ISSN: 1857-8365

Advances in Mathematics Scientific
Journal

Volume No. 13
Issue No. 1
January - April 2024

D

b

ENRICHED
PUBLICATIONS

ENRICHED PUBLICATIONS PVT. LTD

S-9, IInd FLOOR, MLU POCKET,
MANISH ABHINAV PLAZA-II, ABOVE FEDERAL BANK,
PLOT NO-5, SECTOR-5, DWARKA, NEW DELHI, INDIA-110075,
PHONE: - + (91)-(11)-47026006




ISSN: 1857-8365

Advances in Mathematics Scientific
Journal

Aims and Scope

Advances in Mathematics: Scientific Journal (Adv. Math., Sci. J.) is a peer-reviewed
international journal published since 2012 by the Union of researchers of Macedonia
(www.sim.org.mk, contact@sim.org.mk).

Advances in Mathematics: Scientific Journal appears in one volume with monthly
issues and is devoted to the publication of original research and survey articles as well as

review articles in all areas of pure, applied, computational and industrial mathematics.

This journal follows the International Mathematical Union's Best Current Practices for
Journals (2010) and Code of Practice (2012) by the European Mathematical Society
Ethics Committee.




ISSN: 1857-8365

Advances in Mathematics: Scientific
Journal

Editor in Chief

Prof. Biljana Jolevska-Tuneska

Department of Mathematics and Physics Faculty of Electrical Engineering and
Informational Sciences Ss. Cyril and Methodius University in Skopje Karpos 2 bb
1000, Skopje Republic of North Macedonia amsj@research-publication.com

Members of the Editorial Board:
(in alphabetical order)

Vembu Ananthaswamy Risto Atanasov
Madura Colledge, India Western Carolina University, USA
Daniel Breaz Teodor Bulboaca
University of Alba Iulia, Romania Babes-Bolyai University, Romania
Maslina Darus Erdal Ekici
Universiti Kebangsaan Malaysia, Malaysia Canakkale Onsekiz Mart University, Turkey
Brian Fisher Virginia Kiryakova
University of Leicester, United Kingdom Bulgarian Academy of Sciences, Bulgaria
Milutin Obradovic Shigeyoshi Owa
University of Belgrade, Serbia Kinki University, Japan
Emin Ozcag Hari M. Srivastava
Hacettepe University, Turkey University of Victoria, Canada

Nikola Tuneski

Ss. Cyril and Methodius University, Republic of North Macedonia







ISSN: 1857-8365

Advances in Mathematics
Scientific Journal

(Volume No. 13, Issue No.1, January - April 2024)

Contents

Sr. No.

Articles / Authors Name Pg. No.

A POISSON ALGEBRA STRUCTURE OVER THE EXTERIOR | 01-10
ALGEBRA OF AQUADRATIC SPACE
-Servais Cyr Gatsé and Come Chancel Likouka

AN EXAMPLE OF LOCALLY CONFORMALLY SYMPLECTIC 11-15
MANIFOLDS

-Servais Cyr Gatsé

ANOTE ON REFLEXIVE RINGS 16 - 22
-Eltiyeb Ali and Ayoub Elshokry

THE HIGHER FINITE DIFFERENCE METHOD FOR SOLVING THE 23-29
DYNAMICAL MODEL OF COVID-19

-Amar Megrous







A POISSON ALGEBRA STRUCTURE OVER THE
EXTERIOR ALGEBRA OF A QUADRATIC SPACE

Servais Cyr Gatsél and Come Chancel Likouka
ABSTRACT

We construct a Poisson algebra structure of degree —2 over the exterior algebra of a quadratic space.
Herewe do not use Clifford algebra as in [4].

1.INTRODUCTION
A graded Lie algebra of degree —t , where t > 0 is an integer, over a commuta tive field K, is a graded

vectorspace G = €@ G" together with a bilinear map
nelN

[1:GxG==Gxy) 7= [xy],

called bracket and which satisfies the following conditions:

(1)[Gp, Gq] = Gptq—

@) [x.y]==(—D—9)(q—7)[y.x]. x€Gp,y € Gg;

Q) (~De—d(r=9[x, [v.2]] + (—D(q=)(p=D)[y, [z X]]+ (—)(r—0)(q—7)/[z [x, y]] = 0, x € Gp, y € g,
z€Gr.

The identity (3) is equivalent to the following:

[x [y, 2]] =[x y], 2] + (=D~ (q=9[y [x, z]] -

A commutative algebra structure over G of degree —7 is the data of a multiplication, denoted by -, over G
satisfying
r-y=(—1) (p=m)(a=7)y; . g2,

withx € Gp, y € Ggq.
A Poisson algebra structure of degree —t over G is simultaneously the data of a graded Lie algebra
structure of degree —r and a graded commutative algebra of degree —z over G satisfying

[x.y-z] =[xyl z+(=Dp=9)qy-[x 2],
withx € Gp, y € Ggq.
The goal of the present paper is to show that the exterior algebra of a quadratic space admits a Poisson
structure of degree —2.

