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COMPLEMENTARY TRIPLE CONNECTED AT MOST
TWIN DOMINATION NUMBER OF A GRAPH

G. MAHADEVANI, K. PRIYA2 and C. SIVAGNANAM3
1,2The Gandhigram Rural Institute -Deemed to be University Gandhigram,
Tamilnadu, India
3Department of General Requirements University of Technology and Applied
Sciences-Sur, Sultanate of Oman

ABSTRACT

In this article, we introduce the concept of complementary triple connected at most twin domination
number of a graph. A set S 11 Vis called a complementary triple connected at most twin dominating set
(CTATD(G)),if every vertex v ev -s:1 <| Nw)NS| <2 and (v -8} IS triple connected. The minimum cardinality
taken over all the complementary triple connected at most twin dominating sets in G is called the
complementary triple connected at most twin domination number of G and is denoted by CTATD(G). In
this article we investigate this parameter for some standard and special types of graphs.

Keywords: triple connected, [1, 2] dominating set, triple connected domination number.

1. Motivation

Mustapha Chellali et al. [4] first studied the concept of [1, 2] set. Xiaojing Yang and Baoyin-dureng Wu
[2] extended the study of this parameter. G. Mahadevan et al. developed the theory of [11,2[/cc [/[5]and
the concept of at most twin outer perfect domination number of a graph [3]. Paulraj Joseph etal., [6] were
introduced the triple connected graphs. Keeping all the above definitions as the motivation we keep the
dominating set to be [1, 2] - dominating set and its complement to be triple connected, thereby we
introduce a new domination parameter called CTATD-number of a graph.

2. Preliminaries

For our further discussion, we mention the following definitions which are available in [1]. A Helm
graph Hp is a graph obtained from the wheel W1,n by joining a pendent vertex to each vertex in the outer
cycle of W1, n Subdivide every edge in the graph G, join the vertices that are adjacent in G, and join the
subdivided vertices that are adjacent to a common vertex. The obtained graph is called total graph. The
flower graph Flp is the graph obtained from the Helm Hp by joining each pendant vertex to the apex of
the helm. A closed Helm Chnis the graph obtained from a Helm Hr by joining each pendant vertex to
form a cycle. The barbell graph K K e p [ p +is obtained by joining two copies of Kp by a bridge. The
friendship graph, denoted by Fp can be constructed by identifying p copies of the cycle C3 at a common
vertex. Subdivide every edge in the graph G, join subdivided vertices that are adjacent to a common
vertex, the obtained graph is called middle graph M(G).The triangular snake graph 7sp is obtained from a
path (al, a2.....ap ) by joining aiand ai+ 1 to a new vertex bifori = /, 2, [}, n — [.That is every edge of a
path is replaced by a triangle . C3 The mirror graph is . Mr= P2 [1 G Central graph is obtained by
subdividing every edge and obtain the original graph G. The shadow graph D (G) 2of a connected graph
G is obtained by taking two copies of G say G and G join each vertex # in G to the neighbours of
corresponding vertex #” in G

3. Complementary Triple Connected at Most Twin Domination Number of a Graph

Definition 3.1. A set S U V' is called a complementary triple connected at most twin dominating set
(CTATD(G)) if every vertex v € V' —S; I <N(v) S<2and V — Sis triple connected. The minimum
cardinality of a CTATD-set is called the complementary triple connected at most twin domination
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number (CTATD-number) and is denoted by CTATD(G).

Observation 3.1. Complementary triple connected at most twin domination number does not exist for
path, cycle, star graph, bistar graph, friendship graph.

Observation 3.2. For any connected graph G, Y(G) = v, 21.(G)
< CTATD(G) and the bounds are sharp.

Figure 3.3.

In figure 3.3, S; = {v1, vy} is a dominating set of smallest size, so that

WG) = 2.

So = {v1, U3, Uy, Ug, U39} is a [l, 2]Jcc dominating set of minimum

cardinality, so that y[ 2)..(G) = 4.

Ss = {vq, U3, U4, Ug, 1o} 18 a complementary triple connected at most

twin dominating set of minimum cardinality, so that CTATIG) = 5.

Observation 3.3. There exists a graph G for which, Y(G)= yp, 2
= CTATD(G).

Figure 3.4.

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 3, September - December 2023) Page No. 2
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In figure 3.4, S = {v4, vg, vg} is a dominating set, [1, 2]-complementary

connected dominating set and complementary triple connected at most twin
dominating set of smallest size. Hence Y(G) = y[1,9}.c = CTATD(G).

Theorem 3.1. For a connected graph G with p > 3, [ﬁ—‘ < CTATD(G)

and the bounds is sharp.

Proof. Since, [Af_l]év((?) and v(G) < CTATD(G) and the result

follows. O

Example 3.1.

U6 L g
Figure 3.5.
In figure 3.5, p=8 and A =4. Hence S = {v;, v;} is a CTATD set of

minimum cardinality. Hence CTATD(G) = L‘_\.{: 1—‘ = [4 i 1—‘ =2,

4. Exact Value of CTATD(G)-Number for Some Standard Graphs

(1) CTATDW, ,,) = 1.

(2) CTATD(K ) = 1.

(3) CTATIXH,,) = n+1.

(4 CTATDK, ;) =2, r>s> 2.

(5) CTATD(TS,)) = p— 1.

(6) For a path P,, p > 3, CTATD(Dy(P,)) = p.
(7) For acycle Cp, p = 3, CTATD(Dy(C,)) = p.
(8) CTATD(F1,) = p - 1.

(9) CTATD(K, UK, +¢) =2, p > 3.

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 3, September - December 2023) Page No. 3
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5. Complementary Triple Connected at Most Twin Domination Number for Peculiar Types of
Graphs

Observation 5.1.

(1) CTATD(M4(P,)) = p, p = 4.
(2) CTATD(M4(C,)) = p, p > 4.
(3) CTATD(C(P,)) = p-1, p > 3.

