, 1]} ([ 1, 3], [ 2, 4]. [ 2, .5])

Ah 'A!E =

{[1..3].[2,.4].[.2..50)= {[0.0).[1.1]. L. 1]} + {[-.1..3].[.2. .4].[.2. 5])= {[-1..3].[ 2, .4].[ 2. .5]).
5.PROPERTIES OF INTERVALVALUED NEUTROSOPHIC FUZZY MATRICES (IVNFMS)

In this section some properties of IVNFMzs are presented. IVNFMs satisfy

the commutative and assoclative properties over the operators -, . &, and (9.
The operator *." 1s distributed over '+ in left and right but the left and right
distribution laws do not hold for the operators @ and |

(1) A+ B=B+ A

(2 A+(B+C)=(A+B)+C

2k A.-BE-B_A
(4) A-(B-C)=(A-B)-C

5 A (Re®)— A . B+ A.-C
{E+C)- A -8B -A: A €

(6) A= B-B3 A

(7M)Ae(BecCc)=(A®B)® C
(8) AeB=Bo A
9) Ac(BeC)=(AeB)oC

(1)) Ae(Be@C)=(AeB)&@ (AeC)

) (B®eCloA=(BoAl®(Co A)
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(1) Let A

[{[“fjuL= a’iqu]= [a’ij}_L’ a:l.'j."_U]’ [“ijm:. » T iiurr ]>]=

B = [([byur - byuv]. bygir. byl [bgu - by 1)] and

= [{[Cijul.’ "'1';'|JU]= ['5'1';:-_1,-

Ci, 1 [ctjuL » Ciip ]}]-

ISSN : 0974-6803

[max *Gij'].l..[.- g bleL ), max I:Gljub' 5 b'l'j].l[p" :|],
A+ B = l([mm (@51 bysp ). min (Qyprr o byypr i]}
[min (@, . by ), min (age . by )
[max (Bjjur - Ggpr ). max (by,pr. G5,.p 1.
B+ A = {([min (by,;.ay,.) mn (by,q. Gy p)l)
[min (b, . agyp ). min (B . Gy )]
Therefore, A + B = B + A. Similarly, (2), (3), (4), (5), (6), (7), (8) and (9]
can be proved.
I_[bijul. + Cgur, — yur Cypr - Pgur + Cgpr — Pgpar 'CijuL']=-I
(10) B=C = | {[bij;-,L €Al - Pgaw Gy ])= |
L s - Cir - P - Cguw | J
Ir [agur - (Biur + €hur — bgur - C5ur ) Bgur - Bgur + Char — Bgur - Chur ) -I
Ao(BeC)-= |{:[ai'_;ii.ﬂ Pt - T % P - Chr- Bnao Y Vo - C 8 -~ Bjaw - Coar )]}|
L ler +bgar - €00 ~ Qe - Bz - Cipn + ViU - Cipn — Qi - o - Cgpor ] ]
I_ [@4uz - Pyur- Gjur - byuu ]
Ao B = |([a’ij?-.l. + bgar — Gyar Yyar- Sgar * Pjav - Gyar  yau ]> :
|_ [aijuL + byyr Sz YL - G5+ P S - by ] I
I— [arjui} “CguL . YpU "‘-‘iij]s -I
A4eC = |([“iju T Ci L T @hnL CCHAL: Yyar t Cyav T @yav  Cyav ]>|
L [aajr.-L c:’jvl. Gle'I. 1:'i'ZjL:.I.- ':iij ci}'vL" ] J
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So, As(B&C)
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.
fo g Bgun + Ciur )~ S5pr -Bjur Copn -

5
Giur Wiuw + Cjur )~ S4pr Pyuu 'ﬁ'iquI:

([Ia’tij +byyr — Ggur bir )-\GgaL + Cyar — gL -CyarL

[ ijUL _bijr:L - auv 'bfij pe I&UuL = f‘lﬁ,' _afjuL ] T_J'IJL )

[ L
I I
I I
I I
I I
! I
|'a1_:?T_." +bhgaw — Bav Bhar ) Bgap tChau — %A iU II}|
I I
I I

L i +Fbiwr - O b V@ + by - G b )]

= (AcB)®(AeC) Similarly, (B®C)oA =(Be A)

@ (C ® A) can be proved.

Property 1. Let A be an IVNFM of any order then, 4 + 4 - A.

Proof. Let A

= II[%HL- G hner 1. I“:‘;‘}.L’ G jia I [aiju.[. » Byrr I}I-

[max (@yur - Ggur ) max (@yu0 . Gyup 1.

