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Smart speed bump for mechanical energy harvesting from 
roads

Chouaib ENNAWAOUI, Abdelowahed HAJJAJI, Abdessamad ELBALLOUTI, 
Azeddine AZIM

Laboratory of Engineering Sciences for Energy (LabSIPE)
National School of Applied Sciences EL Jadida, Chouaib Doukkali University 

A B S T R A C T

1. INTRODUCTION
 Generally, the production of electrical energy is done from fossil fuels (coal, oil, natural gas), and if 
these energies are clean and non-polluting, their production causes adverse effects on the environment, 
as well as these sources of energy are not renewable because they take millions of years to build up and 
because they are used much faster than the time needed to recreate reserves. In this context, several 
studies have been carried out to be able to recover electrical energy independently of these fossil fuels. 
In 2008, the innowattech company tested a new technology called INNOWATTECH PIEZO 
ELECTRIC GENERATOR [1], is based on the principle of piezoelectricity [2-3]. The idea is to integrate 
piezoelectric single crystals in the road in order to recover and convert the mechanical energy produced 
by the passage of vehicles to electrical energy. One kilometer of this road allows innowatech to produce 
400 kW per day and inject it into the public network. In 2009, the company sainsburg installed plates in 
their parking lot [4] in order to recover the kinetic energy by the passage of vehicles, but this time by a 
mechanism installed under the retarder. The objective of this installation is to supply the company's 
machines to reduce the loads due to energy, the power of which is generated by the retarder is 30 kW per 
hour. In the same year, inventor Peter Hughes proposed a new approach to kinetic energy harvesting [5], 
but this time with a new form of retarders. This invention is capable of supplying the surroundings with 
cylindrical breaks. Then, in 2011, the company New Energy Technology tested a retarder called 
MOTION POWER EXPRESS [6] composed of a mechanical-electrical conversion mechanism 
intended to supply a 150-foot screen during the day. Finally, in 2013, an Italian company asked the 
energy recovery market a speed bump [7] able to produce 6 GW per year with the passage of 400 
vehicles per day, the throttle is equivalent to a high-power wind from 3MW.
Inspired by all these projects, this work is the update of speed bumps with a fairly simple and less 
expensive application, placed on motion transmission tools.

2. SYSTEM DESCRIPTION

A great deal of research has in recent years been carried out on harvesting energy using smart systems. 

Harvesting energy from the ambient environment has become an emerging technology for many 

applications, ranging from portable electric devices to renewable energy. This article constitutes a 

synthesis of work carried out within the framework of a study on systems for energy harvesting. The 

objective of the project was to design an intelligent retarder system. The advantage of the energy recovery 

system is that it transforms the kinetic energy produced by the passage of vehicles on the retarder to 

electric energy using a mechanism. The powers involved in this context can go up to 46 kW/h. 

Keywords:Smart speed bump, Electrical energy, Mechanism, Energy harvesting.
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The description relates to an energy harvesting retarder system. The interest of the system is to transform 
the kinetic energy produced by the passage of the vehicles on the retarder to an electric energy which can 
be used to supply the surroundings of the retarder by the mechanism able of producing a significant 
power of electricity, which the main use is public lighting to make sensors independent from the energy 
side.

Figure 1. Descriptive diagram of the intelligent retarder

3. FUNCTIONAL ANALYSIS OF THE SYSTEM
 To define the expected functions of the model, we used the functional analysis. During this analysis, the 
product does not yet exist, a fortiori no solution is considered.

Figure 2. SADT diagram of the system

 After having framed the context of the model, the SADT tool comes to allow us to define the various 
factors which will lead us to reach our goal which is to energy harvested by the use of a mechanical 
system. The energy recovered in this case is the mechanical energy produced by the passage of vehicles 
above the entrance to the overall system, but the technical functions and the associated solutions must be 
more detailed, and to do this we have recourse to the diagram of FAST To detail the functions and the 
technological solutions of the system, we have broken down the diagram FAST corresponds to the 
global system (figure 3).
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Figure 3. FAST diagram of the system

Figure 4. Global perspective of the system

4. SYSTEM COMPOSITIONS

4.1 The composition of the mechanical system:
 The purpose of the mechanical composition of the mechanism is to generate a maximum of rotation for 
the supply of a direct current motor; and for proper operation, it has been proposed to use mechanical 
subsystems mentioned in figure 5.



Figure 5. Mechanical part of the system

Compression springs: The mass of the vehicle running on the retarder must not exceed 50 Kg. The 
latter is supported by 5 springs which are distributed under the retarder, so each spring must withstand 
1/5 of the overall force, m = 10 Kg. 

Rod-crank: The connecting rod-crank system is a model of mechanism, which owes its name to the two 
parts that characterize it. It is, above all, a mechanical system for transforming movement.

Power multiplication system: After studying the power multiplication systems (pulley, belt, gear), we 
concluded that the gears will be more useful for our model, since they do not take up space compared to 
the belt pulley, on the other hand the latter will be very useful to us if we manage to carry out the project 
on a large scale given its output and its cost especially the synchronous belts. Less expensive, accessible, 
and above all, since they provide more advantages than disadvantages, parallel gears with helical teeth 
have a good multiplication system. Therefore, we only have sizing this system.

4.2 Electrical composition of the mechanism
 The essential objective of the electrical composition of the mechanism is to convert mechanical energy 
into a form that is more usable, simple to store and which meets quality and safety standards. This 
electrical energy requires an installation made up of several well-chosen elements.
At the beginning, it is necessary to proceed by a general study of the whole system in order to choose and 
calculate the recovered power.

Figure 6. Overall drawing of the electrical part
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The composition of the electrical part is summarized in the following elements:
A direct current machine is an electrical machine. It is an electromechanical converter allowing the 
bidirectional conversion of energy between an electrical installation carried by a direct current and a 
mechanical device. It is also called a dynamo.
The battery is used to supply the equipment which must remain energized (the surroundings of the 
retarder).

