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Mittag-Leffler stabilization of anti-periodic solutions for 
fractionalorder neural networks with time-varying delays

Dan-Ning Xu and Zhi-Ying Li*
The Fundamental Education Department of Yuanpei College, Shaoxing University, 

Shaoxing 312000, China

A B S T R A C T

Mittag-Leffler stabilization of anti-periodic solutions for fractional-order neural networks with time-

varying delays are investigated in the article. We derive the relationship between the fractional-order 

integrals of the state function with and without delays through the division of time interval, using the 

properties of fractional calculus, and initial conditions. Moreover, by constructing the sequence solution 

of the system function which converges to a continuous function uniformly with the Arzela-Asoli theorem, 

a sufficient condition is obtained to ensure the existence of an anti-periodic solution and Mittag-Leffler 

stabilization of the system. In the final, we verify the correctness of the conclusion by numerical 

simulation.

Keywords: fractional-order; time-varying delays; anti-periodic solutions; Mittag-Leffler stabilization; 

neural networks

Mathematics Subject Classification: 92B20, 34K20

1. Introduction 

The stabilization and existence of anti-periodic solutions have major significance in dynamic behavior 

on nonlinear differential equations, which plays a key role in various physical phenomena, such as anti-

periodic characteristics in vibration equations and so on [1–5]. As a special case of periodic solutions, 

many scholars have studied the existence and stabilization of anti-periodic solutions of several kinds of 

neural networks in recent years. The authors [6] studied the existence and stabilization of anti-periodic 

solutions for BAM Cohen-Grossberg neural networks. In [7] authors investigated the existence and 

global exponential stabilization of anti-periodic solutions for quaternion numerical cellular neural 

networks with impulse effect. The existence and exponential stabilization of antiperiodic solutions for 

BAM neural networks is studied in [8,9]. The authors [10] studied the global exponential stabilization of 

anti-periodic solutions for Cohen-Grossberg neural networks. All studies in [6–10] are integer-order 

models, however, the research on fractional-order neural networks has attracted attention and obtained 

important research results in recent years.

The existence and stabilization of anti-periodic solutions are of great significance in the dynamic 

behavior of nonlinear differential equations, such as [1–5]. From previous data, there are only 

discussions on the asymptotic ω -periodic solution, almost periodic solutions and s -asymptotic ω 

periodic solutions for fractional-order neural networks (e.g., [11–15]), we haven’t found the existence 

and stabilization of anti-periodic solutions yet. We focus on the problem of the existence of antiperiodic 
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solutions and Mittag-Leffler stabilization for a class of fractional order neural networks in this paper, this 

is a new research topic, our characteristics mainly include three points: 

1) Deriving the relationship between fractional-order integrals of state functions with and without time 

delay through the division of time interval and the properties of fractional-order calculus; 

2) Constructing function sequence solution, and it uniformly converges to a continuous function with 

Arzela-Asoli theorem, then giving a sufficiency for the existence of anti-periodic solutions and Mittag-

Leffler stabilization of the system, the results are new；

3) Verifying the correctness of the theorems by numerical simulation instances. It provides a new 

criterion for dynamic system research. We consider fractional-order neural networks with time-varying 

delays:

Where t ≥  0, Dtαis Riemann-Liouville derivative with α -order, 0 1 <  α < ; (t) ix is the state of the Ith 

neuron at time t; β 0 > i ; ,ij ij a bare connection weights of neurons; (.) fj is an excitation function of the jth 

neuron; (t) iI tis an external input function of the Ith neuron at time t; π ij (t) is a signal transmission delay 

between theIth neuron and the jth neuron, and π ij (t)>0 .Given the initial conditions of the system (1):

The structure of this article is as follow. First a few preliminaries are given in Section 2. In Section 3,  by 

the properties of fractional-order calculus, constructing function sequence solution, and the ArzelaAsoli 

theorem, a sufficient case is derived for the existence of anti-periodic solutions and Mittag Leffler 

stabilization of the system. An illustrative example to show the effectiveness of the proposed theory in 

Section 4. 

2. Preliminaries

Definition 1. [16] Define the q order fractional-order integral of f (t)(Riemann-Liouville integral) as
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Definition 2. [16] Define the q -order fractional-order derivative of f(t) (Riemann-Liourille derivative) 

as
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thus the solution of system (1) is Mittag-Leffler stabilization from Definition 4.

Theorem 3. System (1) has an anti-periodic solution when the Theorem 2 and H2hold, and the solution 

is Mittag-Leffler stabilization

Proof. For a positive integer k and a normal number w from H2 and H3, we obtain from (1):
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so *x t()is an anti-periodic solution and Mittag-Leffler stabilization.

