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Mittag-Leffler stabilization of anti-periodic solutions for
fractionalorder neural networks with time-varying delays

Dan-Ning Xu and Zhi-Ying Li*
The Fundamental Education Department of Yuanpei College, Shaoxing University,
Shaoxing 312000, China

ABSTRACT

/Mittag—Leﬁ’ler stabilization of anti-periodic solutions for fractional-order neural networks with time—\
varying delays are investigated in the article. We derive the relationship between the fractional-order
integrals of the state function with and without delays through the division of time interval, using the
properties of fractional calculus, and initial conditions. Moreover, by constructing the sequence solution
of the system function which converges to a continuous function uniformly with the Arzela-Asoli theorem,
a sufficient condition is obtained to ensure the existence of an anti-periodic solution and Mittag-Leffler
stabilization of the system. In the final, we verify the correctness of the conclusion by numerical
simulation.

Keywords: fractional-order; time-varying delays; anti-periodic solutions; Mittag-Leffler stabilization;
neural networks
Mathematics Subject Classification: 92B20, 34K20

G J

1. Introduction

The stabilization and existence of anti-periodic solutions have major significance in dynamic behavior
on nonlinear differential equations, which plays a key role in various physical phenomena, such as anti-
periodic characteristics in vibration equations and so on [1-5]. As a special case of periodic solutions,
many scholars have studied the existence and stabilization of anti-periodic solutions of several kinds of
neural networks in recent years. The authors [6] studied the existence and stabilization of anti-periodic
solutions for BAM Cohen-Grossberg neural networks. In [7] authors investigated the existence and
global exponential stabilization of anti-periodic solutions for quaternion numerical cellular neural
networks with impulse effect. The existence and exponential stabilization of antiperiodic solutions for
BAM neural networks is studied in [8,9]. The authors [10] studied the global exponential stabilization of
anti-periodic solutions for Cohen-Grossberg neural networks. All studies in [6—10] are integer-order
models, however, the research on fractional-order neural networks has attracted attention and obtained
important research results in recent years.

The existence and stabilization of anti-periodic solutions are of great significance in the dynamic
behavior of nonlinear differential equations, such as [1-5]. From previous data, there are only
discussions on the asymptotic ® -periodic solution, almost periodic solutions and s -asymptotic ®
periodic solutions for fractional-order neural networks (e.g., [11-15]), we haven’t found the existence

and stabilization of anti-periodic solutions yet. We focus on the problem of the existence of antiperiodic
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solutions and Mittag-Leffler stabilization for a class of fractional order neural networks in this paper, this
is anew research topic, our characteristics mainly include three points:

1) Deriving the relationship between fractional-order integrals of state functions with and without time
delay through the division of time interval and the properties of fractional-order calculus;

2) Constructing function sequence solution, and it uniformly converges to a continuous function with
Arzela-Asoli theorem, then giving a sufficiency for the existence of anti-periodic solutions and Mittag-
Leffler stabilization of the system, the results are new ;

3) Verifying the correctness of the theorems by numerical simulation instances. It provides a new
criterion for dynamic system research. We consider fractional-order neural networks with time-varying

delays:

DX (1) = ~Bx(0)+ 34, £, (6,(0) + X b, (0= 5, (0) + 1(0),i=1.2,--n. M)

Where t> 0, Dtais Riemann-Liouville derivative with a -order, 0 1 < o <; (t) ix is the state of the Ith
neuronattimet; f 0>1;,ijij a bare connection weights of neurons; (.) fj is an excitation function of the jth
neuron; (t) il tis an external input function of the Ith neuron at time t; 7w ij (t) is a signal transmission delay

between thelth neuron and the jth neuron, and m ij (t)>0 .Given the initial conditions of the system (1):

x(s)=@(s), D'x(s)=y,(s), —7<s5<0,i=12,---,n. 2)

Here 7= sup {7,(1)}, ¢,(5),w;(s) are bounded continuous functions.

1<i, j<n, t>0

The structure of this article is as follow. First a few preliminaries are given in Section 2. In Section 3, by
the properties of fractional-order calculus, constructing function sequence solution, and the ArzelaAsoli
theorem, a sufficient case is derived for the existence of anti-periodic solutions and Mittag Leftler
stabilization of the system. An illustrative example to show the effectiveness of the proposed theory in

Section 4.

2. Preliminaries

Definition 1. [16] Define the g order fractional-order integral of f (t)(Riemann-Liouville integral) as

D ()= %@ J[ =y,

where =720, ¢ 1is a positive real number, I'() is a Gamma function, and

C(r)=["¢'e"dt,r >0.
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Definition 2. [16] Define the g -order fractional-order derivative of /() (Riemann-Liourille derivative)

as

f(s)

ey 1 d'p
Dlrn= ['(n—gq)dt" jfu (t-s) " >

where 121,20, n—-1<g<nmneZ", I'() i1saGamma function.
Definition 3. [17] A Mittag-Leffler function with parameter g 1s defined

where Re(g)>0 1sthereal partof g, z 1splural, I'(-) 1sa Gamma function.
Definition 4. Let X'(¢) and E’T(r) are the solutions of x,(s)=¢(s),D x(s)=y (s) and
X(s)=@(s), D'X(s)=@ (s), —r<s5<0.Ifthereexist p, >0, p,>0, X'(f) and X"(¢) satisfy

[ X)X O] <M (@-P)E,(-pt" )11 20,

then the system (1) 1s Mittag-Leffler stabilization, where

X(1)= (x,(1), X%,(0),++-x, (1)), X(0) = (F(1), %, (0),-+-%,(10)", @A1) =(@,(0), ,(0),---2,(1)),

P() =(@,(1),,(1),---3,(1))", M(9p—p)=0,M(0)=0. E (-) isaMittag-Leffler function with a
parameter ¢ .

Lemma 1. [18] x(7)is a continuously differentiable function on [0,8](& = 0), then

D" Dix(t) =D ""x(t), 0<g<lLn-l<p<mneZ".

Lemma 2. [19] u()is a continuous function on [0,+w0), there exists d, >0 and d, >0, such that
u(t)<—d\Du(t)+d,, t=0, then w(r)<d,E (-d¢"), whereO<g<1, E ()1s a Mittag-Leffler
function with a parameter ¢ .

Lemma 3. [18] If r(¢) is differentiable and r'(¢) is continuous, thus

%D:"r:(r) <r(6)Dir(r), 0<g <1.

Definition 5. [20] For u(t)e C(R), if u(t+w)=—u(t) for te R, thus u(f) 1s an anti-periodic
function, where 15 a normal number.

Assumptions used in this article:

H, : f,(t)is bounded continuous excitation function and satisfies Lipschitz conditions, there exist

[>0, fi>0such |[f(&)-f(&I<hE-& [f@Isf, &.&eR i=12:n
H, : Excitation function f,(t)satisfies f(u)=—f(-u), ueR, i=12,--- n.
H, : Input function J (r)satisfies [ (1 + @) = -1 (7). |[r(,r]| <1 ,wherew >0, z >0, i=12,-.n

H,: Time-varying delays function 7, (f) 1s bounded, and differentiable, and satisfy

0<i,()st <L t>0, i=L2,,n.
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3. Main results

Theorem 1. The solution of system (1) 1s bounded on [0,T](0<T <+e0) when H, and H, hold.
Proof. There1s D |g[x)| <sgn(g(x))D’g(x) fora continuous function g(x) and Definition 2. We
get from (1)

<-4 Ix,(z>\+§|a,,||ﬂ(x,(rn|+§|by||ff(x,(r—ru )| +1,0)

<-f |x£(r}|+2(|aﬂ |+ b)) fA. (3)
=1
Combined with Lemma 1, 1t can be deduced from (3):
()] = ~B.D7" |x ()| +D7 "X (la,
J=1
=-pD* lmeZ( a,|+ r[ o
Tﬂ‘.
<=AD kO [+ T T

From Lemma 2:

[i(|au|+|by|)ﬁ +Lr"
|x, (1)) <=

E (-Bt*), t20,i=12,--,
Fa+]) «(=P1") ‘ :

(3 a |+ |5, D7, + T
|x,(t)] < =

E (-Bt%), t=0,i=12,---,
Ca+1) (A1) ‘ 5

That is the solution x(¢) = (x,(¢),x,(t),"--.x,(¢))" is bounded on0<¢<T <400, where E () isa
Mittag-Leffler function with a parametere .
Theorem 2. The solution of system (1) is Mittag-Leffler stabilization on [0,7T)(T < +0), if

]_.JSn{zﬂ Z(| ‘J'|+‘b |)lf _Z(l _Hl

when H and H, hold.
Pmaf SUPPOSE I‘(I) = I:I].{f}..x; ('f)? L 91;“)}Tan‘d x(t) = (_1'1 I:I},IZ(I},' i 9-1-”(:)}1— are the solutions of

X, ()=, (5), D{'x;(s) =y, (s) and x,(s) = ¢(5), Dx,(s) =w,(5) . Let y,(t) =x,()—x, (1) , combined
formula (1):