5. ENERGY BALANCE:
 The number of teeth was chosen according to international standards and according to the type of gear 
used in the model.
Data: The force applied to the bearing surface F = 100N. The distance between the bearing surface and 
center of the connecting rod is d = 20 cm

Calculation of the power generated by the system: 
Ce = F*d 
Ce = 20 N.m
Cs = n 2 .Ce (-1) (We / Ws)
Cs = 1.73 N.m
Pa = Cs.Ws
Pa = 36.2 W
Pu = n1.Pu
Pu = 28.9W
With Ce, Cs, n2 , m, We, Ws, Pa, Pu and n1 respectively the input torque of the gear train, output torque 
of the gear train, efficiency of the gear train, number of contacts between the pinions, input speed of the 
gear train, output speed of the gear train, mechanical power absorbed, useful power and efficiency of the 
direct current motor (we estimated the losses at 20%) [9-11].
The following table gives the values of the power per hour as a function of the flow of the cars passing 
over the retarder.

Table 1. Energy balance for the real system

With an easily available energy source, “road” energy recovery [8] would constitute a new source of 
clean and renewable energy. This system does not require any human intervention except preventive 
maintenance or battery change.

Conclusion
The works presented in our article allow the concept ion of a new system for the recovery of kinetic 
energy. Following our study, we were able to observe thanks to the system design that it is possible to 
make the mechanical-electrical conversion of the energy generated by the passage of vehicles on the 
retarders.We are therefore going to devote the next study to the production of the model, the marketing 
and the study and detailed analysis of the various organs of the system in order to be able to act directly 
and propose improvement actions.
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A B S T R A C T

1. INTRODUCTION
We consider the Weinstein operator on Rd+ = Rd−1 × [0, ∞[ defined by

The Weinstein operator has several applications in pure and applied mathematics especially in fluid 
mechanics (cf. [3]). The harmonic analysis associated with the Weinstein operator is studied by Ben 
Nahia and Ben Salem (cf. [1, 2]). In particular the authors have introduced and studied the generalized 
Fourier transform associated with the Weinstein operator. This transform is called the Weinstein 
transform. Very recently, many authors have investigated the behavior of the Weinstein transform with 
respect to several problems already studied for the Fourier transform; for instance, Paley-Wiener 
theorems [6], the Bockner-Hecke theorem [4], uncertainty principles associated with the Weinstein 
transform [5]. In this paper we introduce the Weinstein type operator on Rd defined by

Let us now be more precise and describe our results. To do so, we need to introduce some notations. 
Throughout this paper, we denote by

We consider the Weinstein type operator ∆α,d on Rd. We build transmutation operators Rα which turn out 

to be transmutation operator between ∆α,d and the Laplacian ∆d. Using this transmutation operators 

and its dual tRα, we develop a new commutative harmonic analysis on Rdcorresponding to the operator 

∆α,d.

Keywords: Weinstein type operator, Generalized Weinstein, transform, Transmutation operator, 

Annihilating sets
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A B S T R A C T

1. INTRODUCTION
Today, there are many applications for energy storage systems. The batteries are the most famous. 
They are used in several industries, such as electric and hybrid vehicles, renewable energy systems and 
marine energy systems. Batteries are used as back-up in wind or photovoltaic energy conversion 
systems. They are implemented to store excess energy captured by wind power or sunlight using wind 
turbines in windy or sunny weather, as well as to release stored energy during stationary periods or 
during the night. In electric or hybrid trains and vehicles, a battery is used to store energy from the 
regenerative braking system and to return energy to the system when the train is in traction mode. They 
can increase the reliability of hybrid systems.
Different chemical batteries are widely used in these applications as: lead-acid, nickel cadmium (NiCd), 
nickel-metal hydride (NiMH) and lithium ion (Li-ion), Compared with other battery systems, Li-Ion 
battery offers many advantages such as lightness, high energy density and ease of manufacture, they also 
have excellent energy density, do not have memory effect and have a long lifespan. [1-6] The 
electrochemical behavior of the accumulator is at the origin of the two main sources of heat to which it is 
subjected. The Joule effect, called irreversible, results from the electrical nature of the battery, while the 
reversible heat comes from chemical reactions at the level of the electrodes. Optimizing a Li-Ion battery 
model for a given application necessarily involves saving a large amount of time and experimental 
effort, thus saving considerable time and money as well as having a good battery.
Precise modeling and simulation of this type of battery is necessary in order to examine its performance 
and different modeling approaches exist: electrical modeling, "black box" modeling, energy modeling, 
physicochemical modeling.
Modeling of electrical circuits is a useful model presented by many researchers. In the modeling of the 
electrical circuit, the electrical characteristics of the battery are taken into account and passive linear 
elements are used. Such models are presented in different papers [7-12].

Battery modeling is one of the most important functions in a battery management system for different 

applications such as electrical vehicles, This article focuses on state of the art of lithium-ion battery 

modeling by exploring different existing modeling methods, such as Electrochemical models, Analytical 

models and the equivalent electrical circuit. First, the characteristics of the lithium-ion battery for 

different applications are reviewed ,we chose to study this type of battery because it offers satisfactory 

characteristics compared to other battery types, then the different modeling methods have been explored, 

finaly a conclusion with suggestion of other modeling type such as fractional order model have been 

proposed to improve efficiency and precision of battery management system.