(4) CTATD(C(C,)) = p, p > 3.

Theorem 5.1. For a path P,, p > 3, CTATI(T(P,)) = (2‘05_ 1—‘.

Proof. Let P, =(v,vs,...,v,), p>3. This gives V(T(P,) =
{1, va, ..., Uy, Uy, ug, ..., up ), E(T(Py)) = v, Uivig, UiV, ujtj31 <

i<p-L1<i<p-2} Let S ={v;, u; :i=2(mod5)j = 4(mod 5)}. Assume

g _ S if p =0 or 2 or 3(mod5) R e s S
15U vy} if p =1lord(mod5). enocisa -set of T(P,

and hence CTATD(T(P,))<|S| :[2‘05_1]_ Let S’ be a CTATD-set of

T(P,). Since any set D of cardinality at most k = (2p5—1—|_1 is not a

dominating set. We have |S'| >k +1 = (2‘05_ 1—1_ Hence the result follows. o

Theorem 5.2. For a cycle Cp,, p > 3, CTATI(T(C,)) = [2?10—‘

Proof. Let C, =(v,va,...,vp, 1), p23. This gives V(T(C,)) =
o1, va, s vy W, ug, - up ) E(T(Cp)) = {0t 00511, w0541, Wik, Wik,

vplr, Upt;1 <@ < p -1}

Let S; = {v;, uj : i = 2(mod 5); j = 4(mod 5)}.

S if p=0 or 2 or 3(mod5)

Assume S = {Sl Utlv,} if p = 1or3(mod5).

Then S is a CTATD-set of T(C,) and hence CTATD(T(C,))<|S|

= {%U—‘ Let S’ be a CTATD-set of T(C,). Since any set D of cardinality at

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 3, September - December 2023) Page No. 4



most k = [%D—l —1 is not a dominating set, we have |S'|>k+1= {ZT‘D—‘
5
Hence the result follows. o

U3 lUq Vg

Figure 5.6. Figure 5.7.

g Uy iz

Figure 5.8. Figure 5.9.

Figure 5.10.

Demonstration
Here, darked vertices are the CTATD-set, which is our S

In figure 5.6, | S| = 2.

2

As p =5, CTATI(T(C,)) = [ ?ﬂ implies CTATD(T(Cy)) = F ail ] _2.

In figure 5.7, | S| = 3.

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 3, September - December 2023)
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As p =17, CTATIXT(C,)) = [%ﬂ implies CTATD(T(C;)) = { 2 7] 3

In figure 5.9, | S| = 4.

As p = 8, CTATIT(C,)) = P?p] implies CTATD(T(Cy)) = [ - ﬂ — 4
® 3]

In figure 5.10, | S| = 4.

As p =9, CTATDT(Cp)) = %’] implies CTATI(T(Cy)) = P x ﬂ e

Theorem 5.3. For a  path P,, p 2 3, CTATD(M,(P,)) =

EEJ +1 if p=0or 1(mod4)

E[E—‘ if p=2or 3(mod4).
Proof. Let P, =1(v, vy, ...,vp) and let the copies of
pp = (ug, ug, ..., up).
This gives E(M,.(P,)) = {uv;, ujujy, vjujq 1 1<i<pl<j<p-1}
Let S; = {v;, uj : i = 1(mod 4); j = 3(mod 4)}.
51 Uyt if p = 0(mod4)

Assume S =<5, if p =1lor3(mod4)
Sy Ulvp)  if p = 0(mod4)

Then S is a CTATD-set of M,.{PP } and hence

2[-%1 +1 if p=0 or1l(mod4)

2[%} if p =2 or 3(mod4)

CTATD(M,(P,)) < | S| =

Let 5" be a CTATD-set of M,.{PP]. Since D) — V such that

2[%J if p =0 or 1(mod4)
|D|< k=
2{%—‘—1 if p =2 or 3(mod4)

is not a dominating set, we have

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 3, September - December 2023) Page No. 6



2[ +1 if p =0 or l(mod4)
z2k+l=

2

Theorem 5.4. For a eyele C_n' p =3, CTATD(M, {Cp}} —

Sn

-‘ if p =2 or 3(mod4).

L L.

Hence the result follows. o

2{%J if p=0or?2or imodd)

2[%} +1 if p=1(mod4).

Proof. let C,=(v,ve, ...,vp,1n) and let the copies of
C_'n = (1, g, ..., p, 1y ). This gives E{Mr[CP]) = {uy;, Ujltj1, Vjljyns Uplls
upuy 11 <i<p;l1 <j<p=-1} Let §; = {v;, uj : i = 1(mod 4) j = 3(mod 4)}.
S if p=0orlor3(mod4)

Assume S =
Sy Ulv,}  if p = 2(mod4).

Then Sis a CTATD-set of M, [CF} and hence

ELEJ if p =0 or 2 or 3(mod4)
4
CTATD(M,(C,)) <| S| =

2(% +1 if p = I(mod4)

Let 8" be a CTATD-set of M,.{CP). Since Dc V

E[fj—l if p=0or 2 or 3(mod4)

|D|<k=
2[%] if p = 1(mod4)

is not a dominating set, we have

2[%] if p=0or2or 3(modd)
|S'|2k+1=
ZHJ if p=1(mod4).

Hence the result follows.

Observation 5.2.

(1) CTATD(M,(K ) = 2.
(2) CTATI'(M;-(WL n }} =2

Theorem 5.5. For a closed Helm graph CH,, for n=3 then,

CTATD(CH,) = [ ’_ﬂ 41,

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 3, September - December 2023)
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Proof. Let u; be apex vertex of the closed Helm graph
CH,, (v, vs, ..., U,) be the inner cycle of CH,, and (v, v5, ..., t},) be the
outer cycle of CH,,. Let S = {t! : i = 1(mod3)} U {vy}. Then S is a CTATD-set

of (CH,)) and hence CTATD(CH,)) <|S'| = {'—;] +1. Let S’ be a CTATD-set

of (CH,). Since any set D of cardinality at most k = ’71—‘;—‘ is not dominating

set, we have |S"|3_>}a+l=[r—;-|+1.