Then. A+B- (Imjn (Gyar - Gyar ) mN (Gy, 7.0y, I]}= [([ijuL Bgup |-

[a AL - Figau l.[a ijuL

[min (a a

Property 2

A + Ig, 0], [0, 0]. [0. 0]

same order.

Proof. Let

{0, 0], [0, 0]. [0, 0]) =

Then,

ijul. - ifh

G ])] =A

p)min (@ . @up 1.

If A be an IVNFM of any order then,
y 2 A where, I o] [0, 0] [0, 0] 15 the null IVNFM of

A = [(Iaijpl.s ﬂxquI- [ﬂi;'LLs aij?-.!’_.-']: I:a'ijv_[. > Giurr ]}I and

([0, 0], [0, 0], [0, 0]).

[max (a;,7.0), max (ay,q. 0)],

A+I{[0’0]:[0’0]:[0’D]}=<[II:LiIl (@45 1. 0). min IGU{,D,DI]>=

[([@gur - @5, 1[0.01.[0.0])] [min (ay; .0) mn (a;,; .0)]

Therefore, A + L0, 0]. [0, 0]. [0. o]) = 4-

Some more properties on determinant and adjoint of [VNFM are presented below.
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Proof. Let A = [{[aijuL, H B ONRE T 1 rSu ).  Then
Al
o [{[ajiuL= “;‘mrj]- [Gji;-..l_’.’ ) igf [“ij - Ol D]-
([aﬁ{ljlllL’ chl}luL"]’ [“su,u;-.z.’ “cu)l}.i::]- [Ga{l]luL’ Qg1 nvir ]}-
Now,

T
| A ‘= Z e '([“c{a}zuz. » Cg(2)2pEr 1. [“c:z}z:-,L- Co(z)2am I [“a(zjzu. : Cg(2)2eTr ]>
<[a’t:s|:n]n}LL 2 G’G(n]nu o ] [asqn}nll. 2 acqn)n?-. U ] » [ac(n,‘mul. > ac{njrwb‘ ]>

Let v be the permutation of {1, 2. ... n} such that wo = 1. the identity
permutation. Then y = ¢ - 1. As o runs over the whole set of permutations,

so does y. Let (i) = j. i = o 1 (j) = wij)

Therefore, Asiyipl = Fjy (il Fo@)inU = %e@)inU - Fo(i)irl = @ jy(jRL -
Qgi)inL = @iy ()L Go(l = %jy (Nt - Pl =% (L - AS ¢ goes over the set
f1.2. ....n}. j does so.

Now, ([GU‘HJIHL’ a’G(l)luUL [“511}1;-_1.: Csann o - [“a{ljluL - Cg(1nvtr D
([GG:Z]MLr Gc:z]aua]s [55{2;2}_1.: Qg(2)2n ol [ﬂa(z;zu.: @ 5(2)207 ]}
<[“cm}nu1.= a’Gdn}nuUL [ac(n]n}.L= Asinini vl [“s{n_ner » Go(n T ])

([qu}uz.: “wu;au{:]- [ﬂmu};.L: Gw(l]l},U]- [G1q;(1]u1.- Gy (1)l ]}
= <[°‘2w{zjuz.= “zw(z]uu]’ [Gﬂwtz]}.L’ qu(zp.v]’ [“zw-m}vz. » Coy (2 Wwir ])

<[anw:n}uL’ anw{n,‘luU]' [a’nw:n}?-.l.= anw(nj?,U]' [an:njvl. » Ty (nywUr ]>

<[“c:1)1uL= aa(l]luUL [0511)1}.L= Toan vl [“s{ljluz. » (et ]}

T

Therefore. | A | o Z cE8, ([GE-ZQ}ELLL’ T2 |2|.1L"]’ [GGIEIE}.L' 52923 U]’

[GG(Z)QEL =a512}2UU D = {[a{ﬂnjmuL’aG(n]nu o ]=[aam}n.'-.L=aG(n]n?-,U ]=[a5(n]m£ =ac(n]nub' ]>

{[alw{ljul.' “m{lJluU]- [alwil};-.zn G‘1-¢-{1_31:-_U]= [‘11-¢-{1JuL= Sy AU ]}

Z P {[“zw(z]uL- “awz]uu]: [“zwz};_z.: ﬂzwz]mu]- [“zw{a}uz. » Gay(2pU ]}--
T

|""l1 | = ([a’num}uL= anum}uU]- [an#n}}.L’ L nwin) U]- [Gn'-J,.'H'!.}L'I. » Gy (n U ]}
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Property 4. If A and B be two square IVNFMs and 4 = B, then, adj
A < adj B.
Proof. Let € = [egur- cjurv ). legar. cgnw ] legur » e 11 = A,