Keywords: Battery modeling ,Lithium-ion battery, Electrochemical models, Analytical models , 

Equivalent electrical circuit model, Fractional order model
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"Black box" modeling connects the possible system responses to a specific type of stimuli, regardless of 
the mechanisms responsible for its behavior. The accumulator is represented by a black box with inputs 
and outputs that consist of physical quantities related to the operation and conditions of use. In general, 
inputs are composed of current, state of charge, temperature, and state of aging when it is possible to 
estimate it. The magnitude that we want to estimate at the output is generally the tension. The box 
consists of an estimator that is able to predict the values of the outputs according to the inputs. Examples 
of estimators are presented in [13-15].
Energy modeling models all energy flows within the electrochemical battery without the use of partial 
differential equations. It consists of processing energy flows of different types: electrical, thermal, or 
fluidic.
Physicochemical modeling is seldom used in the domain of electrical engineering. It uses the principles 
of chemistry and physics to describe the precise behavior of the battery cell. Its main interest is that it 
facilitates the understanding of the phenomena that limit the performance of the cells, and the 
fundamental mechanisms of the generation of the power, making it possible to further improve the 
batteries’ construction processes and design. These models require accurate and functional knowledge 
of many parameters (electrolyte concentration, diffusion coefficient, transfer coefficient, and electrode 
geometry). In [16-17], the authors present some electrochemical models for lithium-ion batteries. 
In this paper, we present different types of modeling suitable for estimating the condition of a lithiumion 
battery in the context of its use in battery management systems for different applications such as electric 
vehicles. These are electronic devices that include, among other things, computers on which we want to 
implement the observer. Their computing power and memory are very limited, which is why the model 
used must be numerically efficient and sober. After a general introduction in the first part. In the second 
part, we do a bibliographical review of electrochemical accumulators such as lithium-ion batteries 
available in the literature. In the third part, we present the different types of lithium-ion battery 
modeling, namely electrochemical models (such as Particle models (PM) and Porous electrode Model), 
then analytical models (such as Kinetic battery model) and finally models based on equivalent electrical 
circuits (such as First order model and multiple order model). And the last part is devoted to a conclusion 
that sums up all the work done in this article.

2. ELECTROCHEMICAL ACCUMULATOR
An electrochemical generator is a source of electrical energy obtained through the direct transformation 
of chemical energy. Three main categories of electrochemical generators exist, namely: batteries, 
accumulators and fuel cells. The history of electrochemical generators begins in 1800 with Alessandro 
Volta, who invented the non-rechargeable primary cell. This stack is formed by a stack of alternating 
copper and zinc disks. In alternations, there are separating washers soaked in brine (H2O + NaCl) which 
allow the conduction of the current. This process makes it possible to obtain a generator formed of a zinc 
anode and a copper cathode, the whole being bathed in an electrolyte (brine) thus ensuring the 
movement of the electrons. However, Volta's battery is not rechargeable. The photo of a voltaic pile can 
be found in Figure 1.
Later in 1859, Gaston Planté, discovering the reversibility of electrical chemical reactions thanks to the 
reversal of the direction of the current, invented the lead accumulator. It is composed of lead alloy grids 
pasted with a mixture of sulfuric acid, lead oxide and water which constitutes the active ingredient. In 
1899, this technology enabled an electric car in the shape of a torpedo to travel 100 km / h [18]. It was the 
first type of rechargeable battery marketed. Lead-acid batteries are still used in vehicles today for 12V 
and 15V power supplies. The success of this type of battery is due to the low cost of lead and sulfuric 
acid, their ease of manufacture and their lifespan of a few years [19]. The photo of a lead accumulator 
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can be found in Figure 1.
Nickel-Cadmium (Ni - Cd) batteries have replaced lead batteries because they are more robust and 
powerful. In 1899, these accumulators were used for the electric vehicle "Jungner" and in 1900 for 
"Edison". 
However, the high cost and the very high toxicity limit the use of this type of accumulator [19].
Marketed in 1990, Nickel-Metal-Hydride (Ni –MH) batteries make it possible to overcome the toxicity 
of cadmium and have energy densities 30% higher than those of Ni-Cd batteries. In addition, these 
batteries operate at low temperature and have a low manufacturing cost. However, the use of these 
batteries has been reduced since the advent of accumulators based on lithium. Indeed, Ni –MH batteries 
have very moderate specific energy densities, which do not meet the criteria for reducing the weight of 
accumulators imposed by on-board applications.

(a) The Voltaic battery   (b) Gaston Planté's battery.
Figure 1. Electrochemical generators

In 1991, the first rechargeable batteries based on lithium were marketed by the Japanese manufacturer 
Sony [20]. This technology quickly becomes predominant because of its performance in terms of 
specific energy, load capacity and electromotive force (emf). Table 1 summarizes these various battery 
technologies with their characteristics.

Table 1. Comparative table of the various battery technologies.
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2.2.The Li-ion cell
The Li-ion battery is based on the reversible exchange of Li+ ion between the anode and the cathode. 
The anode and the cathode are separated by a material that allows lithium ions to pass through but not 
electrons: the separator. The separator can be a polymer film (polyethylene, polypropylene) or a 
microporous ceramic [19].
Nowadays, the anode is graphite and the cathode is often formed from lithiated transition metal oxide 
such as cobalt dioxide (CoO2) or manganese (MnO2). The electrolyte is often non-aqueous: a lithium 
salt in an organic solvent [21]. Figure 2 illustrates the operation of a Li-ion cell in discharge. The 
e−electrons travel from the anode to the cathode through the outer circuit. The presence of negative 
charges (electrons) in the cathode attracts Li +ions which pass from the anode to the cathode through the 
separator to collect the missing charges. When all of the cycling lithium passes through the cathode, the 
battery is discharged. The reverse phenomenon occurs during charging and allows lithium to return to 
the anode. Equations 1 (respectively 2) represent the electrochemical reactions taking place in the 
cathode (respectively anode) when using the Li-Ion cell. The variable "M" represents the metal used at 
the cathode. 
At the positive electrode (cathode) we have:

At the negative electrode (anode) we have:

Figure 2. Structure of a Li-ion battery during a discharge

Lithium-ion batteries have attracted attention compared with other types of batteries since they have 
several advantages, high power density, high energy density, strong environmental adaptability, 'long 
life, and high cell voltage. However, there are several types of lithium-ion batteries, each type has its 
own advantages, such as LMOq which has a high specific power, LCO, which has a high specific 
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energy, lithium-ion batteries NCA and NMC, which are the most thermally stable and cheapest, LTO, 
which has fast charging, long life and but higher cost and low specific energy [22]. Table 2 shows 
commercial lithium-ion batteries and their different characteristics.

Table 2. Comparison between commercial batteries of lithium-ion [23].