We organize this paper as follows. In Section 2, we present the notion of extension of the Lie bracket. In
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Section 3, we recall the definition of a quadratic space. Finally Section 4 deals with Poisson bracket on

(E).

2. EXTENSION OF THE LIE BRACKET
Let V be a finite-dimensional (complex or real) vector space, and let V'* be its dual vector space.We

consider the exterior algebra of the direct sum of Vand V'*

2.1 A(VBV) - BB A" v DA .

n=—2 ptq=n

We say that an element of A\ (V @ V*) is of bidegree (p, ¢) and of degree n = p+g¢
if it belongs to A" V*@ A?"" V. Thus elements of the base field are of bidegree
(—=1,—1), elements of V' (resp. V*) are of bidegree (0, —1) (resp. (—1,0)), and a
linear map o : A°V — V (resp. v : V — A’V) can be considered to be an
element of \>V* @V (resp. V*@ A’ V) which is of bidegree (0,1) (resp. (1.0)).

Proposition 2.1.[3] On the graded vector space /\ (V' @ V*) there exists a unique graded Lie bracket,
called the big bracket, such that

D ifx,yeV, [x,y] =0,

() F#CnevVs [&n] =0,

() ifxeVneV* [x,n] =<n, x>,

i) ifu, v w O AN (V & V™) areofdegree|ul,|v|, |w| respectively, then

(2.2) [u,v Aw] = [u,v] Aw + (=1)MPly A [u, w]

This last formula is called the graded Leibniz rule. The following proposition lists important properties

ofthe big bracket.

Proposition 2.2. /3] Let [, -] denote the big bracket. Then
(i) p: N’V — V is a Lie bracket if and only if [j1, 1] = 0.
(i) ‘v : A>V* — V* is a Lie bracket if and only if [y,~] = 0.
(iii) Let G = (V, ) be a Lie algebra. Then = is a 1-cocycle of G with values in
A’ G, where G acts on A\’ G by the adjoint action, if and only if [, ~] = 0.

By the graded commutativity of the big bracket,
(2.3) [, 7] =17, 1]
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By the bilinearity and graded skew-symmetry of the big bracket, one has

(2.4) [y, pty]=[w ] +2[wy]+[y.7].
Using the bigrading of /\ (V D V*) > we see that the conditions

(2.5) [n+yut+y]=0

and

(2.6) [, 1] =0, [u, 7] =0, [y, 7] =0
are equivalent.

Lemma2.1. Let G =(V, u) be a Lie algebra. Then:

(D Themapdu . a 7—— [u, a] isaderivation of degree 1 and of square 0 of the graded Lie algebra
AV @& V*).

(i) Ifae AV, thendua =—da, where d is the Lie algebra cohomology operator.

(iii)Fora, b € AV, letus set

2.7) [[a,b]]=[[a, u].b].
Then[[-, -]]is a graded Lie bracket of degree / on V extending the Lie bracket of G.

3.QUADRATIC SPACE
In the following E denotes a vector space over a commutative field K with a characteristic different from
2and A(E) = @ A"(E) denotes the exterior algebra of E.

neN
Recall thata derivation of /\ (E) of degreer, withr € Z, is a linear map

d: \(E) — \(E

doN\p) =d() N+ (—1)pra Ndp)
foralla €/ p(E) and forall € A\ (E).

It is the same to say that a linear map

d: \(B) — \(E

isaderivation of degree rifand only if dis of degree » and that

of degree rsatisfying

G dm A A=Y DYy AL Ay A ) Ay A Ay,
j=1
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forallg € NV.
Recall thata quadratic form on E'isamap g : £ —— K such that:

g(A-x)=A2-q(x), \€EK xEE;
2) themap
ExE—K,(z,y) — %[q(r+y) —q(z) —q(y)],
is a symmetric bilinear form.
A quadratic space structure on E'is given by a symmetric bilinear form fon .

In this case we say that the pair (E, f) is a quadratic space.

Proposition 3.1. If (E, ) is a quadratic space, then the map
qf - E—— K, x 7—— f(x, x),
is a quadratic form.

Proof. Simple check.

4.POISSON BRACKETON A\ (E)
In the following (E, f) is a quadratic space. For x € E and for ¢ > / an integer,

we have:

Proposition4.1. The map

qg—1
F?T —» E),
(4.1) /\( )

q
W19 — D (1 @) g A AT AL A Y,
j=1

is alternating multilinear. So there is a unique linear map

4.2) E ;\(E) — /\ ()

such that

q

(4.3) oA Ay)=> (V7 f@y)nA  AGA... Ay,

j=1

Proof. The proofis straightforward.
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Forx =0, one has fgx = 0.
We set

fe=fa+fo+--+ 14

Thus fx: A\ (E) —— A (E) is alinear map of degree —1 with f, ‘/\q(g) = fa.

Proposition 4.2. The linear map

(4.4) fo: \B) — \(E

is a derivation of degree — 1.