DE3,(0==B3,0+ 2 a, L, (5, 0) 1, O+ 3,1, ¢ ~7,00) = 1,55t =7, 00} @)

We get D*y(t) < 2y,(t)Dy,(t) from Lemma 3, and from (4):
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DI yi () <2y, =By )+ iﬂg LS, (e, () — f, (x,(eN]+ i‘,bu[f]{xj (t—z,(ON—f,(x;(t —7,(ON]}

<2670+ 20X

a |IJ' |J"1_,' (f)l'l‘ ilbu If-" |y_.l {I —Ty (r)]l]
J=1
<2820+ Ya |1, [0+ v 0+ b, |1 20+ 2 -7, 00)
=l J=1

1-28+ 2 [t 0, 12O+ Sla, |1 530+ Xfo 170 -, 00,

From (5):

320 < Y128+ a,[+5, ), + e, [0 320 + 3 Db, [1Dr 2~ 7, (1))
i=l i=l J=1 i=1

i=l j=1
t—7,(t)€[-7,(1),0] when t€[0,7,(7)].Let u=s5-7,(s), then
o M
[e)

_ 1 r-rﬁ,u}(r—u—ru(s}]“'l ’f(u}du
C(a) o 12 (s)

Dyt —7,(0)=——[ (t=5)*" ¥} (s —7,(s))ds

= ,;ﬂ: J-!_r".{”

T (-7 (a)

_ i+, (0) -7, ()"
(1-7)N(a)a

(t—u—1,(r)" du

~Ty (o)

o T°

@y =

where @ = sup {(@ (s)—@(s)*}, i=12,-,n.

—rirsl

o (1) €[0,420) when IE[E'U (1),+0). Letu = s—ry(s), then

Dyl (t-7,(1)= ﬁ L (t—s)" ¥ (s—1,(s))ds

a-1_ 2

1 pryo(t—u—1,(s))" "y, {u]d
= — . 11
[a) - 1-1,(s)

_ 1 o (t—u—ry(_s)]"‘ ”_(”)du+j"’”“’(r_”_r“(_s))a_ )
() - 1-1,(s) o 1-1,(s)

]

1 0 al 2 1=t} g
<T@ o 0 i@ [ =, 0) i o)
1

4Tﬂ- L
[+ Dy (1),

" 1-7 T{a+1) ®
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where )’ = sup {(9(5)~0,())}, i=1,2,

—r=s=0

We obtain from (7) and (8):

B 1 @ T _ .
Dy —1,() = : + D%y (1)), i=L2,---,n. 9
I }J{ J.'.I'( )) l— -[l_.(a_'_l) f) yr{)] { )

Substitute the result of (9) into (6):

Y 0<Y(-26+3 a |,
i=l i=1 J=1

M

L H Tﬂ
l | YO+ [, Jm

=l j=1

e
(f] +ZZ| .H| i IEH*J}I—'(&,_i_”“D}

i=l j=1

l<isn

g—mi_n[zﬂ,—i(|au|+|b,,,|)ﬂ—i(|ﬂﬂ| | l
=1 7=

Combined with Lemma 2, it can be deduced from (10):

|\x—x‘||=i(x—x‘)2 < M(p—¢")E, (—t*), 1> 0, (11)
i=l1
where M(qa—.;a']=ii b Pﬂ—ra
S A=) (a+])’

JJI

_)I,}>0. Obviously M(p—¢*)>0, and M(0)=0,

7 =min{2/3 - $<Iﬂal+| n Z[| a

1Zi<n

thus the solution of system (1) is Mittag-Leffler stabilization from Definition 4.
Theorem 3. System (1) has an anti-periodic solution when the Theorem 2 and H2hold, and the solution
is Mittag-Leffler stabilization

Proof. For apositive integer k and a normal number w from H2 and H3, we obtain from (1):
DI(=1)""x,(t + (k + D)= (-1)""[-Bx (t +{k+l]m]+ia§fj(xf(r+(k+l)w])
=
+ib¥ﬂxf{r+(k+nm— £, (0)+1,(t +(k + )]
I
=— B(-1)""x,(t + (k +1)m]+iayﬂ((—1)‘+'xj (t +(k +)w))
=

+ibyj",{{—l‘j“'xf(r+{k+1)cv—ry{r))]+.’J[r), i=1,2,.n (12)

So (—1)*'x(t+(k+1)@) is the solution of system (1) for a positive integer k. x(¢) is bounded

from Theorem 1, then there exists a positive constant N such that:

‘(—1)*"xj[r+(k+1)m)|5 NE [-n(t+(k+D@)],i=1,2,-,n

Because 0<E (~(Af)*)<1,4>0,so the sequence {(—l)*"'xl (t+kew)} 1s equicontinuous and bounded
uniformly. Reapplication Arzela-Ascoli theorem {(-1)" x(t+kw)},_, converges to a continuous

function x:(r) uniformly on any compact set in[0,+o0] by selecting a subsequence {kw},_, , that is
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Jlim (=) x,(t +kw)=x (1), i=1,2,---,n.
On the other hand, owing to

x:[!+m] = A_]im (—l}kxf{H— @+ km) = —klim(—l)"lx!(r+(k+l]m}=—xj.‘(r}, i=12,--,n

Sox'(¢f) is @-anti-periodic function. Owing (—l)"x{(e‘+km} is the solution of system (1) for any
k e N, we obtain from (1):

DE[(=1) x,(t + k)] = =B, (1) x,(t + kw) + i"ﬂ'”‘"I ((-D* x,(t+kw))
=
+ib¥j;((—l]f"xf{f+km—ru (ON+I1(), i=L2,.--,n
=
We can continue to get when f(-) is continuous, then
A]EP: DI[(-1) x,(t + kw)]) =—Bx, () + ;Z;a”_,ﬂ (x; (1) + gb{fff(x;{r+kw— r,(ON+1(), i=L2,-,n
Sox'(f)is an anti-periodic solution of system (1). For any x(r), the inequality holds from (11):

[x0)—x @] = X} (- x (0] < M(p- 9" E, (%), >0,

so *x t()is an anti-periodic solution and Mittag-Leffler stabilization.

Remark: The stabilization and existence of anti-periodic solutions of nonlinear differential equations are
of great significance in dynamic behavior, which plays a key role in physical phenomena [1-5]. The
model of integer- order neural network system is a nonlinear differential equation, and fractional order
neural network system is a generalization of integer-order neural network system, so fractional order
neural network system is also a model of nonlinear differential equation generalization. From previous
data, there are only discussions on the boundedness and asymptotic stabilization of almost periodic
solution and w -periodic solution for fractional-order neural networks (e.g., [11-15]), we have not seen
the results of authors exploring the dynamic behavior of the anti-periodic solution of a system. In the
article, we mainly give the sufficient conditions for the existence of anti-periodic solutions and Mittag-
Leftler stabilization of fractional order neural network systems. The results are new. This provides a new
basis to further explore the dynamic properties of a system in theoretical research and practical

application.

4. Numerical simulation

We consider fractional-order neural networks with time-varying delays:
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Dx () =—Bx )+ X a, f (e O+ 3 b, (x, ( —7, )+ 1), i=1,2. (13)

| | 1 1 1
We get «=0.85,8=185 46,=19,4q, =—, a,=—, a,=——, a,=——, b, =——,
g B i 1" 16 12 = 3y 21 16 n 37 11 16
1 2 1 x, +1| =[x, ~ 1] cos(8¢) 2-¢"
b,=—.b, =—,b,=——, x)=—, =—"=, r1.(t)= ., therefi
12 32 21 16 22 32 f:(} 50 1() 150 u() 3 crerore

|xf +l|—]xr.—l‘

L+ %}: _I(t), f(=x)=—

=—ix), i=012.
0 fi(x)
1 = - 1 .« 1
Let :’1-— f= , L=—, 1 ==, B
25 150 3 8

.bj,|

) 1}=2.8884375>0,
—T

By calculating we have: 5= 11251 28 —i{laﬂl+|by‘} I, —i(‘aﬂ|+l
i=l #=l

so Theorem 3 holds, the system (13) has a %-ami-periﬂdic solution with Mittag-Leffler stabilization.

On the other hand, giving the transient change of (x,(7),,(r)) and (x,(z),y,(z)) forsystem (13)
by numerical simulation, as shown in the figures below (see Figures | and 2).

25 —x,(0)=138
2 |—for=06s|
1.5 .
g i
€ os
Q
0.5
1}
% 05 1 15 2 75 3 35 4
t
Figure 1. Transient change of (x,(1),,(2)) .
3
25 [—xjia=12
3 _—HUFI:I.‘&

2.5 3 35 4
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Figure 2. Transient change of (x,(¢), y,(?)).
We gain a Y -anti-periodic solution from the figures, it is consistent with the conclusion of theorems.