3. LITHIUM BATTERY MODELING

3.1. Electrochemical models
Electrochemical models are the most sophisticated and rely on the kinetics of chemical reactions and 
transport equations [24]. They can to simulate the characteristics and reactions of a cell even before it is 
manufactured. The Pseudo-two-dimensional (P2D) model and the single particle model are among the 
most popular in this category [25]. According to paper [25], a battery management system (BMS) which 
would be based on an electrochemical model would have significant advantages over those based on 
empirical models.

Particle models (PM) :The electrochemical particle model is based on two principles. First, each 
electrode is modeled as a spherical particle within which the intercalation and deintercalation processes 
occur. In this model, variations in the potential or concentration of the electrolyte are ignored. The single 
particle 
model (SPM), Figure 3.a) has a much faster response than the porous electrode model (PEM), but fails to 
represent high current discharges [25]. The Multiple Particle Model (MPM), Fig. 3.b) has been 
proposed to take into account the size and varying conduction resistance of cathode oxide particles, 
mainly for LiFePo4 batteries [26-28].
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Figure 3 - Particle model: a) single, b) multiple [25]

Porous electrode Model :The PEM (Figure 4), is an evolution of the SPM taking into account the 
variation of the potential and the concentration. The PEM is based on kinetic equations, solution 
concentration theories and porous electrode theory [25, 29, 30]. This model is mainly used to study the 
local current density inside lithium-ion cells [31] with results close to experimental [32]. It captures the 
dynamics of lithium diffusion and the kinetics of charge transfer. It is a rigorous and precise model, but 
far too heavy for the computational capacities of an on-board system [33].
The physical models can be theoretical, analytical or electrochemical. In-depth knowledge of the 
materials and internal properties of cell construction, rarely provided by battery manufacturers, is 
required in the construction of these models. They are complex and difficult to implement.

Figure 4. Porous electrode Model (PEM) [25]

3.2. Analytical models
The representation of the nonlinear kinetics of batteries by differential equation was the subject of 
research in the early of 1990s by Manwell and McGowan [34-35]. This model is better known as the 
Kinetec Battery Model (KiBaM). It is called kinetics because it uses the principles of the kinetics of 
chemical reactions as a basis. In this model based on a hydraulic analogy, the loads are distributed in two 
reservoirs: the reservoir of available loads y1 and that of limited loads y2 (fig.5). The current delivered i 
(t) by the battery corresponds to the liquid flow rate at the outlet.
Rakhmatov and Vrudhula [36] have developed a model based on the diffusion of lithium ions in the 
electrolyte which predicts the autonomy of a battery. Jongerden and Haverkot [37] denote similarities 
between the scattering model and the kinetic model, proving that the former was in fact the continuous 
representation of the latter. Analytical models cannot estimate voltage drop, aging, or heat generation. 
This makes this type of model unsuitable for use for any reason other than estimating the capacity of a 
battery. However, the hydraulic analogy is an interesting representation for understanding concepts and 
teaching battery science.
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Figure 5. Kinetic battery model (KiBaM) [37]

3.3. The equivalent electrical circuit
The idea here is to represent the accumulator using an electrical circuit which takes its physical 
parameters into account. The classic approach to representing a voltage source is by an electromotive 
force in series with an ohmic resistance: U = E - RI. This simple approach makes it possible to quickly 
obtain an approximation of the behavior of the cell. You can add one or more R // C circuits depending on 
the precision you want to achieve.

First order model: This is a simple model which highlights the ohmic resistance (R0) of the cell as well 
as the phenomenon of diffusion (RD, CD). The variable Vt represents the terminal voltage of the cell, 
VD the voltage across the resistor RD in parallel with the capacitor CD, and OCV represents the no-load 
voltage of the cell.

Multiple order model: This is the generalization of the first order model to a number n ≥ 2 of R // C 
circuits as illustrated in figure 6 and equation 4 for 1 ≤ i ≤ n. This approach increases the accuracy of the 
state of charge estimate because the low frequency behavior of the battery is better represented. But, this 
comes at the cost of greater model complexity.
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Figure 6. EEC model: Equivalent electrical circuit of order 3 [38].
OCV is the no-load voltage at rest (relaxed state) of the battery.

Consideration of hysteresis: Apart from the scattering which can to a certain extent be modeled by R // 
C branches, the Li-ion cell exhibits another non-linear behavior which is hysteresis. Indeed, when we 
observe the curve (f (SoC) = OCV) of the no-load voltage as a function of the state of charge of a Li-ion 
cell, we notice that the curves in charge and in discharge are different. This behavior of the Li-ion cell 
corresponds to a hysteresis phenomenon. Although very weak, this phenomenon still exists. Often in the 
literature, an average of the two curves is used to obtain a single representation of the relation f (SoC) = 
OCV. Sometimes, for more precision we find models allowing to better model this phenomenon. A 
distinction is made between the 0-state hysteresis model and the 1-state hysteresis model.
0-state hysteresis model: This is the simplest model, adding a term to the voltage measurement 
equation [39]. This term takes into account the fact that the hysteresis does not change sign directly with 
current. The system takes a long time to switch from one major hysteresis loop to another. The state 
equation of the system is given by:

where Te is the sampling period, SoCk is the state of charge at instant k × Te, sk the sign of the current 
flowing through the cell and M0 (SoCk) is half of the difference between the curves f (SoC ) = OCV 
charging and discharging depending on the state of charge SoCk and Qn the charging capacity of the cell 
in Ah.