Hence the result follows. O

b=

Figure 5.20.
Figure 5.21.
Demonstration
Here, darked vertices are the CTATD-set, which 15 our S
In figure 5.19, | S| = 3.
As p=6, CTATDCH,) = P—i-‘ +1 imphes CTATIXCHg) = [g-‘ +1=3.

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 3, September - December 2023) Page No. 8
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In figure 5.20, | S| = 4.

As p=7 CTATDICH,) = H} +1 implies CTATD(CH:) :[ ]+1 =4,

] =a

In figure 5.21, | S| = 4.

As p =8 CTATD(CH,) = E] +1 implies CTATD(CHg) = { 21 i

6. Conclusion

In this article we developed a new parameter called CTATD-number and found its exact values for some
special types of graphs such as complete graph, wheel graph, Helm graph etc. The authors obtained
results for various types of product graphs like Cartesian product, corona product, lexicographic
product, strong product, which will be investigated in the subsequent articles.
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ABSTRACT

The whole world is currently dealing with a major problem caused by Covid 19, which necessitates
social separation in many aspects. In certain circumstances, a need may emerge in which a certain group
of individuals or components must be divided into multiple groups in order to meet certain requirements.
We define avertex partition =. =i, Va.... i} onthe vertex set Vof a graph G which is said to be a similar
degree partition if the sum of degrees of vertices in each class Vvi.1=i<k, differs from that of other by at
most 1. The degree partition number of  G.wp(G) = max{kfny, s a similar degree partition of G.In this
paper we present the degree partition number of some graphs and we establish some bounds for this
parameter.

Keywords: graph partition, partitioning, degree partition number, degree partitioning.

1.INTRODUCTION

Only finite, simple, undirected graphs are considered in this study. For basic notations and terminology
that are not included here, [1, 2] can be used to look up. The degree set of a graph is indicated by
D(G),while the degree of a vertex v is denoted by deg vor d(v). In a graph, the minimum and maximum
degree of vertices are represented by deg v or d(v) respectively.

If every vertex of a graph G has degree r, the graph is said to be r-regular. A graph with n vertices is
complete graph if it is (n — 1)- regular. The graph is known to be (% » + 1) -biregular if any vertex of G is
of degree either r orr +1.A graph G(V, E) is connected if there exists a path connecting every two vertices
of G. Path and cycle on n vertices are denoted by Pnand Cn respectively.

A graph G(V, E)is called a bipartite graph with bipartition (¥, V”)if any edge uv “ Ehas its one of'its ends
in V" and other in V. If every vertex in V" is adjacent to every other vertex in V' “, such bipartite graph is
called complete bipartite graph denoted by Km,n where VI =mand V2 =n.

The Cartesian product graph G = GI G2 of two graphs G/and G2with disjoint vertex sets V'/and 2 and
edge set Eland E2is the graph with vertex set '/ = V’2and the vertex u/, u2, uis adjacent to the vertex () 1
2 v=v,viful =vland u2is adjacent to v2or u2 = v2andulis adjacent to . vl Grid graph G(m, n) is a
cartesian product of two paths Pmand Pn.The ladder graph can be obtained as the Cartesian product of
two path graphs P2and Pn.The friendship graphFncan be created by linking ncopies of the cycle graph
C3 with a common vertex.

In many cases, a situation may arise where a single group of people or components must be separated
into various groups in order to meet special needs. Graph models are one of the techniques to depict any
system. To investigate the nature and properties of a network, our mathematicians devise a variety of
partitioning methods..

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 3, September - December 2023) Page No. 10
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Graph partition is the process of reducing a graph to smaller graphs by partitioning its vertex set into
mutually incompatible groups. There are numerous research concepts in the literature that are based on
partitioning the vertex and edge sets of a graph.

The general chromatic partition, bilinear partitions, trilinear partitions are some examples of graph
partitions that can be referred from [3, 4].

This study was prepared during the Corona virus pandemic, which necessitates social separation in all
aspects. Every system, however, must be dynamic for the country’s economic and educational well-
being. To meet the need of the hour, the system must be subdivided into smaller groups with more or less
identical capacity. This serves as the foundation for the investigation of degree partition number [5, 6],
which is presented in this work.

Let m, ={W, Vs, ..., V,.}, (k = 2) be a partition of the vertex set V(G).
n;, 1s called a similar degree partition if the sum of degrees of vertices in any

class of m; differs from that of other by at most 1. ie., if

| ZUEV- d(v) — ZUEV d(v)| <1 for 1 <1, j < k. When this difference equals
i j

zero for any two classes of a partition my, then it is called perfect similar
degree partition. The degree partition number of a graph ¥ (G) is defined as
max {k/n;, is a similar degree partition of G} and such 7w is called the

maximal similar degree partition.

L1
v U&
V3 Vs
Uy
Figure 1.

Here my = {V}, V3, Va} where V| = {u}, Vo = {vg, vg}, V3 = vy, vs, vg}

s = {V}, Vo} where V| = {1y, vs, tg), Vo = {va, vg, v4}

ny = {W, Vo, Va} where V] = {vy, v}, Vo = {vg, ugh, Va = {3, vy

One can confirm that 14 is not a similar degree partition. 1, and n3 are
similar degree partitions. As no other similar degree partition mn, k= 4
exists for this graph, y¥p(G)=3 and n is a maximal similar degree

partition of the graph that we considered above.

Advances and Applications in Mathematical Sciences (Volume - 22, Issue - 3, September - December 2023) Page No. 11
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In this section, we present some basic results and bounds on the degree

partition number of a graph.

Fact 1. The degree partition number of any grid graph is | V|- 2.