5. Conclusions

We study the dynamic behavior of fractional-order neural networks with time-varying delays in the
article. Frist deriving the relationship between fractional-order integrals of state functions with and
without time delay through the division of time interval and the properties of fractional-order calculus,
the research method is innovative. Moreover, constructing the sequence solution of the system function
which converges to a continuous function uniformly with the Arzela-Asoli theorem. In addition, giving
the sufficient conditions the Mittag-Leffler stabilization, boundedness, and the existence of antiperiodic
solutions for systems. Finally, the conclusion is feasible by a numerical simulation. Similarly, we can use
the theoretical basis of this article to study the Mittag-Leffler stabilization of anti-periodic solutions of
fractional-order Cohen-Grossberg neural networks and inertial Cohen-Grossberg neural networks, and

SO Oon.
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ABSTRACT

The singular value decomposition (SVD) is an important tool in matrix theory and numerical linear
algebra. Research on the efficient numerical algorithms for computing the SVD ofa matrix is extensive in
the past decades. In this paper, we propose an alternating direction power method for computing the
largest singular value and singular vector of a matrix. The new method issimilar to the well-known power
method but needs fewer operations in the iterations. Convergence of the new method is proved under
suitable conditions. Theoretical analysis and numerical experiments show both that the new method is
feasible and is effective than the power method in some cases.

Keywords: singular value decomposition (SVD); power method; alternating direction implicit (ADI);

\singular value; singular vector; convergence )

1. Introduction

The singular value decomposition (SVD) is a key tool in matrix theory and numerical linear algebra, and
plays an important role in many areas of scientific computing and engineering applications, such as least
square problem [ 1], data mining [2], pattern recognition [3], image and signal processing [4,5], statistics,
engineering, physics and so on (see [1-6]). Research on the efficient numerical methods for computing
the singular values of a matrix has been a hot topic, many practical algorithms have been proposed for
this problem. By using the symmetric QR method to A

TA, Golub and Kahan [7] presented an efficient algorithm named as GolubKahan SVD algorithm; Gu
and Eisenstat [8] introduced a stable and efficient divide-and-conquer algorithm, called as Divide-and-
Conquer algorithm as well as Bisection algorithm for computing the singular value decomposition
(SVD) of a lower bidiagonal matrix, see also [ 1]; Drmac and Veselic [9] given the superior variant of the
Jacobi algorithm and proposed a new one-sided Jacobi SVD algorithm for triangular matrices computed
by revealing QR factorizations; many researchers such as Zha [10], Bojanczyk [11], Shirokov [12] and
Novakovic [ " 13] came up with some methods for the problem of hyperbolic SVD; A Cross-Product Free
(CPF) Jacobi-Davidson (JD) type method is proposed to compute a partial generalized singular value
decomposition (GSVD) of a large matrix pair (A, B), which is referred to as the CPF-JDGSVD method

[14]; many good references for these include [1, 2, 7-9, 15-26] and the references therein for details.
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There are important relationships between the SVD of a matrix A and the Schur decompositions of the

0 AT

g ) These connections to the symmetric eigenproblem allow

symmetric matrices A74, AAT and (
us to adapt the mathematical and algorithmic developments of the eigenproblem to the singular value
problem. So most of the algorithms mentioned above are analogs of algorithms for computing
eigenvalues of symmetric matrices. All the algorithms mentioned above except for the Jacobi algorithm,
had firstly to reduce A to bi-diagonal form. When the size of the matrix is large, this performance will
become very costly. On the other hand, the Jacobi algorithm is rather slowly, though some modification
has been added to it (see [9]). In some applications, such as the compressed sensing as well as the matrix
completion problems [3, 27] or computing the 2-norm of a matrix, only a few singular values of a large
matrix are required. In these cases, it is obvious that those methods, mentioned the above, for computing
the SVD is not very suitable. If only the largest singular value and the singular vectors corresponding to
the largest singular value of A is needed, the power method, which is used to approximate a largest
eigenpair of an n X n symmetric matrix A, should be more suitable.Computing the largest singular value
and corresponding singular vectors of a matrix is one of the most important algorithmic tasks underlying
many applications including low-rank approximation, PCA, spectral clustering, dimensionality
reduction, matrix completion and topic modeling. This paper consider the problem of computing the
largest singular value and singular vectors corresponding to the largest singular value of a matrix. We
propose an alternating direction method, a fast general purpose method for computing the largest
singular vectors of a matrix when the target matrix can only be accessed through inaccurate matrix-
vector products. In the other words, the proposed method is analogous to the well-known power method,
but has much better numerical behaviour than the power method. Numerical experiments show that the
new method is more effective than the power method in some cases.

The rest of the paper is organized as follows. Section 2 contains some notations and some general results
that are used in subsequent sections. In Section 3 we propose the alternating direction powermethod in
detail and give its convergence analysis. In Section 4, we use some experiments to show the

effectiveness of the new method. Finally, we end the paper with a concluding remark in Section 5.
2. Preliminaries

The following are some notations and definitions we will use later. We use Rmxnto denote the set of all

real m x n matrices, and Rnthe set of real n % 1 vectors. Thesymbol I denotes the n x n identity matrix. For
a vector x € Rn, kxk 2 denotes the 2-norm of x. For amatrix A € Rnxn, AT is used to express the

transpose of A, rank (A) is equal to the rank of a matrix A,
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kAk2 denotes the 2-norm of A and the Frobenius norm by kAKkF is the maximum absolute value of the

matrix entries of a matrix A. diag(al, a2, . . . , an) represents the diagonal matrix with diagonal
elementsal,a2,...,an.[fA € R mxn,then there exist two orthogonal matrices
U=[upts,... .ty €EE™and V = [vi,va,...,v,] € ™"
such that
U%V:(% g), 2.1
where X, = diag(o|, 0, ...,00), 01 =2 02 = -+ 2 o, > 0,r = rank(A) € min{m, n}. The o; are the

singular values of A and the vectors u; and v; are the ith left singular vector and the ith right singular
vector respectively. And we have the SVD expansion

:

_ T

A= E oill;V; .
i=1

This is the well-known singular value decomposition (SVD) theorem [2].
Lemma 2.1. (see Lemma 1.7 and Theorem 3.3 of [1]) Let A € R™"_Then ||Al> = [[AT|, = V||AAT||> =
o, where o is the largest singular value of A.

Lemma 2.2. (see Theorem 3.3 of [1]) Let A € R™ and o, u;, v;, i = 1,2,...,r be the singular values
and the corresponding singular vectors of A respectively. Then

T e s ) T o _—
AA'u=o;u;, A'Avi=o;w, i=12,...,r.

Lemma 2.3. (refer to Section 2.4 of [2] or Theorem 3.3 of [1])) Assume the matrix A € R"™" has rank
r > k and the SVD of A be (2.1). The matrix approximation problem min ||A — Z||r has the solution

rankz)=k
Z=A = UZ V],

where Uy = (uy, ..., tp), Vi = (vi,...,v) and Z; = diag(oy,....0%).

Let A € ™. The power method for computing the module largest eigenvalue of A is as follows
(see as Algorithm 4.1 of [1]).

Power method:

(1) Choose an initial vector x; € R". For k = 0, 1, ... until convergence;
(2) Compute yp, = Axy;

(3) Compute X1 = Vst /l1Vis1ll2;

(4) Compute gy = X7, AXprr

(5) Setk = k + 1 and go to (2).

The power method is very simple and easy to implement and is applied in many applications, for
example, for the PCA problem (see [28]).
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To compute the largest singular value and the corresponding singular vectors of A, we can apply the
power method to AA” or AT A, without actually computing AA” or ATA.

Power method (for largest singular value):

(1) Choose an initial vector 1y € ™ and vy € ". Fork = 0, 1, ... until convergence;
(2) Compute yi.1 = A(AT ), Zeer = AT(AW);

(3) Compute u i = Yerr /IVestll2s vier = zosr /llzasll2:

(4) Compute Ay, = MIHAHI:H and oy = Ve

(5)Setk =k + 1 and go to (2).

However, the power method will cost extra operations if the two singular vectors are needed and, in some
cases, it converges very slowly. So, in the next section, we will propose a new iteration method for
computing the largest singular value and the corresponding singular vectors of a matrix, which is similar

to the power method but needs fewer operations in the iterations.

3.An alternating direction power-method
In this section, we will introduce an alternating direction power iteration method. The new methodis
based on an important property of the SVD. From Lemma 2.3, it is known that the largest singular value

ol and the corresponding singular vectors ul, vl of A satisty the following condition

T . T
1A = vy lle = minflA - wv I,

where u € R™ and v € R". Thus the problem of computing o, u; and v, is equivalent to solve the
optimization problem
min [|A — wv’ .
v

Let f(u,v) = %IIA - uvrllzr. For the sake of simplicity, we will solve the equivalent optimization
problem

1
min f(u, v) = min EHA - uvT||2F, (3.1)

v 1wy
where u € R™ and v € R". However, the problem (3.1) is difficult to solve since it is not convex
for u and v. Fortunately, it is convex for u individually and so is v, so we can use the alternating
direction method to solve it. Alternating minimization is widely used in optimization problems due
to its simplicity, low memory and flexibility (see [20,29]). In the following we apply an alternating
method to solve the unconstrained optimization problem (3.1).