4. CONCLUSION
In this paper, our aim was to explore the different modeling types of lithium-ion battery, we focused on 
lithium-ion battery due to its many advantages such as lightness, high energy density and ease of 
manufacture.
The literature offers a wide variety of lithium-ion battery models. It is often presented as being made up 
of three families. The first family is formed by physical models which describe batteries as 
electrochemical objects, since the main phenomena at work relate to electrochemistry. These models 
have the advantage of being precise but are generally more complex and heavier in term of power 
calculation. A second family includes Analytical models. And the last family includes the models which 
describe the electrical behavior of the battery, which are the equivalent electric models.
Considering the other different approaches in the literature, we can suggest fractional order model is a 
mathematical representation that is justified for two main reasons:
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- It allows the physical behavior of the cell to be well modeled because the same types of transfers are 
obtained using simplified electrochemical models.
- It is more precise than the other models’ types, with an equivalent computational complexity.
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A B S T R A C T

1. INTRODUCTION
The quaternionic Fourier transform (QFT) plays a vital role in the representation of signals. It transforms 
a real (or quaternionic) 2D signal into a quaternion-valued frequency domain signal. The four QFT 
components separate four cases of symmetry in real signals instead of only two in the complex FT [8, 
16]. In addition, understanding the QFT paves the way for understanding other integral transform, such 
as the Quater nion Fractional Fourier transform (QFRFT) [10, 23, 31, 17, 18], Quaternion linear 
canonical transform (QLCT) [24] and Quaternion Wigner-Ville distribution [6]. Due to the non-
commutativity of multiplication of quaternions, there are different types of QFTs and we focus on the 
right-sided QFT (RQFT) and two-sided QFT (SQFT).
Recently it has become popular to generalize the Fourier transform (FT) from real and complex numbers 
[7] to quaternion algebra. In these constructions many FT properties still hold, others are modified. 
There fore it is not a surprise that Titchmarsh’s theorem also hold for the QFT. To the best of our 
knowledge, Titchmarsh’s theorem, the equivalence of a K-functional and the modulus of smoothness for 
the QFT have not derived yet. In this Paper is extended the Titchmarsh’s theorem in the frame of 
quaternion analysis and it is proved the equivalence of a K-functional and the modulus of smoothness 
using the Steklovs function. Recall that the relation between smoothness conditions imposed on 
functions f(x) and the behavior of its Fourier transforms f near infinity is well known in the literature. In 
fact, a classical result of Titchmarsh [29] says that 

The purpose of this paper is to study the Quaternion Fourier transforms of functions that satisfy Lipschitz 

conditions of certain orders. Thus we study the Quaternion Fourier transforms of Lipschitz function in 

the functions space Lr ®2, H), where Ha quaternion algebra which will be specified in due course. Our 

investigation into the problem was motivated by a theorem proved by Titchmarsh [[29], Theorem 85] for 

Lipschitz functions on the real line. we will give also some results on calculation of the K-functional 

which have number of applications of interpolation theory. In particular some recent problems in image 

processing and singular integral operators require the computation of suitable K-functionals. In this 

paper we will give some results con cerning the equivalence of a K-functional and the modulus of 

smoothness constructed by the Steklov function. 

Keywords: Quaternion Fourier transform, Lipschitz class, Dini-Lipschitz class, Titchmarsh theorem, K-

functional
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In recent years, these two results have been generalized in several different versions and for several 
different types of transforms (for example, see [3, 12, 13]).
In addition, the usual translation operator τh given by τhf(x) = f(x + h) plays a key role in the construction
of modulus of continuity and smoothness which can be considered as a critical elements of direct and 
inverse theorems in approximation theory.
It is commonly known that studying the relation which exists between the smoothness properties of a 
function and the best approximations of this function in weight functional spaces is more convenient 
than usual with various generalized modulus of smoothness (see [26, 27]).
The K-functionals introduced by J. Peetre [25] take a part in a many problems of theory of 
approximation of functions. The study of the relation which exists between the modulus of smoothness 
and K-functionals is known as one of the major problems in the theory of approximation of functions . 
For many generalized modulus of smoothness these problems are studied, for example, in [4, 11, 14]. 

In order to describe our results, we first need to introduce some facts about harmonic analysis related to 
(two-sided) Quaternion Fourier transform (QFT). We cite here, as briefly as possible, some properties. 
For more details we refer to [1, 2, 21, 22, 15, 23, 30, 31, 5, 10, 20].

The quaternion algebra H was first invented by W. R. Hamilton in 1843 for extending complex numbers 
to a 4D algebra [28]. A quaternion q ∈ H can be written in this form

q = q0 + q = q0 + iq1 + jq2 + kq3

where i, j, k satisfy Hamilton’s multiplication rules

i2 = ij2 = k2 =ijk = -1, ij = -ji = k.
jk = -kj = I, ki = -ik = j  

Using Hamilton’s multiplication rules, the multiplication of two quaternion p = p0 + p and q = q0 + q 
can be expressed as 
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pq = p0q0 + p0q + q0p + pq.



International Journal of Engineering and Applied Physics (Volume- 4, Issue - 01,  January - April 2024)                                                      Page No. 30

2. ON THE TITCHMARSH THEOREM FOR THE QUATERNION FOURIER TRANSFORM
Lipschitz classes have been constantly employed in Fourier analysis, although they appear in the realm 
of trigonometric series , more than they occur in Fourier transforms. There are several new results in this 
section including theorems for, higher differences more precisely we will give some results associated 
with Dini-Lipschitz Functions in Lr ®2, H), 1 ≤ r < 2 for quaternion Fourier Transform. We here prove 
the following 
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3. EQUIVALENCE OF A K-FUNCTIONAL AND THE MODULUS OF SMOOTHNESS FOR 
QUATERNION FOURIER TRANSFORM
Modulus of smoothness represent important tools in obtaining quantitative estimates of the error of 
approximation for positive processes. There are many such special functions associated with wide 
classes of function spaces. On another hand , in many problems of the theory of approximation of 
functions the K-functionals play an important role. The study of the connection between the modulus of 
smoothness and K-functionals is one of the main problems in the theory of approximation of functions. 
For various generalized modulus of smoothness these problems are studied, for example, in [9, 19]. 
In order to prove the main result, we shall need some preliminary results. 
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1. INTRODUCTION
The battery system is the most important energy storage source in electric vehicles (EVs) [1]. These 
days, the development trend in the field of electric vehicles is the use of high-capacity lithium-ion 
batteries as a battery energy storage system [2]. This kind of battery presents multiple benefits such as 
high-power density, lightweight, long life, and thermal stability.
To prolong the lifetime and increase the safety of these batteries, it is essential to monitor their state of 
charge in real-time. This task is performed by battery management systems that control, optimize and 
protect the battery. One of the main tasks of a battery management system is to estimate the number of 
fundamental quantities, such as the state of charge SOC of the cell, the state of health SOH of the cell 
battery, available power, and available energy. The best methods to produce these estimates require 
models that describe the dynamic behavior of the cell with precision. 
Since the SOC cannot be measured directly, many approaches have been proposed to estimate the SOC 
of the battery [3–6]. One of those approaches is called model-based estimation of the state of charge, this 
approach is widely used in the application for its high accuracy and self-corrective ability [7–9]. One of 
the cell models that can be used to perform such an operation, is the equivalent circuit model ECM.
 ECMs represent the operation of a lithium-ion cell by providing an electrical circuit, which behaves the 
same as cells. Data collected from cells via laboratory tests are used to optimize the parameter values of 
the proposed circuit elements so that the current and voltage behaviors of the model match exactly those 
of the real cell. [10] 
In the rest of this paper, we adopt the equivalent circuit model approach, where we build the model 
circuit element by element, starting with an explanation of the observed dominant behavior. Any 
difference between the model predictions and the observed behavior of the cells is therefore considered 
to be a modeling error. 