Proof. Grid graph G(m,n) is a graph with mn vertices. Let
V = {Ull" [,12’ =y U].H" UE].’ UEE'-‘ S L’EH" e Uﬂﬂ.’ UH’I!E" "R uﬂ:"}"
We may note that,

2 if(i, j)=(1, 1), (1, n), (m, 1), (m, n)
if (i, j)=(, 2), (1, 3), ..., (1, n = 1),
3 (m,2),(m,3),..,(mn=-1)
2 1) (31) ..., (m -1, 1)
(2, n), (3, n), ..., (m -1, n)
4  otherwise

degu;; = 4

By taking corner vertices in pair, and remaining vertices as individual
classes we get the required similar degree partition. So,

YplG(m, n)) = mn -2, O
Fact 2. The degree partition number of any friendship graph is 3.

Proof. Let the central vertex be denoted by v and the set of remaining

vertices be {vy, v, ..., U, }.

Then degv =2r and deguv; =2 for all i =1, 2, ..., 2n. The partition

3 = {W;, Vs, Va} where W ={v}, Vo =, v, ..., v, } and
Vi = {u,41, Uyi2s oo, Ug,} 18 the required similar degree partition. Hence
¥p(G) = 3. o

Fact 3. The degree partition number of bipartite graph G is at least 2.

In fact, we can note that the bipartition of the vertex set itself forms a

degree partition of . O

Fact 4. The degree partition number of complete graph, path, cycle,
Peterson graph, (n, n +1)-complete bipartite graph and ladder graph is

IV(G)]. 5

In fact, we can state the following theorem.
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Theorem 5. yp(G) = | V(G)| if and only if G is either a regular graph or
(1, n + 1)-biregular graph. O

degu; -1
Z:};E\r’l °8Y:

Theorem 6. 1 < yj(G) < A—1

Proof. Let G be a graph with n vertices. Let my, = {V}, V,, ..., V.| bea

maximal similar degree partition of G. Then yp(G) = k.
Clearly, there exists at least one partition say V] such that

. >
Z S degu; = A

Also, »_ _Evjdegvi >A-1for j=23, ..k

Ly
Adding the above k inequalities, we get

Zdegui > A+(k-1)(A-1).

v; eVi((F)
Z degu; — A z degu; — A
L s eV W vieW 21
i B A-1 n A-1
z degu; -1
" v el
= A-1

degy; -1
zi:,-elf'l e

A-1

Hence, k < since k is an integer.

Always & > 1.

degu; -1
ZL‘;‘EI"& s

A-1

Thus 1 < wD{G] <
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Zi-‘;‘E‘r’l degu; —1
A-1

Corollary 7. If yplG) =

, then there exists at least

one partition class say V. in yp such that V. contains max-degree vertex

alone. m|

Theorem 8. If degree of each vertex of G is even, then

Z U;'EVI dEgUE
A

1< yplG) <

Proof. Let (G be a graph with n vertices and degree of each vertex be

even.
Let m, ={W, V,, ..., V| be a maximal similar degree partition of G.

Then yp(G) = k.

Since degree of each vertex is even, m;, should be a perfect similar degree

partition of G.

Then, Zu!-elr'j degv; 2 A forall j=1,23,..., k

Adding the above k inequalities, we get

Zdegui = RA.

v; eV(G)

Z vyl dEgUi

A

. Hence, k < {

J since k 1s an integer.

Always k = 1. Thus 1 £ ypl(G) <

A

ZL‘;EV[ dEgUJ: ‘

4 ifniseven
Theorem 9. For n = 4, ’PD(KE: 2)=143 ifn = +1(mod6)
2 ifn = 3(mod8).

Proof. Let K; , be a complete bipartite graph with bipartition (V', V")
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where V' = {uy, s}, V" = {, 9, ..., v,}. Here degu; =n for i =1, 2 and
degy; =2 fori: =12 ..., n

Also, ZUI_EHHE_"]degu,; = 2(2)(n) = 4n.

By theorem 6, no matter whether n is odd or even, yp(Kjy ,) < 4.

Also, since it is bipartite, yp(Ks ,) 2 2. So, 2 £ yp(Ks ,) < 4.

Let my ={V}, V;, V3, Vy} be a similar degree partition of Kj,, then
Wi = {u} Ve = jug).

Now since degy; =2 for 1<i<n and ZU[_EW degu; = 2n, we need to

partition V" into V5 and V} so that Zr-e'EF- degv; = n for j =3, 4.
eV

This 1s possible only when n is even.

Hence, yp(Ky,)=4 only when n is even, ie, n=0(mod2) or
(n =0, 2, 4(mod6)).

For the remaining cases, if mg = {V], V5, V3| forms a similar degree
partition of Ky ,,, then V| = {iy, vy, vg, ..., U}, Vo = {ua, Up.y, Upo, ..., Vi)

and V3 = {Uop41, Uspy9, -.-, U, } Where n is odd.

Here, z oy.degy; =n+2k  for j=12  and Zu-etﬁ degu;
J L=y

&5

= 2(n — 2k)

Note that n + 2k and 2(n — 2k) are of different parity considering the
fact that n 1s odd.

n2An-2k)=n+2k+t1=n=6k+1
Hence, wﬂ{ﬂg__n) =3 if n = £1({mod6).
And mp = {V', V"} forms a maximal similar degree partition in the

remaining case n = 3(mod 6). O
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As an illustration, K 5 is shown in Figure 2.

K5

Figure 2.
Let K5 have bipartition (V', V") where V' ={u,u} and
V" = {i, vg, U3, Uy, Us}). The  partition s = {W, Vo, V) where
Vi ={uy, v}, Vo = {us, vo} and Vi = {vg, vy, v5} stands as the maximal

similar degree partition of Kj 5. O
Theorem 10. yp(Kgp 9 gri5) = 4k + 3 for k= 1.
Proof. Let Ky, gpi5 be a complete bipartite graph with bipartition
(V', V*) where V' = {uy, ug, ..., tgpsa}, V7 = {01, Vg, -, Ugkss)-

Here degu; =6k+5 for 1=1,2 ...,3k+2 and degy; =3k+2 for
i=12 .. 6k+5.