Remark: The stabilization and existence of anti-periodic solutions of nonlinear differential equations are 

of great significance in dynamic behavior, which plays a key role in physical phenomena [1–5]. The 

model of integer- order neural network system is a nonlinear differential equation, and fractionalorder 

neural network system is a generalization of integer-order neural network system, so fractional order 

neural network system is also a model of nonlinear differential equation generalization. From previous 

data, there are only discussions on the boundedness and asymptotic stabilization of almost periodic 

solution and w -periodic solution for fractional-order neural networks (e.g., [11–15]), we have not seen 

the results of authors exploring the dynamic behavior of the anti-periodic solution of a system. In the 

article, we mainly give the sufficient conditions for the existence of anti-periodic solutions and Mittag-

Leffler stabilization of fractional order neural network systems. The results are new. This provides a new 

basis to further explore the dynamic properties of a system in theoretical research and practical 

application.

4. Numerical simulation

We consider fractional-order neural networks with time-varying delays:
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5. Conclusions

We study the dynamic behavior of fractional-order neural networks with time-varying delays in the 

article. Frist deriving the relationship between fractional-order integrals of state functions with and 

without time delay through the division of time interval and the properties of fractional-order calculus, 

the research method is innovative. Moreover, constructing the sequence solution of the system function 

which converges to a continuous function uniformly with the Arzela-Asoli theorem. In addition, giving 

the sufficient conditions the Mittag-Leffler stabilization, boundedness, and the existence of antiperiodic 

solutions for systems. Finally, the conclusion is feasible by a numerical simulation. Similarly, we can use 

the theoretical basis of this article to study the Mittag-Leffler stabilization of anti-periodic solutions of 

fractional-order Cohen-Grossberg neural networks and inertial Cohen-Grossberg neural networks, and 

so on.
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A B S T R A C T

The singular value decomposition (SVD) is an important tool in matrix theory and numerical linear 

algebra. Research on the efficient numerical algorithms for computing the SVD ofa matrix is extensive in 

the past decades. In this paper, we propose an alternating direction power method for computing the 

largest singular value and singular vector of a matrix. The new method issimilar to the well-known power 

method but needs fewer operations in the iterations. Convergence of the new method is proved under 

suitable conditions. Theoretical analysis and numerical experiments show both that the new method is 

feasible and is effective than the power method in some cases.

Keywords: singular value decomposition (SVD); power method; alternating direction implicit (ADI); 

singular value; singular vector; convergence

1. Introduction

The singular value decomposition (SVD) is a key tool in matrix theory and numerical linear algebra, and 

plays an important role in many areas of scientific computing and engineering applications, such as least 

square problem [1], data mining [2], pattern recognition [3], image and signal processing [4,5], statistics, 

engineering, physics and so on (see [1–6]). Research on the efficient numerical methods for computing 

the singular values of a matrix has been a hot topic, many practical algorithms have been proposed for 

this problem. By using the symmetric QR method to A

TA, Golub and Kahan [7] presented an efficient algorithm named as GolubKahan SVD algorithm; Gu 

and Eisenstat [8] introduced a stable and efficient divide-and-conquer algorithm, called as Divide-and-

Conquer algorithm as well as Bisection algorithm for computing the singular value decomposition 

(SVD) of a lower bidiagonal matrix, see also [1]; Drmac and Veselic [9] given the superior variant of the 

Jacobi algorithm and proposed a new one-sided Jacobi SVD algorithm for triangular matrices computed 

by revealing QR factorizations; many researchers such as Zha [10], Bojanczyk [11], Shirokov [12] and 

Novakovic [ ́  13] came up with some methods for the problem of hyperbolic SVD; A Cross-Product Free 

(CPF) Jacobi-Davidson (JD) type method is proposed to compute a partial generalized singular value 

decomposition (GSVD) of a large matrix pair (A, B), which is referred to as the CPF-JDGSVD method 

[14]; many good references for these  include [1, 2, 7–9, 15–26] and the references therein for details. 
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There are important relationships between the SVD of a matrix A and the Schur decompositions of the 

symmetric matrices  ATA, AAT and                   These connections to the symmetric eigenproblem allow 

us to adapt the mathematical and algorithmic developments of the eigenproblem to the singular value 

problem. So most of the algorithms mentioned above are analogs of algorithms for computing 

eigenvalues of symmetric matrices. All the algorithms mentioned above except for the Jacobi algorithm, 

had firstly to reduce A to bi-diagonal form. When the size of the matrix is large, this performance will 

become very costly. On the other hand, the Jacobi algorithm is rather slowly, though some modification 