Suppose v; was known, then (3.1) can be reduced to the unconstrained optimization problem

min f(u, v;) = min %llA A (3.2)

The (3.2) can be solved by many efficient methods, such as steepest decent method, Newton method,
conjugate gradient (CG) method and so on (see [29]). Because Newton method is simple and converges
fast, we will choose to use the Newton method. By direct calculation, we get

Vuf ==(A-w"), Af=IVEL
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Then applying Newton method, we get

Ups1 = U — (ﬂuf)_lvuf

=u+ —(A - u;(vT)v;,
[lvellz

1

——Avq.
||‘v‘;<||2

Alternatively, when ., is known, the problem (3.1) can be reduced to
. - T2
Ul‘}“f(uk+|= v) = min EHA — V' |lE- (3.3)
Also,

Vf=—A-wTu, Af=ullL

it is obtained that by applying Newton method

1
Vier =ik — (A )V f
1 T\T
Vi + ———(A = Up 1V ) Ups
"“k+|"1
1 T
lletg1 I3

Uy

Solving (3.2) and (3.3) to high accuracy is both computationally expensive and of limited value if
. and vy are far from stationary points. So, in the following, we apply the two iterations alternately.
Thus the alternating directional Newton method for solving (3.1) is

U = o " s AV
ki T R ) [ E— (3.4)
Virl = ot M

where uy € R™ and vg € R" are both initial guesses. At each iteration, only two matrix-vector
multiplications are required and the operation costs are about 4mn, which is less than that of the power
method.

Next, the convergence analysis of (3.4) would be provided.

Theorem 3.1 Let A € E™" and o, u, v be the largest singular value and the corresponding singular
vectors of A respectively. If u, € ™ and vy € R" are both initial guesses such that the projections on u
and v are not zero, then the iteration (3.4) is convergent with

Uy . Vi

— —_

koo ||ug |2 R ST [|PA [

5

and
lim |[ugllz - [Vell = oy
k—soo
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Proof. From (3.4) we can deduce that

dews = 1 . lluagll3 e
+1 = A g
[lvil3 AT w3
1 lIvell3
T 2 4T
Viel = A by = A" Avy
et I3 llAvi13

As in the proof of the power method (see as [2]), if the projections of u, on u, and v, on v are not zero,

then we have
Ly & Vi

— —_

=u, lim =
koo ||utg |2 k—oo ||Vl

On the other hand, we have

1 [Ivell3
letistllz - Vst llz = AVl -
[lAvgll3

T
=— IAA" el
Ivillz

IAAT will»

" lAvl2
T
<A 2

=.

Thus the sequence {||ugl|> - [[ve|l2} is bounded from the above. By

1 |
lgsallz - Visillz = —llAvill2 S 1A ]2,
vells (L7
we can conclude that when k — o
2 T
||Hk+1||g Nrstllz - vl =(l1A viell2 - 1A Ug+1]l2
[Ivill2 letges1ll2
T
—|lAv]> - |A” |2

=g-?,
Therefore,
lim el - [vellz = oy
k—oa

O

We now propose the alternating direction power-method with the discussions above for computing
the largest singular value and corresponding singular vectors of a matrix as follows.

Alternating Direction Power-Method (ADPM):

(1) Choose initial vectors vy € R". For k = 0, 1, ... until convergence;
(2) Compute ug.; = Ave/||vell5:

(3) Compute vy = AT ugerr [Nt 13

(4) Compute pigy = [lugerlls - [Vistll2:

(5) Setk =k + 1 and go to (2).
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4. Numerical experiments

Here, we use several examples to show the effectiveness of the alternating direction power-method
(ADPM). We compare ADPM with the power method (PM) and present numerical results in terms of the
numbers of iterations (IT), CPU time (CPU) in seconds and the residue (RES), where the measurement
method of CPU time in seconds is uniformly averages over multiple runs by embed matlab functions

tic/toc at each iteration step and
RES = abs ([[ug11l2 - vasill = gl - [vell2) -

The initial vectors u0 and v0 are chosen randomly by the matlab statements u0 = rand(m, 1) and v0 =
rand(n, 1). In our implementations all iterations are performed in matlab (R2016a) on the same
workstation with an Intel® Core(TM) 17-6700 CPU (@ 3.40GHz that has 16GB memory and 32-bit
operating system, and are terminated when the current iterate satisfies RES< e —12 or the number of
iterations is more than 9000, which is denoted by ’-’.

Experiment 4.1. In the first experiment, we generate random matrices with uniformly distributed
elements by the matlab statement

A =rand(m, n).
For different sizes of m and n, we apply the power method and the alternating direction power-method

with numerical results reported in Table 1.

Table 1. Numerical results of Experiment 4.1.

m n Method IT CPU RES RATIO(0)

500 100 PM 7 0.001340 14211e-13
ADPM 4 0.000471 1.4172e-15  35.15

500 200 PM 7 0.002753 5.6843e-14
ADPM 4 0.000641 2.8422e-14  23.28

1000 200 PM 7 0.015660 2.8422e-14
ADPM 4 0.003914 1.7053e-13 2499

1000 500 PM 6 0.017024 2.8422e-13
ADPM 3 0.004934 2.8422e-13  28.98

2000 500 PM 6 0.030742 5.6843e-14
ADPM 3 0.016660 1.1369e-13  54.19

2000 1000 PM 6 0.060125 4.5475e-13
ADPM 3 0.014466 1.1369e-13  24.05

Experiment4.2. In this experiment, we generate random matrices with normally distributed elements by
A=randn(m,n).
For different sizes of m and n, we apply the power method and the alternating direction power-methodto

A. Numerical results are reported in Table 2.
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Table 2. Numerical results of Experiment 4.2.

m n Method IT CPU RES RATIO(%6)

500 100 PM 711 0.084958 9.2371e-13

ADPM 372 0.046376 9.6634¢-13  54.59
500 200 PM 652  0.084715 8.8818e-13

ADPM 449  0.058401 9.308le-13  68.94
1000 200 PM 1124  0.159432 9.9476e-13

ADPM 700 0.121118 9.7344e-13 75.96
1000 500 PM 1288  1.122289 9.8055¢-13

ADPM 782 0.378765 9.8765e-13 33.75
2000 500 PM 1744  3.627609 9.6634¢-13

ADPM 961 1.221796  9.0949¢-13  33.68
2000 1000 PM 4364 20.032671 9.9476e-13

ADPM 2377 5.696365 9.0949e-13 2842

Experiment 4.3. In this experiment, we use some test matrices with size n x n from the university of

Florida sparse matrix collection [30]. Numerical results are reported in Table 3.

Table 3. Numerical results of Experiment 4.3.

Matrix size  Method IT CPU RES RATIO(90)
Ishpl009 1009 PM 1488 0.064107 9.9298e-13
ADPM 745 0.019718 9.9654e-13 30.76
dwt_1005 1035 PM 40  0.005109 7.2120e-13
ADPM 35 0.003844 6.2172e-13  75.24
besstkl3 2003 PM 1519 0.511403 9.7877e-13
ADPM 842 0.174025 9.9920e-13  34.03
dwt 2680 2680 PM 514  0.070507 1.4172e-09
ADPM 239 0.046361 9.7167e-13  65.75
w5151 5151 PM 1006 0.128023 9.8632e-13
ADPM 590 0.057257 9.7056e-13 44,72
27jac040 11790 PM 26 0.038169 0
ADPM 17  0.012170 0 31.88
epbl 14734 PM - - - -
ADPM 6132 1.541585 9.9926e-13 -

In particular, compared with the cost of the power method, we can find that the cost of the alternating
direction power-method is discounted, up to 23.28%. The “ratio”, defined in the following, in the

Tables 1-3 can show this effectiveness.

the CPU of the ADPM
RATIO = x 100%.
the CPU of the PM

In order to show numerical behave of two methods, the cost curves of the methods are clearly given,
which are shown in Figures 1-3.

From Tables 1-3, we can conclude that ADPM needs fewer iterations and less CPU time than the
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power method. Soitis feasible and is effective in some cases.

The computing time of two algorithms for Example 4.1
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Figure 1. Comparison curve of the PM and ADPM methods for Example 4.1.

The computing time of two algorithms for Example 4.2
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Figure 2. Comparison curve of the PM and ADPM methods for Example 4.2.
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The computing time of two algorithms for Example 4.3
—— . . r
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Figure 3. Comparison curve of the PM and ADPM methods for Example 4.3.
5. Conclusions
In this study, we have proposed an alternating direction power-method for computing the largest singular
value and singular vector of a matrix, which is analogs to the power method but needs fewer operations
in the iterations since using the technique of alternating. Convergence of the alternating direction power-
method is proved under suitable conditions. Numerical experiments have shown that the alternating

direction power-method is feasible and more effective than the power method in some cases.
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ABSTRACT

In this paper, we are concernedwith the existence of positive solutions for boundary value
problems of nonlinear fourth-order differential equations

u + c(x)u = Ada(x)f(u), x€(0,1),
WM =wl) =" =u"(1) =0,

where a(x) may change signs. The proof of main results is based on Leray-Schauder s fixed point and the
properties of Green s function of the fourth-orvder differential operator Lcu = u(4) +c(x)u.