Tap+3 = V1. Vo, ..., Viggyal where V) ={uy, vy}, Vo = {ug, v}, ..., Vapia

= {uak+2, Vak+2 ), Vak+3 = U3k+3, U3k, U3k+5 ) ---» Vik+3 = {U6k+3, Ugk+4, Ugk+5 |

forms a maximal similar degree partition of Kqi. 0 gpi5. It can be easily

verified that the degree sum of the partition classes V|, V5, ..., Va0 are
9%k + 7 and the degree sum of the partition classes Vg .5, Varig, ..o, Vipin
are 9% + 6.

- Yp(Kapez 6kes) = 4k + 3. o

For example, let the bipartition (V', V") of K511 be given by

V' = {u, ug, ug, uy, us} and V" = {vy, vy, vy, vy, v5, vg, U7, Ug, Uy, U1g, V11 }
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The partition mn; ={V, Vo, V4, Vi, V5, Vo, Vol where V) = iy, 1y},

Vo = lug, va}, Va = {ug. vz}, Vi = {u, v}, Vs = {5, v5), Vg = {ue. 17, vs}
and V- = {ug, vy, 41} serves as the maximal similar degree partition of

K5 1, with degree sum as 16 for the partition classes V), V5, V5, Vi, V5 and

as 15 for the partition classes Vg and V5. O

Theorem 11. yp(Kgj.y gp+1) = 4k +1 for k2 1.

Proof. Let Kgj,1 gps1 be a complete bipartite graph with bipartition
(V', V") where V' = {tiq, us, ..., ttapq}, V" = {1y, to, ..., gp1}

Here degu; =6k+1 for §=1,2 ...,3k+1 and degu; =3k+1 for
t=12 ..., 6k +1.

Tap+1 = V1> Vo, -oos Vigy1t where V) = {uy, v}, Vo = {ug, v}, ..., Vap
= {ttak+1> Vak+1) Vak+2 = Uak+2: Usk+3s Vakral ---» Vaks1 = Wek-1, Vek> Ugk+1}

forms a maximal similar degree partition of Kq.1 gz41. One can verify that

the degree sum of the partition classes V], V5, ..., Vi, are 9% + 2 and the

degree sum of the partition classes Va5 0, Vapiq, ..., Vypyq are 9% + 3.

S Yp(Kaps1 gra1) = 4k + 1. o

For instance, we consider K;;5 with the bipartition (V, V") where

¥ o= {Ul, L2, g, WUy, U5, LG, L!-"?} and V' = {U]_, U2, U3, U4, Us, Ug, U7, Ug, Ug,

g, V11> V12, U13)

The  partition  mg = {Vi, Vo, Va, Vi, Vs, Vi, Vs, Vg, V! where
Vi ={u, v}, Vo = lug, v}, Va = {ug, vs}, Vi = {uy. v} Vs = {us, vs),
Ve = {ug, vg} V7 = {ug, v7}, Vg = {us, g, v1g} and Vo = {uyy, v12, 113} forms

the maximal similar degree partition of K7 ;5 with degree sum as 20 for the

partition classes Vi, Vo, Vi, Vi, Vi, Vi, Vo and as 21 for the partition classes
Vg and V5. u
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ABSTRACT

In this paper, we will discuss a unified approach to study the existence and uniqueness of solution of
boundary value problems of fractional order subjected to non-local conditions. By the reduction of the
problem to operator equation we establish the existence and uniqueness of solution. The approach used
for the ( Alpha -1) order nonlinear functional fractional differential equation can be applied to

Sfunctional differential equations of any fractional orders.

Keywords: fractional derivative and integral, fractional differential equation, existence and
uniqueness of solutions.

1.INTRODUCTION
Some results on the problem of existence and uniqueness of solution of differential equations of

fractional order have been discussed by some authorswhich can be found in [1, 2]. The purpose of this
paper is to discuss a newapproach to functional fractional differential equations, moreover this approach
can be applied to functional differential equations of any fractional orders with nonlinear terms

containing derivatives.

But for simplicity now we consider the following functional fractional differential equations of the form

9%% = ¢(n, 8(n). %(e())). n < [0, o] (L.1)

subjected to the general boundary conditions

B;[9] = @19(0) + B19%(0) + v19%71(0) = by,
Bs[8] = 029(0) + B29%(0) + 729 71(0) = by,
B3[9] = 039(0) + B39%(0) + y39%7(0) = b3, (1.2)

such that

Bi Bz O
11 v2 O
Rank - =3
0 0 1].3
0 0 Bs
0 0 Y3
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the function ¢(n) is assumed to be continuous and maps [0, o] into itself.

Definition 1.1 Riemann-Liouville definition[3, 4, 5]. For ae[n—-1,n)

the a-derivative of f 1s

oy s NG S J‘”‘( f(x)

rn-o) g Ja (- x )l

Definition 1.2. Caputo definition[3, 4, 5]. For a €[n -1, n) the

o- derivative of fis

£
1"(;1 -a) _[ ]ﬂt( n+1

C D¢ f(x) =

2. Existence and Uniqueness of Solution

To solve the problem (1.1)-(1.2) we introduce the nonlinear operator Q

defined in the space of continuous functions C[0, o] by the formula:

(Qy) () = oln, u(n), ulen))), (2.1

where u(n) is the solution of the problem

9“2 (m) = y(m), 0 <m <1

By[8] = &

By[8] = by,

By[8] = b, (2.2)
where B[9] By[9], B;[9] are defined by (1.2).

Proposition 2.1. Suppose the function ¥ is a fixed point of the operator Q,

1.e., Y is the solution of the operator equation
Qy =y, (2.3)

where Q is defined by (2.1)-(2.2) then the function 9(n) determined from the

BVP (2.2) 1s a solution of the BVP (1.1)-(1.2). Conversely, suppose the function
9(x) is the solution of the BVP (1.1)-(1.2) then the function
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() = ¢(n, S(n). H(e(n)))

satisfies the operator equation (2.3).