has been added to it (see [9]). In some applications, such as the compressed sensing as well as the matrix 

completion problems [3, 27] or computing the 2-norm of a matrix, only a few singular values of a large 

matrix are required. In these cases, it is obvious that those methods, mentioned the above, for computing 

the SVD is not very suitable. If only the largest singular value and the singular vectors corresponding to 

the largest singular value of A is needed, the power method, which is used to approximate a largest 

eigenpair of an n × n symmetric matrix A, should be more suitable.Computing the largest singular value 

and corresponding singular vectors of a matrix is one of the most important algorithmic tasks underlying 

many applications including low-rank approximation, PCA, spectral clustering, dimensionality 

reduction, matrix completion and topic modeling. This paper consider the problem of computing the 

largest singular value and singular vectors corresponding to the largest singular value of a matrix. We 

propose an alternating direction method, a fast general purpose method for computing the largest 

singular vectors of a matrix when the target matrix can only be accessed through inaccurate matrix-

vector products. In the other words, the proposed method is analogous to the well-known power method, 

but has much better numerical behaviour than the power method. Numerical experiments show that the 

new method is more effective than the power method in some cases.

The rest of the paper is organized as follows. Section 2 contains some notations and some general results 

that are used in subsequent sections. In Section 3 we propose the alternating direction powermethod in 

detail and give its convergence analysis. In Section 4, we use some experiments to show the 

effectiveness of the new method. Finally, we end the paper with a concluding remark in Section 5.

2. Preliminaries

The following are some notations and definitions we will use later.We use Rm×nto denote the set of all 

real m × n matrices, and Rnthe set of real n × 1 vectors. Thesymbol I denotes the n × n identity matrix. For 

a vector x ∈ Rn, kxk 2 denotes the 2-norm of x. For amatrix A ∈ Rn×n, AT is used to express the 

transpose of  A, rank (A) is equal to the rank of a matrix A,
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kAk2 denotes the 2-norm of A and the Frobenius norm by kAkF is the maximum absolute value of the 

matrix entries of a matrix A. diag(a1, a2, . . . , an) represents the diagonal matrix with diagonal 

elementsa1, a2, . . . , an. If A ∈ R m×n , then there exist two orthogonal matrices
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However, the power method will cost extra operations if the two singular vectors are needed and, in some 

cases, it converges very slowly. So, in the next section, we will propose a new iteration method for 

computing the largest singular value and the corresponding singular vectors of a matrix, which is similar 

to the power method but needs fewer operations in the iterations. 

3. An alternating direction power-method

In this section, we will introduce an alternating direction power iteration method. The new methodis 

based on an important property of the SVD. From Lemma 2.3, it is known that the largest singular value 

σ1 and the corresponding singular vectors u1, v1 of A satisfy the following condition
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4. Numerical experiments

Here, we use several examples to show the effectiveness of the alternating direction power-method 

(ADPM). We compare ADPM with the power method (PM) and present numerical results in terms of the 

numbers of iterations (IT), CPU time (CPU) in seconds and the residue (RES), where the measurement 

method of CPU time in seconds is uniformly averages over multiple runs by embed matlab functions 

tic/toc at each iteration step and

The initial vectors u0 and v0 are chosen randomly by the matlab statements u0 = rand(m, 1) and v0 = 

rand(n, 1). In our implementations all iterations are performed in matlab (R2016a) on the same 

workstation with an Intel® Core(TM) i7-6700 CPU @ 3.40GHz that has 16GB memory and 32-bit 

operating system, and are terminated when the current iterate satisfies RES< e −12 or the number of 

iterations is more than 9000, which is denoted by ’-’. 

Experiment 4.1. In the first experiment, we generate random matrices with uniformly distributed 

elements by the matlab statement

A = rand(m, n).

For different sizes of m and n, we apply the power method and the alternating direction power-method 

with numerical results reported in Table 1.

Table 1. Numerical results of Experiment 4.1.

Experiment 4.2. In this experiment, we generate random matrices with normally distributed elements by

A = randn(m, n).

For different sizes of m and n, we apply the power method and the alternating direction power-methodto 

A. Numerical results are reported in Table 2.
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Table 2. Numerical results of Experiment 4.2.

Experiment 4.3. In this experiment, we use some test matrices with size n × n from the university of 

Florida sparse matrix collection [30]. Numerical results are reported in Table 3.

Table 3. Numerical results of Experiment 4.3.

In particular, compared with the cost of the power method, we can find that the cost of the alternating

direction power-method is discounted, up to 23.28%. The “ratio”, defined in the following, in the 

Tables 1–3 can show this effectiveness.