With modern technologies, most devices such as electric vehicles are powered by lithium batteries. This 

kind of battery is advantageous to other types of batteries, such as higher energy density, reliability, etc. 

to work effectively, it is necessary to handle them using a battery management system BMS, which 

guarantees their safety and optimizes their performances in normal conditions. One of the things that a 

BMS must do is to estimate the state of charge SOC of the battery because it is the most critical indicator 

of battery state. This task is very challenging because the lithium-ion battery is a highly time-invariant, 

nonlinear, and complex electrochemical system. In this paper, we present a cell model that can be used in 

the state of the charge estimation process. This model is based on an electrical approach where we build 

an electrical circuit that has the same behavior as the real cell, this approach is called the Equivalent 

circuit model ECM. using a set of laboratory data, we will determine the model parameters using 

multiple techniques. Those parameters will be used in process of estimating the state of charge and other 

internal parameters. 

Keywords: Lithium-ion Battery , Battery Modelling, Equivalent circuit model, BMS
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2. LITHIUM-ION CELL MODELLING

� Open circuit voltage OCV
We begin the cell modeling by explaining the most observed behavior of the battery cell. This model, 
figure (1), presents the cell as an ideal voltage source v(t). Indeed, the cell delivers a voltage to its 
terminals. This voltage is measured by a voltmeter, where we notice that it is constant, and is not a 
function of the current flowing in the load connected to the cell. This model is simple and it’s very 
different from the reality where OCV depends on the cell state of charge.

Figure 1. Cell ideal model diagram where open circuit voltage has a constant value.

� State of charge effect on OCV
The first improvement that we make to the simple cell model is due to the difference in voltages in a cell 
with different states of charge. Indeed, we notice that the cell voltage at equilibrium or the OCV of a fully 
charged cell is greater than the OCV of a fully discharged cell.
The improved cell model, Figure (2), includes OCV dependence on the state of charge of the cell. The 
ideal voltage source is replaced by a controlled voltage source, which has a value equal to OCV (z (t)), 
where z(t) is the state of charge of the cell. If we take into account the dependence of the OCV on 
temperature, we use the notation OCV (z (t), T (t)), where T (t) is the internal temperature of the cell as a 
function of time.

Figure 2. Cell model diagram including OCV dependence on the state of charge.

We can model the state of charge changes using the following differential equation:

where z (t) represents the state of charge, η (t) the Coulomb efficiency or the charging efficiency, Q the 
total capacity. When the cell is being discharged, the current i(t) is positive and η(t) takes the value of 1, 
which leads to the decrease of z (t). On the other hand, z (t) increases at the charge of the cell where the 
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current is negative and the Coulomb efficiency is η (t) ≤1.

By integrating the equation (1) between time t0 and t and if we assume that the current is constant over 
the sampling interval, then we have:

This equation must be written in discrete-time so we can use it in numerical calculus. To do so, let t0 = 
k∆t et t = (k + 1) ∆t. so:

Finally:

� Equivalent series resistance
The first observation we notice is that when the cell powers an external load, the voltage across its 
terminals drops below the open-circuit voltage OCV (z(t)), and when the cell is being charged, the 
voltage at these terminals rises above the open circuit voltage OCV (z (t)). This phenomenon can be 
explained by placing a resistor in series with the voltage source. The new model is shown in the diagram 
in figure (3). The resistance added to the diagram represents what is called the equivalent series 
resistance (ESR) of the cell. The reason we choose this circuit over others is that the behavior observed in 
this case is similar to the response of the chosen circuit, where the voltage v(t) drops than OCV(z(t)) due 
to the presence of the resistor R0.

Figure 3. Cell model diagram including the equivalent series resistance.

In the new model, the state of charge equation remains unchanged. However, we add a second equation 
to the model which describes the voltage across the circuit.

In continuous time:

In discrete time
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� Polarization effect
Polarization in the cell refers to any deviation between the voltage across the cell from the open-circuit 
voltage OCV(z(t)), due to current flow through the cell. In the equivalent circuit model that we have 
developed so far, we have modeled the instantaneous bias via the term i (t) × R0. Real cells have more 
complex behavior, where the voltage bias increases slowly over time when current is demanded from the 
cell, and then slowly decreases over time when the cell is allowed to rest. 
This phenomenon is caused by the slow diffusion processes of lithium in a lithium-ion cell, this slowly 
changing voltage is called, the diffusion voltage. Its effect can be approximated in a circuit by using one 
or more resistor-capacitor sub-circuits in parallel. Figure (4).

Figure 4. Cell model diagram including the polarization effect.

In this model, the state of charge equation remains the same as before, but the voltage equation 
changes:In continuous time:

In discrete time:

To find the current flowing in resistor R1, we write the expression for the total current:

By converting this equation from continuous-time to discrete-time, we get: 
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� Warburg impedance effect 
The Warburg impedance models the diffusion of lithium ions in the electrodes. It depends on the 
frequency, modeled as ZW = AW/j where the constant AW is called the Warburg coefficient, and ω is the 
applied frequency in radians per second.
There is no simple differential equation to model Warburg's impedance. However, its effect can be 
estimated via several resistor-capacitor networks in series, using two distinct structures which are, the 
Cauer structure and the Foster structure.