Now, let ®(n, s) be the Green function of the problem (2.2). Then the

solution of the problem can be represented in the form

*o)(n. s)y(s)ds @.4)

F{—a—n] 0 (G_S)—u+1—u !

9n) = gn) +

where g(n) is the polynomial of o +1 degree satisfying the boundary

conditions
Bl[‘g] = bl'! Bﬁ[‘g] - bz, B:'S[B] = b."}s (2-5]
Denote

- 1 (o™ 5|
i i D@ﬁé{c r(— o — rL] Jn | {0. _ :’,‘}_ﬂ+1_u |

(2.6)

For any positive number M define the domain

Dp={n 9 v)[0<n<c|8] <] g|+ MM]|v|<|g]|+ MM} 2.7

where | g | = maxp<p<s ()|

As usual, we denote by B[0, M] the closed ball of the radius M centered

at 0 in the space of continuous functions C[0, o]

Theorem 2.2. Suppose that:

(i) The function ¢(n) is a continuous map from [0, o] to [0, cl.

(ii) The function ¢™(n, 8, v) is continuous and bounded by M in the

domain D,,, that is,
6™, 8, v) | < MY (n, 8, v) € Dy 2.8)

(ii1) The function q)["'}(n, 9, v) satisfies the Lipschitz conditions in the

variables u, v with the coefficients Ly, Ly = 0 in D,,, that is,

| 6, 8y, vy) — 6, 8y, vy) | < Iy| 8y — 8y | + Lyl vy — vy |

v(“l: Bj:& Ui} € D,.-'V‘f(t = 1! 2) (2‘9]
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(iv) ¢ = (L1 + Lg)Mp < 1. (2.10)
The problem (1.1)-(1.2) has a unique solution 9(n) CH[U, c), satisfying

| 8n) | < & | + MoM¥n € [0, o} @11)
Proof. Claim 1. The operator Q is a mapping B[0, M] — B[0, M].

Indeed, for any y € B0, M|, we have || ¢ | < M. Let 3(n) be the solution
of the problem (2.2). From (2.4) it follows

| 9(m) | < | g |+ MoMVn €0, o] (2.12)

Since 0 < ¢(n) < a, we have

| o) | <] g+ MoMVi €0, 5}

Therefore, if n € [0, 6] then (n, 9(m), 3(p(n))) € Dy,. By the supposition
(2.8) we have |¢(n, 8(n), o)) | = MV¥ne[0, 5] From (2.1) we have
| (Qy)()| = MVn €0, o], It means | (Qy) M or Qu < B0, B]

Claim 2. Q is a contraction in B[0, M].

If ¥, wy € B[0, B] and 8;(n), 95(n) is the solutions of the problem (2.2),

respectively. Then from the supposition (2.9) we obtain
| Qs — Oy | < L] 95() — 9,() | + Lo| Solo(m) - Syo(m) | (2.13)

From the representations

”Q’['L}(ﬂs g]wi(S)dS , {E % 1’ 2}

(2.14)
0 (G _ S}—u+l—n

9i(n) = g(n) + T .11 - u).[

and (2.6) we have
| 92(n) — %1 (n) | < Mol w2 —yn |,
| 82(e(n)) = 81(e()) | = M| v =y |

Together with the above estimates and (2.13), from the supposition (2.10)
we get

| Qs —Qyy | < gl o -y | g <1.
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Together with the above estimates and (2.13), from the supposition (2.10)
we get

| Qyy -Qyy | <ql|lwe -y g <1

Thus, Q2 is a contraction mapping in B[0, M]

Therefore, the operator equation (2.3) has a unique solution y e B[0, M]

From Proposition 2.1 the solution of the problem (2.2) for this right-hand side
y(n) is the solution of the original problem (1.1)-(1.2).

3. Conclusion

In this paper, we have discussed the existence and uniqueness of solution of boundary value problems of
fractional order subjected to non-local conditions. By the reduction of the problem to operator equation
we established the existence and uniqueness of solution. The approach used for the a - 1 order nonlinear
functional fractional differential equation can be applied to functional differential equations of any
fractional orders. It also can be applied to fractional order integro-difterential equations.
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ABSTRACT

Let G be a connected graph. An edge pebbling move on G is the process of removing two pebbles from
one edge and placing one pebble on the adjacent edge. The cover edge pebbling number of G, denoted by
CPE (G) is the minimum number of pebbles required to place a pebble on all the edges of G, however
might be the initial configuration is. In this paper, we determine the cover edge pebbling number for
Jahangir graphs J1,m, J2,m, J3,m, J4,mand.J5 m.

Keywords: cover edge pebbling number, Jahangir graph.

1.INTRODUCTION
least number of pebbles needed in a graph G so that we can move a pebble to any arbitrary target vertex
by a sequence of pebbling move whatever might be the initial configuration is.

The concept of cover pebbling was first introduced by Crull [2]. The cover pebbling number CP(G) is the
least number of pebbles needed in a graph G so that we can move one pebble to all the vertices of the
graph G.

In [6] a new concept namely edge pebbling number and cover edge pebbling number has been
introduced and cover edge pebbling number for certain standard graphs namely path, complete graph,
friendship graph and star graph have been determined.

In edge pebbling, pebbles will be distributed on the edges of the graph instead of the vertices. An edge
pebbling move is the process of removing two pebbles from one edge and placing one pebble on the
adjacent edge. Edge pebbling number PE(G)is the minimum number of pebbles needed in a graph G to
reach any arbitrary target edge by a sequence of edge pebbling move regardless of initial configuration
of pebbles. The cover edge pebbling number CPE (G) is the least number of pebbles needed in a graph G
so that we can move one pebble to all the edges of the graph G. In this paper we establish the cover edge
pebbling number for certain classes of Jahangir graph.