In order to show numerical behave of two methods, the cost curves of the methods are clearly given, 

which are shown in Figures 1–3.

From Tables 1–3, we can conclude that ADPM needs fewer iterations and less CPU time than the 
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power method. So it is feasible and is effective in some cases.

Figure 1. Comparison curve of the PM and ADPM methods for Example 4.1.

Figure 2. Comparison curve of the PM and ADPM methods for Example 4.2.
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Figure 3. Comparison curve of the PM and ADPM methods for Example 4.3.

5. Conclusions

In this study, we have proposed an alternating direction power-method for computing the largest singular 

value and singular vector of a matrix, which is analogs to the power method but needs fewer operations 

in the iterations since using the technique of alternating. Convergence of the alternating direction power-

method is proved under suitable conditions. Numerical experiments have shown that the alternating 

direction power-method is feasible and more effective than the power method in some cases.
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In this paper, we are concerned with the existence of positive solutions for boundary value

problems of nonlinear fourth-order differential equations

where a(x) may change signs. The proof of main results is based on Leray-Schauder’s fixed point and the 

properties of Green’s function of the fourth-order differential operator Lcu = u(4) +c(x)u.
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Introduction

Nonlinear mathematical models [1,2] were widely used in many fields. In particular, boundary value 

problems of nonlinear differential equations have received extensive attention and have been 

intensivelystudied in the past thirty years, see [3, 4]. We point out that boundary value problems for 

second orderdifferential equations, see, for example [5–9] and the references therein. While studies 

about boundaryvalue problems of nonlinear fourth-order differential equations are much more less. One 

of the earliestpapers about boundary value problems of nonlinear fourth-order differential operator is 

[10] from R.Ma and H. Wang, there they concerned the following problem

with boundary condition



By the fixed point theorem in cone, they proved the existence of positive solutions under the conditions 

that f is either superlinear or sublinear. In another paper [11], the author obtained the positive solution of 

the following problem

by the fixed point theorem in cone. R.Vrabel [12] studied the upper solution and lower solution of the 

problem

There are many other papers we will not list but we find that they have a common point, that is, the 

fourth-order differential operators they dealt with can be resolved into composition of two secondorder 

positive linear operators. And therefore, the corresponding Green’s function for fourth-order.

linear operator is the form of the product of two Green’s functions for second-order linear operators.

In a recently paper [13], Drabet discussed the existence of positive solutions for the following ´ fourth-

order linear problem

Obviously, the fourth-order differential operator can not be resolution into composition of two second-

order positive linear operators. For more results on nonlinear fourth-order differential operator problems 

we can refer to [14, 15].

Based on the above literature inspiration. We now consider the fourth-order nonlinear equation with 

Dirichlet boundary conditions

where c(x), a(x) satisfy some conditions that we will give bellow, especially, a(x) may change signs.

We make the following assumptions throughout the paper:
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We have proved that uλ is a positive solution of (1.1) and (1.2).

4. Conclusions

In this paper, we mainly study the existence of solutions to a class of nonlinear fourth-order Dilrichlet 

boundary value problems through Leray-Schauder’s fixed point theorem, and show theasymptotic 

behavior of the solution as λ changes. In the future, we can try to construct such solutions,give the 
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properties of the solutions, or study numerical solutions for such problems.
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This problem is a mathematical model of wave processes in mathematical physics, taking into account 
dissipation and the relationship between the different parameters. Recently, new strongly nonlinear 
dissipative wave equations of the hyperbolic type have been intensively considered in mathematical 
physics. It should be mentioned that many authors have studied the question of existence, uniqueness, 
regularity and blow-up of weak solutions for parabolic and elliptic equations involving the p(x)-
Laplacian view of its applications in the fields of nonlinear elasticity, fluid dynamics, elastic mechanics 
etc, see [4, 6, 8, 12, 13, 15–17, 20, 21] and the references therein.

In [2], the author established the existence of weak solutions for p(x, t)-Laplacian equation with damping 
term
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4. Conclusions
Let us pass to a survey of the results and methods of proving non-existence and blow-up theorems 
applicable to equations of hyperbolic type. Here it is necessary to clarify what is meant by the 
term“destruction of the solution”. By this term, we understand the existence of a finite time moment 
atwhich the solution of the evolutionary problem leaves the smoothness class to which this 
solutionbelonged on the interval (0, Tmax) (the smoothness class for which the local solvability 
theoremis formulated and proved). Looking ahead, we note that in all problems for nonlinear 
equationsconsidered in the literature, the destruction of the solution is accompanied by the inversion of 
thenorm of the latter to infinity (in the space where we are looking for a solution), however, such 
behaviorof solution is not at all necessary in the concept of destruction.
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