Keywords: fourth-order differential operator; positive solution; boundary value problem;
Leray-Schauder s fixed point theorem
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Introduction

Nonlinear mathematical models [1,2] were widely used in many fields. In particular, boundary value
problems of nonlinear differential equations have received extensive attention and have been
intensivelystudied in the past thirty years, see [3, 4]. We point out that boundary value problems for
second orderdifferential equations, see, for example [5—9] and the references therein. While studies
about boundaryvalue problems of nonlinear fourth-order differential equations are much more less. One
of the earliestpapers about boundary value problems of nonlinear fourth-order differential operator is

[10] from R.Ma and H. Wang, there they concerned the following problem

¥ — h(x)f(¥(x)) =0, xe€(0,1)

with boundary condition

) =w1)=y"(0)=y"(1)=0

‘l'“j} = -1.!{1} - _‘I'H{ﬂ} . -T.rrrl::].} e ﬂ.
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By the fixed point theorem in cone, they proved the existence of positive solutions under the conditions
that f'is either superlinear or sublinear. In another paper [11], the author obtained the positive solution of

the following problem

u'® + Bu"”’ —au = f(t,u), xe€(0,1)
(N =w)=u"(0)=u"(1)=0

by the fixed point theorem in cone. R.Vrabel [12] studied the upper solution and lower solution of the

problem

VX)) + A (x) = h(x, v(x)), x€(0,1)
y0) =y(1)=y"({0)=y"(1)=0.

There are many other papers we will not list but we find that they have a common point, that is, the
fourth-order differential operators they dealt with can be resolved into composition of two secondorder

positive linear operators. And therefore, the corresponding Green’s function for fourth-order.

linear operator is the form of the product of two Green’s functions for second-order linear operators.
In a recently paper [13], Drabet discussed the existence of positive solutions for the following "~ fourth-

order linear problem

u® + e(x)u = hix), xe(0,1),
w0) =u(l)=u"(0)=u"(1)=0.

Obviously, the fourth-order differential operator can not be resolution into composition of two second-
order positive linear operators. For more results on nonlinear fourth-order differential operator problems
we canreferto[14,15].

Based on the above literature inspiration. We now consider the fourth-order nonlinear equation with

Dirichlet boundary conditions

u® + c(x)u = da(x)f(u), (1.1}

W =w)=u" (M =u"(1)=10, (1.2)

where c(x), a(x) satisfy some conditions that we will give bellow, especially, a(x) may change signs.

We make the following assumptions throughout the paper:
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(A1) =n* < e(x) < ey,
(A2) f : R* — R is continuous, and f(0) = 0,
(A3)a:[0,1] — E is continuous with a(x) # 0, and there exists a constant K > 0 such that

1 1
f G(x,y)a’ (y)dy = K f G(x, y)a (y)dy

1] o

for every x € (0, 1), where a*(resp. a”) is the positive (resp. negative) part of a, ¢, s the constant given
in [13], and G(x, ¥) is the Green’s function of L, with boundary conditions (1.2).

Our main result 15 as follows:

Theorem 1.1. Let (Al){A3) hold. Then there exists a positive number A* such that (1.1) and (1.2)
have a positive solution for 0 < 1 < A",

Remark 1.1. Since the fourth-order differential operator can not be resolution into composition of two
second-order positive linear operators, as a result, the Green's function have no explicit expression.
So the method or technic used in [10—-12] does not work. To deal with the new case and the difficult
it brings, we are inspired by the method to second-order elliptic boundary value problems in [8], and
the result that the fourth-order operator u'™ + c(x)u is strictly inverse positive in [13, 16]. Thanks to
the existence and its properties of the Green's function given in [17-19], we obtain the existence of a
positive solution to the problems (1.1) and (1.2).

2. Preliminaries

In this section we present two important lemmas. The main method we use is the fixed point
theorem of Leray-Schauder type. We refer interested readers to the literature [20,21].
Set
W = {u e CH[0,1]) : u(0) = u(1) = " (0) = u”(1) = 0},

and let the linear operator L, : W — ([0, 1]) defined by
Lo = u™ + c(x)u.

Then the boundary value problems (1.1) and (1.2) are equivalent to the operator equation
L.u = Ada(x)f(u).

Lemma 2.1. Let (Al) hold. Then L_ is strictly inverse positive, and therefore it has a positive Green's
Sfunction.

Proof. L, is strictly inverse positive, we can refer to [13, 16] and the reference therein. From the
definition of L, is strictly inverse positive there and the well-known truth that

L. = hix)

is equivalent to

1
ux) = [ GeyhoNy.
]
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we can get the positiveness of the Green’s function G(x, y) immediately.

Lemma 2.2, Let (Al )+(A3) hold, and let 0 < & < 1. Then there exists a positive number A such that,
for0 < A < A, the problem

™ + c(xX)u = Aa(x)* f(u) (2.1)

W) =w(l)=u"(M)=u"(1)=0 (2.2)
has a positive solution it; with |ii;] = 0as A — 0, and

fa(x) = AF(0)p(x), x€(0,1),
where p(x) = [ G(x.y)a* ()dy.

Proof. It follows from Lemma 2.1 that L, is strictly inverse positive, and therefore it has a positive
Green'’s function G(x, v). For each u € C([0, 1]), let

1
M A f G(x,y)a* ) fwO)dy, x € [0, 1],
(1]

Then the fixed points of A are solutions of problems (2.1) and (2.2). We now verify the condition of
Leray-Schauder fixed point theorem to show that A has a fixed point for A small.

Firstly, A : C([0, 1]} = C([0. 1]) is completely continuous by the assumptions and Arzela-Ascoli
theorem.

Secondly, we find a bounded open set £ with 0 € £ in C([0, 1]), such that for u € C() and
# € (0, 1), if u = fAu, then uéﬁﬂ

By (A2), the function g(s) =
such that

f:ﬂ': is continuous and g(0) = 1, since 0 < & < 1, we can choose £ = 0

fl5) =60y s5e][0,&]
Also we have

|Auly < Alploflulo) < Alplof(e),  ue[0,£],

|Auly < Alply f(lulg) < Alplof(e), ue[0,£],
where f{i‘] = mﬂ&:;qf{:'i], and | - |p is the usual norm in C([0, 1]).

Suppose 4 < —— oy ’bﬂﬂ =: A, then there exists a A, € (0, £) such that
flay _ 1
A, 24\ plo

LetQ = {ueC([0,1]): |ulo < A} and # € (0, 1) such that u = #Au. Then we have
lulg < |Auly < Aplof(luly),

ar

f”“hl} 1
|utlo -il.ﬂlu
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Sou # A, which means ugdtl.

By the Leray-Schauder fixed point theorem, A has a fixed point i, in Q for 0 < 4 < A that is,
problems (2.1) and (2.2) have a positive solution &1, withii; < A; < £ Noticethat A; — 0as A4 — 0,
ity = Das A — 0 and

it1(x) = Aity(x) = W f(0)p(x), x€(0,1).

The proof is completed.

3. Proof of Theorem 1.1

Proof of Theorem L.1. Let g(x) = [ G(x.y)a (y)dy. recall that p(x) = [ G(x.y)a*(y)dy. By (A2),

g(x) < %p{x}.

From the proof of Lemma 2.2 that g()) = 1, there is a @ € (0, 1) and we can choose 1 < o < K, such
that f(s) < o f(0), and y = % € (0, 1), then we have

g(x)f(s) < yf(0)p(x) (3.1)
forse [0,a], xe(0,1). Fix 4 € (0, 1) and let A* > 0 be such that
|italo + ASF(O)ply < a (3.2)

for0 < A < A", where i, is the solution of (2.1) and (2.2) given by Lemma 2.2, and
b -

¥
3 - f10) (3.3)

|f(s) = f(l <

for 5, t € [~a, a] with |s — 1] < A*6 f(0)|plo.
Let0 < A < 1", we look for a solution u; = @1, + v,. Since i, is the solution of (2.1) and (2.2), then
v solves

Lovy = Aa™[f(iaq + va) = f(@2)] = Aa” f(iag +va), x€(0,1),
va(0) = va(1) = v (0) = v{(1) = 0.