2.Cover Edge Pebbling Number

Definition 2.1[6]. A cover edge pebbling number CPE(G) of a graph G is defined as, however the
pebbles are initially placed in the edges, the minimum number of pebbles required to place a pebble in all
the edges.
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Definition 2.2[6]. The distance between two edges x and vy is defined

as, d(x, y) =d(y;, v;) -2 where x =uvv;,;, ¥y =vjv; and d(y;, vj) is the

J I
length of the shortest path between v; and v o

Definition 2.3[6]. The distance d(x) of an edge x in a graph G is the sum
of the distances from x to each other edge of E(G), where E(G) is the edge
set of Gr.

(ie) d(x) = ZIEE 6> )Yy EG)x =y

Definition 2.4[6]. Let x € E(G), then x is called a key edge if d(x) is a

maximum.

Result [6]. After finding the key edge of a graph find the minimum
number of pebbles to be placed on that key edge such that a pebble is placed
on each of the edges of the given graph. Then the minimum number of
pebbles placed on the key edge is the cover edge pebbling number. Using this

result the following theorems are proved.

Definition 2.5[5]. Jahangir graph Ju:m for m=3 isa graphon nm+1

vertices, that is, a graph consisting of a eyele C,,, with one additional vertex

mnrm

at distance n to each other on C

which is adjacent to m vertices of C AR

“TLIrL

Note. In this paper, one additional vertex which is at the center is

mentioned as central vertex.

Theorem 2.6. For <J, ,,(m = 3, 4), CPg(J; ,(m = 3, 4)) = 8m —11.

Proof. </, ,,(m = 3, 4) has m + 1 vertices and 2m edges. For /) 3 all the

edges are key edges. For «J; 4 the edges which lies on the cycle C,, are key

"I
edges. Choose any one of the key edges from .J; ,,(m = 3, 4). Let it be e,.
Each of the key edges are adjacent with 4 edges (i.e.) e; is adjacent with 4

edges. To place one pebble on each of these 4 edges, 4*2 = 8 pebbles are

needed in e; because of adjacency. There are remaining 2m -5 edges. On

finding the shortest path these 2m —5 edges can be reached by crossing

exactly one edge. Therefore 22(2111— 5) pebbles are needed in e;. All the
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edges except the chosen key edge e; have been dealt with. After covering all

the edges with one pebble, one more pebble has to be placed on e;.

Hence the cover edge pebbling number of /7 ,, (m =3, 4) is

=8+2%2m-5)+1

= 8m —11.

Theorem 2.7. For <) ,,(m = 5), CPg(Jy ,,(m = 5)) = 12m - 31.

Proof. </, ,,(m = 5) has m +1 vertices and 2m edges. For «/; ,,(m > 5)

the edges which lies on the cycle C,, are key edges. Choose any one of the key

“In
edges. Let it be ¢;. e; is adjacent with 4 edges. ((i.e.) 2 edges from the cycle
C,, and 2 edges which are incident with the central vertex). To place one
pebble on each of these 4 edges, 4 *2 = 8 pebbles are needed in e; because

of adjacency. There are remaining m — 3 edges from C

"n and m — 2 edges

which are incident with the central vertex. Among these m —3 edges from

C,,. 2 edges can be reached by crossing exactly one edge on finding the

shortest path. Therefore 2[22} pebbles are needed in e;. The remaining
m —5 edges can be reached by crossing exactly 2 edges on finding the
shortest path. Therefore 23(1:-‘1 —5) pebbles are needed in e;. To reach the

m — 2 edges which are incident with the central vertex one edge has to be

crossed. Here in this case 23[111—2) pebbles are needed in e;. Altogether,

8+ 2{22] + 23(?11 —5)+ Qz(m —2) pebbles are needed in e;. All the edges
except the chosen key edge e; have been dealt with. After covering all the

edges with one pebble, one more pebble has to be placed on e;.

Hence the cover edge pebbling number of < ,,(m = 5)

Theorem 2.8. For 3 ,,(m = 3), CPg(J3 ,) = 20m — 29,

Proof. Jg ,,(m = 3) has 2m +1 vertices and 3m edges. For /3 ,,(m = 3)

the edges which lies on the cycle C,,, are key edges. Choose any one of the
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key edges. Let it be e;. Now, e; is exactly adjacent with 3 edges. (i.e.) 2 edges
from the cycle Cy,, and 1 edge from the edges which are incident with the

central vertex. To place one pebble on each of these 3 edges, 3* 2 = 6 pebbles

are needed in ¢;., There are remaining 2Zm — 3 edges from the cycle C,,, and

m —1 edges which are incident with the central vertex. Among these 2m — 3

edges from the cycle C,,,, 2 edges can be reached by crossing exactly one

e
edge on finding the shortest path. Therefore 2[22) pebbles are needed in ¢;.

Remaining 2m —5 edges from the cycle C,, can be reached by crossing

exactly 2 edges on finding the shortest path. Therefore 23(2111 —5) pebbles

are needed in e;. To reach the m—1 edges which are incident with the

central vertex exactly one edge has to be crossed. Here in this case 22 (m—1)

pebbles are needed in e;. Altogether, for all the cases considered above

6+ 2(2%) + 2%(2m — 5) + 22(m —1) pebbles are needed in e;. All the edges
except the chosen key edge e; have been dealt with. After covering all the

edges with one pebble, one more pebble has to be placed on e;.

Hence the cover edge pebbling number of J5 ,,(m = 3)

=6+2(2°)+2°@2m-5)+2%(m-1) +1
= 20m — 29.

Theorem 2.9. For J5 ,,(m 2 3), CPg(J3 ) = 72m - 139.

Proof. J3 ,,(m = 3) has 3m +1 vertices and 4m edges. For J3 ,,(m = 3)

the edges of the cycle Cy,, for which both the endpoints are not adjacent with

the central vertex are the key edges. Choose any one of the key edges. Let it

be e;. Now e, is exactly adjacent with 2 edges which are from the cycle Cj,,.