B — [<[dszx.: diqu]’ [dij?-.I.= dij:-.U]’ [diju.[. - iy ]}] = adj B.

where,
([f'ijuL s Cijpw ] [':'ij}-.L -G 8 [cijv_i': : Cijplr ]}= Z S H o _{[ats.;jt]pL Qg (t)n T 1.
nim S
[ara(r]:-,L’ Gt (t)nU L. [atc(t]n.[..' Gt wUr ])
and
([diur - dgur 1Az dgnv ] [digr digr 1) = Z s H L ([Beo (tyur big(t)ur 1
nin ]

[btctt'l?.L= b!c:t]?. o 1. [er(r]vL » bt ]>

-

It 1s clear that ([Ciju;[.' cgurr 1 [egar- cav 1. e - e ) < {[dijuL’ dyurr 1.

[dfj}.L= dij}_UL [dfij - Ay ]>- Since, Tig(t)uL = big(tyur - QigitnL - er{t_]uU’

=

Gtetinl = Proenr s Gtoitnl = CtotnU and ot = Ptoitpr for all

Therefore ¢ < D, 1e., adi A < adj B.

Property 5. For a square IVNFM A. adj (AT ) = (adj A)7 .

Proof.Let B = adj A.C = adj AT

Therefore,
<[bfj|JL by L bygir - bynw - Byr - biprr 1)= Z s H - _{[G’IU[IHLL Bty -
nim i

[a:5tnr- tepnr |- [Bis@ne - Stopr ) and

<[‘“ijuz.-“ijuv ]~['1-’ij,\.L~f'ijJ-.U]=[C'ijuL » Cijplr ]}= Z H ([“Irsljr}lLLL~“iG-it]ub' 1.
GESRE". tenj
[ars(r]:-_r. s B (17 ]=[‘1:s::'mr. » Fig (U D = {[bijuL' bijur ]=[bij}.L by 1. [bijyl. by D-
Therefore, adj (AT ) = (adj 4)7.
Property 6. For an IVNFM 4. | A | = |adi A |
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Proof. A=A, 45,0 ] [z, 450 ] A5z . Ago where.,
KA.z 4.0 ] [A4r. 450 ] [A5z - A5 )] 18 the cofactor of the element

[([GijuL, aljutr]’ [a'l-._ji;‘.L' ﬂi_i?»L"]’ [ﬂl_;l-'L'L o aijlitl' ])] in 't-h& I"}HET&'I A. ThEI‘EfDl'E".
([*‘11‘:(1}_“1.’ Asapu ]l [Aicane: Acanv ) [Ai1capt - 41eapr 1)

|ad A | = Z e ([A2comr A20mpr b [Aocienr: A2c@nv ] [Aac@ps » L2002 -
n
{[A no(n)pk - Ancln)pU ]= [A no(n)aL - Anclnj.’r.[-' ]= [A noi(n)ul - Ancln)vU ]}

T

b3 H ] {[Aiu(i)_uL= A awwr L Micene - Qaene ) Mg - Yot )
— geay =1

n

Z BEE‘RH i—lz Bed,.

ifa(i)

]___[ s {[GIB[I‘:IH.L D gt s 1. [am{: AL Cee(r)aly 1. [”:a{:ja:}:. + D et julr ]}
I

= Z Lr [':l__[ 5 {[”’aal{a L - Feaq ()l 1 ["'tel(cj}.L e T no [atﬁl{t)vL + gy (DT ]}'
n 1

':H . {[aaaﬂ (tnL - Ftoq ()pl7 1. [ﬂrez{tj:-.L T ipg (1) T 1. [‘Iaeﬂ (£l - Fea, ($ll ]} -
Ena

':H i {[‘Itanu}_uL- Tig ()l 1. [a’tﬁnltl?\,L= Srg (tl l. [ﬂran(rij » Fg (T ]}']

- Z cea, [l:([aﬂellzjlild’ @28, (2l 1 [‘Izalqsz- @20, (20T 1. [u‘EEILZJUL, agg, (27 1)
([ﬂ361':3IuL= “39113}_uU]= [“391{3}:’»L= G330y (3T ] [“391{3|5L- T3, (30U ])
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But since,
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CONCLUSION

In this work, Interval valued neutrosophic fuzzy matrices are introduced based on M. Pal etal. [13]. Then
the operations on Interval valued neutrosophic fuzzy matrices are discussed. Some properties on them
are conferred with the real time example. The same operations and properties can be extended to various
Neutrosophic numbers.
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