� Cauer's structure
Warburg impedance is represented by RC subcircuits as shown in figure (5)

Figure 5. Cauer's structure diagram

� Foster structure
In this case the impedance is only a set of RC circuits parallel in series as in figure (6):

Figure 6. Foster's structure diagram

� Hysteresis Effect 
The model we have developed so far, implies that the voltage drop across R0 will immediately drop to 
zero when the cell current is zero, and the voltage drop across capacitor C1, will decrease to zero over 
time by discharging to resistor R1. In other words, the voltage across the cell will converge to the open 
circuit voltage OCV (z (t)). 
However, the reality is something else. The cell voltage decreases to a slightly different value from the 
OCV, and the difference depends on the previous use of the cell. For example, we notice that if we 
discharge a cell at 50% SOC, and we leave it at rest, then the equilibrium voltage is lower than the OCV. 
On the contrary, if we charge a cell with 50% SOC, and we leave it at rest, then the equilibrium voltage is 
higher than the OCV. These observations indicate that there is a voltage hysteresis across the cell.
The hysteresis voltages are different from the diffusion voltage, the diffusion voltages change over time, 
on the other hand, the hysteresis voltages only change when the SOC changes. In addition, the hysteresis 
voltages are not directly related to time. This is because if a cell is allowed to rest, the diffusion voltages 
will decrease to zero, but the hysteresis voltages will not change at all.
There are two types of hysteresis, the first is the dynamic hysteresis which depends on the state of charge 
SOC, the other is the instantaneous hysteresis which results when the sign of the current changes (for 
example, the current change from cell discharge mode to cell charge mode).

� Dynamic hysteresis
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Let hD(z,t) be the dynamic hysteresis voltage as a function of SOC and time. The variation of this 
voltage as a function of the state of charge is described by the following differential equation:

With:

 M(z,z ) : Is a function which gives the maximum polarization due to the hysteresis as a function of SOC 
(z) and of the rate of change of SOC( ̇).
The term M(z,ż) - h(z,t): indicates that the rate of change of the hysteresis voltage is proportional to the 
distance of the current hysteresis value from the main hysteresis loop.

The term γ, is a positive constant that regulates the rate of decay.

The term ( ̇) forces equation (12) to be stable for both charge and discharge of the cell.

To fit the differential equation of hD(z, t) in our model, it must be a differential equation with respect to 
time, and not with respect to SOC. And this is done by multiplying both sides of the equation by 

By replacing with:

then we get the equation in continuous time:

By converting this equation into discrete time:
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Finally, the dynamic hysteresis is modeled as:

Dynamic hysteresis voltage MhD[k]

� Instantaneous hysteresis
In addition to dynamic hysteresis which changes when SOC changes, we will model the instantaneous 
hysteresis voltage which changes when the sign of the current changes.

Finally, the instantaneous hysteresis is modeled as:

Instantaneous hysteresis voltage = M0hI [k]

In total, the overall hysteresis is:

� Enhanced self-correcting the cell model
The Enhanced Self-Correcting (ESC) cell model combines all the elements already mentioned. The 
model is called Enhanced because it includes a description of the hysteresis, unlike some earlier models. 
The model is called self-correcting because the predicted terminal voltage of the model converges to the 
OCV plus the hysteresis when the cell is at rest, and converges to the OCV plus the hysteresis minus all 
resistive voltages at constant current. The final diagram of this model is shown in figure (7), which 
shows an example with a single resistor-capacitor pair in parallel. To compact the notation, we define a 
resistor-capacitor subcircuit speed factor 

So, if we define

therefore, we will have the dynamic aspects of the model described by the following relation:

This is the equation of state of the ESC model. The output equation of the model is:
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3. DETERMINING THE PARAMETERS OF THE CELL MODEL (ESC)
The model that we built describe two aspect of the cell, the first is static aspect of the cell, and the second 
is the dynamic aspect. 
For the static aspect of the cell, this one is represented by open circuit voltage as a function of the state of 
charge, while another performance of the cell is dynamic. So, to determine the cell parameters. We do 
two kinds of experiments, the first one is where we determine the static aspect of the cell, here we charge 
and discharge the cell with a current almost equal to zero to minimize the excitation of the dynamic 
aspect of the cell. The second one is where we determine the dynamic aspect.
The data collected in the first experience are voltage values and ampere-hours charged and discharged in 
every step at different temperatures.

� Determining the Coulombic efficiency

� Determining of the relationship OCV versus SOC
Using the data collected from the experience, we will determine the relationship between OCV and 
SOC. However, the relationship that we will obtain is an approximate relationship, and that because the 
charge voltage and discharge voltage are different. So, in the high state of charge, we are forced to base 
OCV estimate on the discharge voltage values because we don’t have any charge voltage information. 
While in the low states of charge we are forced to base the OCV estimate on the charge voltage values 
because we don’t have discharge voltage information. In the intermediate state of charge, we can base 
OCV estimate on both charge and discharge values. 

Figure 7. Open circuit voltage of the cell model based on data collected of discharge and charge 
OCV
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This figure represents the approximate OCV/SOC relationship for a cell at room temperature. The black 
line is the approximate OCV, and the blue line is the discharge voltage curve, while the red line is the 
charge voltage curve. As we see, at high state of charge values, the OCV estimate is based on the 
discharge curve, while in the low state of charge, the OCV estimate is based on the charge voltage curve. 
In the intermediate states of charge, the OCV estimate is based on the two curves. The method used here 
to determine the OCV/SOC relationship at room temperature, is also used to determine it at all other 
temperatures of the experience.

� Determining the dynamic parameters
Once we find the cell’s OCV relationship, then we try to find the dynamic parameters of the cell model. 
This time, the cell must be exercised with profiles of current versus time that are representative of the 
final application of the resulting model. 