To place one pebble on each of these 2 edges, 2+ 2 = 4 pebbles are needed in

e, because of adjacency. Another two edges from the cycle C;,, can be

reached by crossing exactly one edge and again another two edges can be
reached by crossing exactly two edges on finding the shortest path. As a

whole to reach these four edges 2{22] — 2{23) pebbles are needed in e,.
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We know that m edges are incident with the central vertex. Out of these
m edges, 2 edges can be reached by crossing exactly one edge and the

remaining m — 2 edges can be reached by crossing exactly two edges. Also,

with each of these m —2 edges, a pair of edges from the cycle Cy,, are
adjacent. In order to reach these 2(m — 2) edges from cycle Cy,,,, three edges
have to be crossed on finding the shortest path. Therefore 2(2%)+ EH(M -1)

+2(m - 2)(2") pebbles are needed in e to reach the edges considered above.

All the edges which are incident with the central vertex are dealt with. Only

few more edges from the cycle Cy,, are left. In Cy,,, totally there are 3m
edges. Among these 3m edges, 7+ 2(m — 2) edges are already dealt with.
Now, [3m —7 — 2(m — 2)] edges are there to deal with. On finding the shortest
path four edges has to be crossed to reach these edges. Hence
[Bm — 7 —2[111—2)]25 pebbles are needed in e;. All the edges except the
chosen key edge e; have been dealt with. After covering all the edges with

one pebble, one more pebble has to be placed on e;.

Hence the cover edge pebbling number of /3 ,,(m = 3) is
=4 +2(22)+ 2(23) + 2(22) + 23(m — 2) + 2(m — 2)(2%)

+[3m—T7-2(m-2))2° +1
= T2m —139.

Theorem 2.10. For J, ,,(m = 3), CPg(J, ,,) = 104m - 167.

Proof. 4 ,,(m > 3) has 4m +1 vertices and 5m edges. For /4 ,,(m > 3)

the edges of the cycle Cy,,, for which both the endpoints are not adjacent with

the central vertex are the key edges. Choose any one of the key edges. Let it

be e;. Among the m edges which are incident with the central vertex, one

edge can be reached by crossing exactly one edge and the remaining m —1
edges can be reached by crossing exactly two edges on finding the shortest

path. Therefore, the minimum number of pebbles needed to reach the edges
which are incident with the central vertex is 22 + (m —1)23. Now let us
discuss the edges on the cycle C,,,. Two edges from the cycle are adjacent

with the key edge. Another two edges can be reached by crossing exactly one
edge. One pair of edge can be reached by crossing 2 edges and another one

pair can be reached by crossing 3 edges. We know that m edges are incident
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with the central vertex. With each of these m edges two edges from the cycle

Cy,, are adjacent. Among these Zm edges from the cycle C,,, four edges are

already dealt with. The remaining 2m — 4 edges can be reached by crossing 3

edges. Now 9+2m—4 edges from the cycle C,, are dealt with. Now,

m
remaining 4m — (9 + 2m — 4) can be reached by crossing exactly 4 edges on
finding the shortest path. Therefore, minimum number of pebbles needed in
e, to reach the edges of the cycle is (2*2)+ (2% *2)+ (2% *2)+ (2% *2)
+(2m — 4)2% + (4m — (9 + 2(m — 2)))2°. After covering all the edges one more
pebble has to be placed on e;. Hence the cover edge pebbling number of

Jy m(m = 3) is
2%+ (m—1)2° + (2% 2) + (2% #2) + (2% # 2) + (2" = 2) + (2m — 4)2*

+(4m —(9+2(m - 2)))2° +1
= 104m — 167.

Theorem 2.11. For J5 ,,(m = 3), CPg(J5 ,,,) = 336m — 659.

Proof. J;5 ,,(m = 3) has 5m +1 vertices and 6m edges. Let us label the

vertices of the cycle as vy, vy, vg, ..., U5, in a clockwise manner such that
d‘?-g l‘J-}l}' =3. Now UgisiV4+5 € E(Cﬁlﬂ}! the edge set of Cﬁm where
i=0,12, .. m—1 are the key edges. Totally there are m key edges.

Without loss of generality, let us choose vquy to be the key edge. Two edges
from the cycle Cs,, are adjacent with vqv, to reach those adjacent edges we
need 2=* 2 pebbles on vyvy. There are five pairs of edges on Cj;,, from which

one pair can be reached by crossing one edge, another pair by crossing two
edges, another one by three, next pair by four and another one pair by
crossing five edges on finding the shortest path. Therefore, to reach these five
pairs of edges we need (22 * 2) + (2% * 2) + (2% * 2) + (2% = 2) + (2% + 2) pebbles

on vqvy. Among m edges which are incident with the central vertex, two

edges can be reached by crossing two edges. Therefore, we need 2(23} pebbles

on vquy. And the remaining m — 2 edges can be reached by crossing three

edges and for that (m — 2)(2*) pebbles are needed. Also, with each of these
m — 2 edges which are incident with the central vertex two edges from the

cycle C;,, are adjacent. To reach these 2(m — 2) edges of the cycle Cj,, four

m A
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edges have to be crossed on finding the shortest path. Therefore, we need

2(m — 2)(2°) pebbles on vqv,. The edges in the set {vg, 50,5 /2 <i <m—2}

can be reached by crossing six edges from v4yv,. Hence 27(”1 — 3) are needed.

Exactly two edges are adjacent to each of the edges of the set

Vg, mVg5i/2 <i<m—2). To reach these adjacent edges we need

(2(m — 3)]2‘5 pebbles. All the edges except the chosen key edge vqu, have

been dealt with. After covering all the edges with one pebble, one more pebble

has to be placed on wvqvs. Hence the cover edge pebbling number for
I5 m(m = 8) is (2%2)+ (2% *2)+ (27 »2) + (27 *2) + (2° »2) + (25 + 2) + 2(27)

+(m-2)2Y +2(m-2)(2°)+27(m - 3) + (2(m — 3))2° + 1 = 336m — 659.
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