For each w € C([0, 1]), let v = Aw be the solution of

"...-."n:'.l:I = /lﬂ+[f{_ﬁ'1 + H'I] - f{.j’iij] - /:r'a_f{ﬁ..[ + W}‘.- XE {.n$ 1}1:

i) =) =v"(O)=v"(1)=0,

where the operator A is as in Lemma 2.2, we have

|
an) = 4 [ Gl OLF@0) + W) - FEo)dy
0
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1
- j Glxy)a ) f @aly) + wody, x€[0,1],

L]

and A is completely continuous.
Let .
Q' = {v € C([0, 1] Vo = A6/ (D plol,

if v e C{{Y’) and @ € (0, 1), such that v = #Av, that is

1
vix) = iﬁ‘f Glx, y)a™ () fli,(y) + v(y) = f(@,(v))]dy
0

1
~16 f Glx, a0 (@) + vy, x e [0,1],
i
we are going to show that
Vg # A0 f(0)|ply.
Suppose the contrary that |v|g = A6 f(0)|plo. Then by (3.2) and (3.3), we get

ity + vip < litglg + W]y < @,

and 5
[f(az +v) = f@lo < —X - £(0).

together with (3.1) implies that

()
-

o =
()| : TT - FO)p(x) + Ay f(O)p(x)

e ‘t—"" . F(O)plx), xe[0,1], (3.4)
and 5
+-
Mo < 2- =L f(O)lplo < A5£(O)]plo.

a contradiction.
By the Leray-Schauder fixed point theorem, A has a fixed point v; in 0 with |v, lo = A6 (D) plo.

Hence v, satisfies (3.4), and using Lemma 2.2, we obtain
wi(x) = dylx) +vy(x) = ity(x) = |vy(x)|

d+ & -
> 26fOPp()-2- L fOp) = 1- 5L - fO)p(x) > 0.

We have proved that uA is a positive solution of (1.1) and (1.2).

4. Conclusions
In this paper, we mainly study the existence of solutions to a class of nonlinear fourth-order Dilrichlet
boundary value problems through Leray-Schauder’s fixed point theorem, and show theasymptotic

behavior of the solution as A changes. In the future, we can try to construct such solutions,give the
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properties of the solutions, or study numerical solutions for such problems.
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ABSTRACT

An initial value problem is considered for the nonlinear dissipative wave equation containing the p(x)-
bi-Laplacian operator. For this problem, sufficient conditions for the blow-up withnonpositive initial
energy of a generalized solution are obtained in finite time where a wide variety of techniques are used.
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1. Introduction and formulation of the problem

Let Q2 is a bounded open set in R” with a sufficiently smooth boundary d€) and outward facing
unit normal n, let u(x, ) = u. The purpose of this study is to obtain sufficient conditions to prove the
global nonexistence result for initial boundary value problem of wave equation containing the p(x)-bi-
Laplacian operator

At + A (div(| AP D72V ) + plOu" 20 = blu u, xe€Qt>0
u=Au=0, xedQ, >0 (1.1)
u=ug(x) € V(Q), 0u=u(x)e LPNQ), xeft=0,

where u, b are positive constants, the spaces V() and LP'(Q) are defined in Definition 1 and (2.1).

This problem is a mathematical model of wave processes in mathematical physics, taking into account
dissipation and the relationship between the different parameters. Recently, new strongly nonlinear
dissipative wave equations of the hyperbolic type have been intensively considered in mathematical
physics. It should be mentioned that many authors have studied the question of existence, uniqueness,
regularity and blow-up of weak solutions for parabolic and elliptic equations involving the p(x)-
Laplacian view of its applications in the fields of nonlinear elasticity, fluid dynamics, elastic mechanics
etc,see[4,6,8,12,13,15-17,20,21] and the references therein.

In [2], the author established the existence of weak solutions for p(x, t)-Laplacian equation with damping
term
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et = divia(x, DIV, ulP* "2V ) + aAu + b(x, Dulu| ™2 + f(x,1),

and proved the blow-up of weak solutions with negative initial energy, where @ is a nonnegative
constant and a, b, p,o are given functions. Such equations are usually referred as equations with
nonstandard growth conditions. It is proved the blow-up result of weak solutions with negative initial
energy as well as for certain solutions with positive initial energy to the following equation

A, — div(|V.u] 2V 1) + aduldu™ 2 = bulu|’")2,
In particular case p(x) = 2, the problem (1.1) is reduced to the Petrovsky type equation

Dt + A2 + pldu|™20u = blul*u

_ o _
u—ﬁn—(]

u(x,0) = up(x), Oulx,0) = u(x).

It is studied where, the author established an existence result and proved that the solution continues to
exist globally if m > r and blows up in finite time if m < r and the initial energy is negative. Motivated
by the above work, we obtain the blow-up results of solution to problem (1.1) for nonpositive initial
energy. In order to state our result, we use some ideas introduced in the work of [7,11, 14].

2. Main results

In this section, we recall some definitions and basic properties about the generalized Sobolev and
Lebesgue spaces with variable exponents. The reader is referred to [3, 5,9, 10] for more detailes.
Denote

C.(Q) = [p(x) : p(x) € C(Q), p(x) > 2, for all x € Q},

and

P~ =ess mf p(x), p* = esssup p(x).
xe€)

Then, the mesurable function
p:Q—[p,p'1c(2,0:),

satisfies the log-Hélder continuity condition

C

x)=py) £ il x,y e Q).
|p(x) p(y}l_ln(e+|x—y|-') ,forall x,y €

For some 1 > 0 the variable exponent Lebesgue space LP*(Q) is defined as the set of mesurable
functions u : £ — R such that P, ,(Au) < co with respect to the Luxemburg norm

lullpco = inf {/1 o f [

- (x) ‘o
Pooy) = | " dx,  Nullpe 2= lull oy
0

.I'-"!III
dx < m}, (2.1)

where
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The space (L), |1l piv) 18 separable. uniformly convex, reflexive and its dual space is Rl ()
where p{%] + Q‘Lx] =1, for all x € Q1.
Morever if u € LP(€) and v € L™"(Q) then uv € L*(Q) and we have the generalised Holder's type
inequality

1 1 1
—_— = —,
s(x)  plx)  gq(x)

Lemma 1. If p is a mesurable function on Q then for any u € LP(€)) we have

lleevllsy < 2leellpey Il

min ([lull?, . el ) < Py () < max (. lullr,) -
For any nonnegative integer k the variable exponent Sobolev space is defined
WP = [u e LMQ): o)< K = D'uce L”‘"’](ﬂ]],

endowed with the norm

lellweos = " IDul o).

Jar|k

Then W5PY(Q) is defined as the closure of Cy'(£)) with respect to the norm ||ul|yess. In this way
LPOQ), WPE(€)) and irif’:]”" (1) are separable and reflexive Banach spaces.
We shall frequently use the generalized Poincaré’s inequality in W[]:f’ Q) given by

AC > 0, llullpy < ClIVattllpeys - for all u € W, (Q).
Definition 1. We define the function space of our problem and its norm as follows
V(Q) = {ulu € WHIHQ) 0 Wy (Q), 1Al € W),
with the norm
lllviay = Nl grco g + llllyascoiay + 182l 0 gy
Lemma 2. [I8, Theorem 4.4] Let €} is a bounded domain with Lipschitz boundary. In the space
X =W Q)N Wd‘m'ﬂ[ﬂ} the norm ||.||x and ||A; .|| o0y are equivalent norms.

Lemma 3. [I, Theorem 5.4] Let £} be a domain in B" that has the cone property then forn > p and
pP=g= ﬁ there exist the following imbeddings

W) N W, () — wyH(Q) — LYUQ). (2.2)
Lemma 4. [19, Lemma 2.1] Assume that L(t) is is a twice continuously differentiable function
satisfving

L'(f) + L'() = Co(t + OFL™ (1), t>0
L(0) > 0, L’(0) = 0,

where Cyp, 0 > 0, =1 < 5 <0, o > 0 are constants. Then L(t) blows up in finite time.
3. Blow up result

Theorem 1. Let u be an energy weak solution to problem (1.1). Suppose that

2n
2<m< d 2% < g
Sm<r an _p(x]_n_z
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Assume further that

| | b
E(0) = - f ey [Bdx + f — A g Ddx — = f lug|"dx < 0,
2 Jo a plx) rJo

f gty dx = 0,
0

then the solution u blows up on the finite interval (0, tya).

and

Proof. Multiplying Eq (1.1) by d,u, and integration by parts over £2, one has

1
d, f —|8,ul*dx — f div(A A .uV A PP 2dx
ﬂ.z (4]

| : b
+0; f —— A" dx + pf |ou|"dx = r'i';f —|u|"dx.
o p(x) 0 ot

So the corresponding energy of solution to (1.1) is defined by

1 1 b
E(f) == f O ulidx + f — A ufPdx — 2 f | dx.
2 Jqo o P(x) rJo

ﬁ;E{ﬂ — f d!‘]-'{ﬁ_ra_rHv’x“}lﬁxulm_ﬂ—zdx —u f |ar"|mdx‘
- i

In addition

Which gives in turn the following energy identity

E(f) +u f f |0.u|"dxds = E(0) + f f diviA OV )| Acu|™™  dxd s.
0 Jo o Jo

We define the sets
O ={xel):|Au <1},

and
), ={xe): |Aul > 1}.