Voltage values, current values, temperature values, ampere-hours charged, and ampere-hours 
discharged are recorded every second during the experience. These data are used to identify the cell 
model dynamic parameters. These parameters are; resistor value R1 and capacitor value R1 in the 
subcircuit, equivalent series resistor , hysteresis parameters and , hysteresis rate constant . Some of these 
parameters cannot be computed directly from the measured data, instead, we have to use an optimization 
approach, which we call system identification. 
The simple way to do this is to choose a set of parameter values, the second step is to simulate the ESC 
model using that set of parameter values with the same input current as was measured during the 
experience, the third step is to compare the ESC model voltage prediction with the measured voltages, 
the fourth step is to modify the parameter values to improve the model prediction and go back to the 
second step and start again from there until the optimization is considered complete.

One approach used to determine the parameters of the cell model is to use an optimization toolbox such 
as MathWorks Simulink Design Optimization Toolbox. To do so, we must create a block diagram to 
implement the cell model equations. Figure (8) shows the implementation of ESC model in Simulink. 
For implementation we assume a model circuit with two parallel resistor–capacitor circuits η = 1, γ = 
3600, and M0 = 0.



International Journal of Engineering and Applied Physics (Volume- 4, Issue - 01,  January - April 2024)                                                      Page No. 48

Figure 8. Block diagram of the Simulink Design Optimization Toolbox

This toolbox automatically generates values for cell capacitance, resistor-capacitor time constants, 
resistance values, and maximum hysteresis value, then runs the model to see how well the voltage 
predictions match the measured data. If there was a difference between the estimation and the measured 
data, we updateparameter’s estimates, and repeats until it converges to a solution.
This method gives good results quickly if we initiate the parameter’s value with good guesses. To do so, 
we try to compute directly some parameters values.

� Direct computation of M, M0, R0, and Rj
The first thing to do before we go through the computation of the parameters, is to find the time constant 
of the resistor-capacitor circuits. Actually, the way to this is simple by using a method called system 
identification. 

If we take a look at the output equation of the model, we will see that there are known parts such the  ( [ ] [ 
]) ,and unknown parts which are the rest of the equation. We can rewrite equation 20 to distinguish 
known parts from unknown parts. [ ] can be computed directly from the current profile. To compute [ ] 
we require . For now, let’s assume that we know its value. [ ] can be computed once know the resistor-
capacitor time constant.

The variables h1[k],hD [k],iRJ[k ],I [k] are input variables to equation (21). And the parameter’s values 
can be computed as follows:
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We can find the unknown parameters vector via the least-square solution.

� Optimization of γ 
to find the parameters of the cell model, we assume that we know the value of in fact its value is 
unknown. So, we have to optimize it, to do that, we must bound it in some range, and then compute the 
quality of the fit for models optimized for each γ in this range, keeping only the model that offers the best 
quality of the fit.

4. CELL MODEL SIMULATION AND DISCUSSION 
To give a better idea of the capabilities of our ESC model, we present some modeling results in this 
section. Data was collected from a 25 Ah automotive battery cell, and the open circuit voltage and 
dynamic modeling parameters were estimated from the data (using one sub-resistance-capacitor circuit 
in the model). Here, we focus on simulating the optimized model, where we compare its predictions with 
the voltage data measured for a test performed at 25 ◦C.
Figure 9 shows an overlay of the true voltage (blue line) and model predicted voltage (Orange line) over 
the entire 10-hour test. As we see in this figure there is fitness between measured voltage and predicted 
voltage. The root-mean-square difference between the actual results and the model results was 15.86 
mV in this case. These results show more clearly that the circuit model captures cell performance quite 
well. As we see in figure 10, the error of the modeling is slightly small, the range of the error is between 
negative 0.1 and positve 0.1, this error depends on founded parameters values, but if somehow, we get a 
better value of those parameters this error will eventually decrease. 

Figure 9. Cell measured voltage and cell model estimated voltage simulation versus time
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Figure 10. Error of the simulation versus time

Figures 11 show the optimized parameter values for this cell based on the test temperature (tests were 
performed from -25◦C to 45◦C in 10◦C increments). 
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Figure 11-a shows serie resistance R0 evolution as function of temperature. the equivalent series 
resistance R0 decreases exponentially as the temperature increases. It is almost a universal result. 

Figure 11-b shows the resistance (in resistance-capacitor subcircuit) evolution as a function of 
temperature. The resistor-capacitor resistances Rj tend to decrease exponentially as the temperature 
increases.This is also expected.

Figure 11-c shows the resistance-capacitor time constant evolution as a function of temperature. The 
resistor–capacitor time constants tend to increase with temperature increase. This might actually seem a 
surprising result, as we would expect the cell dynamics to speed up at warmer temperatures.

Figures (11-d, 11-e, 11-f) shows the hysteresis parameters evolution as a function of temperature and 
hysteresis time constant evolution as function of temperature. The Hysteresis is generally “speeding up” 
(i.e., a smaller change in SOC is required to effect a large change in the hysteresis state) and decreasing in 
magnitude as temperature increases. Hysteresis levels generally decrease as temperature increases.

In contrast to other cell models such as mathematical models, electrochemical models, thermal models, 
this model is intuitive and easy to impliment. This model uses only passive components such as resistors 
and capacitors and a voltage source, which they are suitable for use in circuit simulators. The accuracy of 
prediction and estimation achievable with this model is sufficient for many applications. 

5. CONCLUSION 
In this paper we built our model (ESC) using an electric analogy, our model can describe the behavior of 
the cell. Using a set of data collected from an application of the cell, we simulated our model and we 
compared the predicted voltage and measured voltage and we did find that our model predicts terminal 
voltage very well. The error of the modeling depends on the parameter’s values of the cell model and the 
measured data. 
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Footnotes 

Footnotes are given at the bottom of the page with the text they refer to. They can contain less relevant details, additional 
explanations or used sources (e.g. scientific material, manuals). They cannot replace the cited literature. 
The article should be accompanied with a cover letter with the information about the author(s): surname, middle initial, first 
name, and citizen personal number, rank, title, e-mail address, and affiliation address, home address including municipality, 
phone number in the office and at home (or a mobile phone number). The cover letter should state the type of the article and tell 
which illustrations are original and which are not. 
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