So by applying Hélder and Young inequality we arrive at

f div(A0:uV )| A" dx
0

0 0
< IV A B0l 1V el 2 -NIA ]2
4=-p~

+ IV (A2 ||V i

5 F' _1
2 A,

B e e it iy ¢
+ —[ABull?. + E——lAull + —lIA Dl + £
P P P
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Clearly since 2 < p~ < p(x) < p* < ”% then by exploiting lemma 3, we have

f div(A 3V 1)) A )™ dx
0

< CollV A AG0)]- JIA el
+ C] ”?x(ﬁxﬁr“}”p* - ”"ﬁ'xullgr s

W o 2
+ —11ABall- + T Al
P P

il

+ ina Aull’. + Al
F+ LS 'S . F+-

Because d.u is regular and by Young inequality we obtain

j dfv(axa;uvrutumxu|P‘“-2a'x\ < ko (VA B0)lI”- + IV.(A)I)
0
+ka (IV A Bl + VoAl )

At this step we will assume that

e : s “ _ |E©)]
sup (IIVAABI” + VA + IV (AIl + VAl ) < ——,

[ o o - k i

(3.5)

where k = max(ko, k). We notice that estimate (3.5) will be important to prove the blow-up result.
Therfore

f fdiv[ﬂf&iuvxu“ﬁxﬂlfﬂﬂ_zdxds = |EQ), 0=t1= twar.
0 i

Consequently by virtue of (3.4) we derive the following estimate for the energy functional

E(t) + f’ f B dxds < E(0) + |E(0). (3.6)
0 0

Suppose that E(0) < 0 then it follows from (3.6) that E(f) < 0. Define the auxiliary function L(t) by
the following formula

L(r) = % ji; u(x, H'dx + N J: H(s)ds + N(t + tmas), 3.7
where N > () is to be specified later and H(r) is given by
H(t) = a|E(O)r - E(r), 6= - (3.8)
We differentiate (3.8) and use the Eq (3.4) to arrive at |
aH() =p -L" ||eael|5, — l: Ldir{ﬁxﬁ,uﬂﬂ)lﬁml’””‘zdx = (1 + 8nE(D). (3.9)
Therfore
a,H(t) = ||8,ulfy; + ( - H) E(0). (3.10)

From (3.8) we see that H is a nondecreasing function and

H(0) = —E(0) > 0.
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Differentiating (3.7) twice leads to

L'(H) = f ududx + NH(t) + N
L]

(3.11)
L"(t) = f wdl, udx + f |6,ul*dx + No,H(t).
o 0
It’s clear from (3.1) and (3.11) that
Li0)y=0, 4.L0)=0.
Now, by using Young’s inequality we have
f APV |V (A an)ldx < C (VAP + IV A ).
0
Again Young's inequality yields
; -1
f uduidut™2dx < + =L gmim-y,upm, (3.12)
0 n m

where £ in an arbitrary nonnegative constant to be specified later. By combining (3.3) and (3.5) we get

L

plldull” = —a,E(t) - f div(A,B,uV )| A 1" -2dx
0

< —-8,E(1) - f:"(ﬂ)

MM (3‘ 13}
< 8,H(f) + aE(0) + @
< 8,H(1) + 2

Inserting (3.13) into (3.12) leads to

= i -1 i Hit
fm’:i,uh’;‘,uf”"dx = '3—|Iu||j: + m—ﬁ‘”””‘“ (H,H(r] + ( }] g (3.14)
L m m max
By virtue of (3.5) we have
- . E() Hi(t)
s P '3 _
(||v_1-(a_1.u}||ﬁ,.‘m+||?x(axu)||”-m,) e (3.15)
We define the sets
_={xef):|u <1},
and
Q,={xeQ:|u =1}.
So

f|u|”‘dx = f |u|’”dx+j |f™dx < |u|2dx+J |ee] el x. (3.16)
0 0 o, 0 &,

We first note that
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_.Fi
f|u| dx < Gy f(|u|4""* ) Ci(1+ V.l m])

Therfore from (3.15) we have

ju"dx < Ay (1 + IV Al + 1V Al + [lull)
° (3.17)

H(t)
<A, |l 1.
B . ( + krﬂ‘?ﬂl‘ + |Iu“r]

Consequently
L'+ L' (t) = f u (div(|A P2V u))dx — pld,ul™ 28, uu + bluf dx
a
+ || Bl + fﬂ ududx + NH(t) + No.H(t) + N
2 —C (VLA + V(A (3.18)
(B + "t o) +

+ 18,ul? + f ud,udx + NH(f) + No,H(t) + N.
0

Combination of (3.15) and (3.2) leads to

1 -
fuﬁ,udx < E||ﬁ,u||§ 4 cr(] s ||?x£-._1.u||£_)
2 (3.19)

1 H
< ~ Bl + cr(l +3 (’:'].

X

(]

Substituting (3.14), (3.17) and (3.19) into (3.18) we obtain

. -1 g o
Ln L: n=I1N-= = —mm-1 m o ﬁr L H
{r} + ( } o ( rma'x ’.-lﬁ 'rn'rmux P . mk'rmax krﬂla‘x [r}
1 et o
+ N9l + (N . pm—ﬁ_’"’""') H'(1) (3.20)
i

- (b —p’g—ﬁr) el + N —pﬁl.{i -
m m

Now we pick 3 so small that

b—u—A,>0. (3.21)
m
Once 3 is chosen we select N large enough that
C gt — 1 A" o
g = == e ﬁx S = D
ktmax H M max o mkrmax Ktmax
N - F ﬁ—m,lm 1 (322}

T

N—pﬁxﬁ;—a'::ﬂ.
m
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Therfore from (3.21) and (3.22) there exists a constant ¥ such that (3.20) takes the form
L'(HLit)y + L'(HL(1) = T”””i-uzr (3.23)

Now we use Hislder inequality to estimate the term ||u]|}

¥
Lr{gy)
flulla'.r < Q" lull;
£

as follows

(3.24)
< (N(E A+ )™ Q207 a7
Hence
uall? = QP2 (Nt + )" Nl (3.25)
and from the definition of L(f) in (3.7) we have
(EMI)}r':: = |Iu||5 + (Nf H(s)ds + N(t + rm:rx}]
o (3.26)
= T._lﬂ Il””; + (N f H(s)ds + N(t + 'rmu.r}) ]
L 1]
This gives
{ ri2
el = 2(L(D)Y"* - NfH{.s-}ds + N(t + r,,m_,}) > (L(f)"~. (3.27)
\ 0
Combining (3.23) and (3.27) yields
L"(1) + L'(t) 2 YIQF ™" (N(f + tar))*™""* (L) (3.28)
We see that the requirements of theorem 1 are satisfied with
2-r r—2 ——
-1< <0, a= 3 =0, Co=7Q "N =0 (3.29)
Therefore, L blows up in finite time. This completes the proof. (]

4.Conclusions

Let us pass to a survey of the results and methods of proving non-existence and blow-up theorems
applicable to equations of hyperbolic type. Here it is necessary to clarify what is meant by the
term“destruction of the solution”. By this term, we understand the existence of a finite time moment
atwhich the solution of the evolutionary problem leaves the smoothness class to which this
solutionbelonged on the interval (0, Tmax) (the smoothness class for which the local solvability
theoremis formulated and proved). Looking ahead, we note that in all problems for nonlinear
equationsconsidered in the literature, the destruction of the solution is accompanied by the inversion of
thenorm of the latter to infinity (in the space where we are looking for a solution), however, such
behaviorofsolution is not at all necessary in the concept of destruction.

Acknowledgments
The researchers would like to thank the Deanship of Scientific Research, Qassim University forfunding

the publication of this project.

Conflict of interest
The authors declare there is no conflict of interest.

AIMS Mathematics (Volume - 9, Issue - 1, January - April 2024) Page No - 39



References

1. R. A. Adams, Sobolev spaces, Academic press, 1975.

2. S. Antontsev, Wave equation with p(x, t)-Laplacian and damping term: blow-up of solutions, C.
R.Mecanique, 339 (2011), 751-755. http://doi.org/10.1016/j.crme.2011.09.001

3. A. Benaissa, D. Ouchenane, Kh. Zennir, Blow up of positive initial-energy solutions to systems
ofnonlinear wave equations with degenerate damping and source terms, Nonlinear studies, 19 (2012),
523-535.

4. K. Bouhali, F. Ellaggoune, Viscoelastic wave equation with logarithmic non-linearities in Rn, J. Part.
Diff-Eq., 30 (2017), 47—63. http://doi.org/10.4208/jpde.v30.n1.4

5. A. Braik, Y. Miloudi, Kh. Zennir, A finite-time Blow-up result for a class of solutions with positive
initial energy for coupled system of heat equations with memories, Math. Method. Appl. Sci., 41 (2018),
1674—1682. http.//doi.org/10.1002/mma.4695

6. H. Di, Y. Shang, X. Peng, Blow-up phenomena for a pseudo-parabolic equation with variable
exponents, Appl. Math. Lett., 64 (2017), 67—-73. http.//doi.org/10.1016/j.aml.2016.08.013

7. L. Diening, P. Harjulehto, P. Hasto, M. Ruzicka, Lebesgue and Sobolev spaces with variable
exponents, Berlin, Heidelberg: Springer, 2011. https://doi.org/10.1007/978-3-642-18363-8

8. A. El Khalil, M. Laghzal, D. M. Alaoui, A. Touzani, Eigenvalues for a class of singular problems
involving p(x)-Biharmonic operator and q(x)-Hardy potential, Adv. Nonlinear Anal., 9 (2020),
1130—1144. http://doi.org/10.1515/anona-2020-0042

9. D. E. Edmunds, J. Rakosnik, Sobolev embedding with variable Exponent, Stud. Math., 143
(2000),267-293. https://doi.org/10.4064/sm-143-3-267-293

10. X L. Fan, J. S. Shen, D. Zhao, Sobolev embedding theorems for spaces Wm,p(x) (Q), J. Math. Anal.
Appl., 262 (2001), 749-760. http://doi.org/10.1006/jmaa.2001.7618

11. Q. Gao, F. Li, Y. Wang, Blow-up of the solution for higher-order Kirchhoff-type equations with
nonlinear dissipation, Central Eur. J. Math., 9 (2011), 686—698. http://doi.org/10.2478/s11533- 010-
0096-2

12. M. K. Hamdani, N. T. Chung, D. D. Repovs, New class of sixth-order nonhomogeneous p(x)-
Kirchhoff problems with sign-changing weight functions, Adv. Nonlinear Anal., 10 (2021), 1117— 1131.
http://doi.org/10.1515/anona-2020-0172

13. 8. Inbo, Y.-H. Kim, Existence of solutions and positivity of the infimum eigenvalue for degenerate
elliptic equations with variable exponents, Conference Publications, 2013 (2013), 695-707.
http://doi.org/10.3934/proc.2013.2013.695

14. M. Kafini, M. I. Mustafa, A blow-up result to a delayed Cauchy viscoelastic problem, J. Integral Equ.
Appl., 30(2018), 81-94. http://doi.org/10.1216/JIE-2018-30-1-81

15. M. Liao, Non-global existence of solutions to pseudo-parabolic equations with variable exponents
and positive initial energy, C. R. Mecanique, 347 (2019), 710-715.
http://doi.org/10.1016/j.crme.2019.09.003

16. D. Ouchenane, Kh. Zennir, M. Bayoud, Global nonexistence of solutions to system of nonlinear
viscoelastic wave equations with degenerate damping and source terms, Ukr. Math. J., 65 (2013),
723-739. https://doi.org/10.1007/s11253-013-0809-3

17. 1. D. Stircu, An existence result for quasilinear elliptic equations with variable exponents, Annals of
the University of Craiova-Mathematics and Computer Science Series, 44 (2017), 299-316.

18. A. Zang, Y. Fu, Interpolation inequalities for derivatives in variable exponent Lebesgue—Sobolev
spaces, Nonlinear Anal. Theor., 69 (2008), 3629-3636. https.//doi.org/10.1016/j.na.2007.10.001

19. Y. Zhou, A blow-up result for a nonlinear wave equation with damping and vanishing initial energy in
Rn, Appl. Math. Lett., 18 (2005), 281-286. https.//doi.org/10.1016/j.aml.2003.07.018

AIMS Mathematics (Volume - 9, Issue - 1, January - April 2024) Page No - 40



20. Kh. Zennir, Growth of solutions with positive initial energy to system of degenerately damped wave
equations with memory, Lobachevskii J. Math., 35 (2014), 147-156.
https.//doi.org/10.1134/S1995080214020139

21. Kh. Zennir, T. Miyasita, Lifespan of solutions for a class of pseudo-parabolic equation with weak
memory, Alex. Eng. J., 59 (2020), 957-964. https://doi.org/10.1016/j.aej.2020.03.016

AIMS Mathematics (Volume - 9, Issue - 1, January - April 2024) Page No - 41



Instructions for Authors

Essentials for Publishing in this Journal

1 Submitted articles should not have been previously published or be currently under consideration for publication
elsewhere.

2 Conference papers may only be submitted if the paper has been completely re-written (taken to mean more than 50%) and
the author has cleared any necessary permission with the copyright owner if it has been previously copyrighted.

3 Allourarticles are refereed through a double-blind process.

4 All authors must declare they have read and agreed to the content of the submitted article and must sign a declaration
correspond to the originality of the article.

Submission Process

All articles for this journal must be submitted using our online submissions system. http://enrichedpub.com/ . Please use the
Submit Your Article link in the Author Service area.

Manuscript Guidelines

The instructions to authors about the article preparation for publication in the Manuscripts are submitted online, through the
e-Ur (Electronic editing) system, developed by Enriched Publications Pvt. Ltd. The article should contain the abstract with
keywords, introduction, body, conclusion, references and the summary in English language (without heading and subheading
enumeration). The article length should not exceed 16 pages of A4 paper format.

Title

The title should be informative. It is in both Journal's and author's best interest to use terms suitable. For indexing and word
search. If there are no such terms in the title, the author is strongly advised to add a subtitle. The title should be given in English
as well. The titles precede the abstract and the summary in an appropriate language.

Letterhead Title

The letterhead title is given at a top of each page for easier identification of article copies in an Electronic form in particular. It
contains the author's surname and first name initial .article title, journal title and collation (year, volume, and issue, first and
last page). The journal and article titles can be given in a shortened form.

Author's Name
Full name(s) of author(s) should be used. It is advisable to give the middle initial. Names are given in their original form.
Contact Details

The postal address or the e-mail address of the author (usually of the first one if there are more Authors) is given in the footnote
atthe bottom of the first page.

Type of Articles

Classification of articles is a duty of the editorial staff and is of special importance. Referees and the members of the editorial
staff, or section editors, can propose a category, but the editor-in-chief has the sole responsibility for their classification.
Journal articles are classified as follows:

Scientific articles:

1. Original scientific paper (giving the previously unpublished results of the author's own research based on management
methods).

2. Survey paper (giving an original, detailed and critical view of a research problem or an area to which the author has made a
contribution visible through his self-citation);

3. Short or preliminary communication (original management paper of full format but of a smaller extent or of a preliminary
character);

4. Scientific critique or forum (discussion on a particular scientific topic, based exclusively on management argumentation)
and commentaries. Exceptionally, in particular areas, a scientific paper in the Journal can be in a form of a monograph or a
critical edition of scientific data (historical, archival, lexicographic, bibliographic, data survey, etc.) which were unknown
or hardly accessible for scientific research.




Professional articles:

1. Professional paper (contribution offering experience useful for improvement of professional practice but not necessarily
based on scientific methods);

2. Informative contribution (editorial, commentary, etc.);

3. Review (ofabook, software, case study, scientific event, etc.)
Language

The article should be in English. The grammar and style of the article should be of good quality. The systematized text should be
without abbreviations (except standard ones). All measurements must be in SI units. The sequence of formulae is denoted in
Arabic numerals in parentheses on the right-hand side.

Abstract and Summary

An abstract is a concise informative presentation of the article content for fast and accurate Evaluation of its relevance. It is both
in the Editorial Office's and the author's best interest for an abstract to contain terms often used for indexing and article search.
The abstract describes the purpose of the study and the methods, outlines the findings and state the conclusions. A 100- to 250-
Word abstract should be placed between the title and the keywords with the body text to follow. Besides an abstract are advised to
have a summary in English, at the end of the article, after the Reference list. The summary should be structured and long up to
1/10 of the article length (it is more extensive than the abstract).

Keywords

Keywords are terms or phrases showing adequately the article content for indexing and search purposes. They should be
allocated heaving in mind widely accepted international sources (index, dictionary or thesaurus), such as the Web of Science
keyword list for science in general. The higher their usage frequency is the better. Up to 10 keywords immediately follow the
abstract and the summary, in respective languages.

Acknowledgements

The name and the number of the project or programmed within which the article was realized is given in a separate note at the
bottom of the first page together with the name of the institution which financially supported the project or programmed.

Tables and Illustrations

All the captions should be in the original language as well as in English, together with the texts in illustrations if possible. Tables
are typed in the same style as the text and are denoted by numerals at the top. Photographs and drawings, placed appropriately in
the text, should be clear, precise and suitable for reproduction. Drawings should be created in Word or Corel.

Citation in the Text

Citation in the text must be uniform. When citing references in the text, use the reference number set in square brackets from the
Reference list at the end of the article.

Footnotes

Footnotes are given at the bottom of the page with the text they refer to. They can contain less relevant details, additional
explanations or used sources (e.g. scientific material, manuals). They cannot replace the cited literature.

The article should be accompanied with a cover letter with the information about the author(s): surname, middle initial, first
name, and citizen personal number, rank, title, e-mail address, and affiliation address, home address including municipality,
phone number in the office and at home (or a mobile phone number). The cover letter should state the type of the article and tell
which illustrations are original and which are not.

Address of the Editorial Office:

Enriched Publications Pvt. Ltd.

S-9,IInd FLOOR, MLU POCKET,

MANISH ABHINAV PLAZA-II, ABOVE FEDERAL BANK,

PLOT NO-5, SECTOR -5, DWARKA, NEW DELHI, INDIA-110075,

PHONE: - + (91)-(11)-45525005




Note




	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54