Proof. We have
OIN...Nyg) =fgx(yIN...Nyq)

q
= Z(*l)"flf(w,yj)yl/\.../\y’}/\..,/\yq
= Z(—l)j_l A AY A @ Y) Ay AL A Y

= Z( Y7 A Ay A So(gi) Ay A A,
Considering (3.1), we deduce that fx is a derivation of degree — /.

Foradecomposable elementx/ A... Axp € Ap(E),p =1, we have:

Proposition 4.3. The map
q—2

E E), (W1, .- - ¥
s — \(BE), ;... 1)

— — (=1)"

Fja

i=1

being alternating multilinear, then there exists a unique linear map

q q—2
(46) fgl/\.../\rp : /\(E) — /\(E)
such that

fglf\.../\:rp (yl s yq)

4.7) )P

'MQ

J=1

¥ "0 A Dess Rap N AN

N Yq

Jlfp (T A ... AZ) I A AT A Ay,
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Moreover, forp> 1 and q > 1, we have

(4.8) fglf\.../\xp (1A Ayg) =—(-1)™- y1/\ AYq (A A ATp).

Proof. The proof of the existence and uniqueness of the linear map f A Az 18 0bvious.

On the other hand, for the proof of the last assertion, one has
glf\ Az (yl sl yq)

‘E 1 ~~ —~
ZZ L f(@ny) A ATIA L ANT AP AL AT A A Y,
=1 g=1

P q
_ —1)3022 z+j' L 1)(10—1)@—1) f(yj,:vi) A /\3}; A Ay,

i=1 j

o ZZ P fly,m) - A AGEA LAY,

i=1 j=1
LR T
=—(—1)". ypl/\.../\yq (s e )

as desired.

We set foin nz, = fornne, + foinre, T+ f2in.Az, + ---. From (4.8), we
deduce by linearity the following result:

Corollary 4.1. For « € \*(F) and $ € \*(E), with p > 1 and q > 1, we have:
(4.9) fa(B) = = (=1)"" fa(e).

Thus f,,n s, : AN(E) — A(E) is a linear map of degree p — 2 with

— {4
fmlx\...z\xp ‘/\‘f(E) — JziAAzpe

Proposition 4.4. The linear map

| 2 /\(E) — /\(E

is a derivation of degree p — 2.
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Proof. One has
fmlA...A:rp (yl i R ryq)

= gm...f\mp (Y1 A - Ayyg)

q
- —(—1)?2(_1)3—1f§j (X A A ) A Bl NGB N g
j=1
q -
= —(1P) D)9 Py AL Ay A o (@A AZ) Ay A Ay
i=1
- (G-1)
.'_1 o
=0 (—1)pz S At " SR Y e fim...;\mp(yj)] N Yjt1
j=1
Ao Aygq
q -
- Z D PP AL Ay A fornne,(Yi) NYj+1 A ... Ay
j=1
q -
= (1)U DDy A LAY A Feanna, (U5) AYisa A .o A,
j=1
asrequired.

We denote, Derg [A\(E)], the space of derivations (of all degrees) of A(E).

Proposition 4.5. The map

EP — Derg [/\(E)} N N o ) O

is alternating multilinear. Thus there exists a unique linear map

P

(4.10) f7: \(E) — Derg [/\(E)]

such that

(4.11) fP(miA.. Axp) = Jz1A..Azy-

Proof. The proofis obvious.

Weset f = fl+ f2+---+ fP+---. Sowhen a € NP(E), then f(«) is a derivation
of A(FE) of degree p — 2.
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Forol (E)andp) (E), weset

A A

4.12)

[, 8], = [F()](B).

We will, subsequently, show that this brackeé uejll’le.) a rowson structure of degree—2 on V(E).

Note that when o [ Vp(E), then

(4.13) file) = f

By construction, we have:

4.14 K,N\E)| . =

(4.14) K AE)],

Theorem 4.1. The map

(4.15) AE) x A(E) — \(E), (. 8) — [a, 8]y,

is bilinear and of degree —2.
Proof. The proof is immediate.
Theorem 4.2. For a € A\"(E) and g € \(E), then
(4.16) la, 8], = — (=1)""[8,q], -
Theorem 4.3. For a € A"(E),3 € N"(E) and v € A(E), then
(4.17) [, BAA]; = e, Bl Ay + (=17 BA e, 7] -
Proof. Since f(a) is a derivation of degree p — 2, then we have
e, BAA; = [F@I(BA7)
= [f@)]B) Ay +(=D)* B A [F@)]()
= [ Bl Ay + (=)™ BA e, 7]
Hence the result.

Theorem 4.4. For a € \'(E), 5 € \(E), then
(4.18) |F(0), 78] = Fle8))

where

—

|7(@). F(B)] = F(a) o F(8) = (~1)"F(8) o fla).
Proof. Taking into account (3.1), for all z € E, we check that
7@, F(8)] (2) = F(la, 8])(2):

The result follows.
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Theorem 4.5. The pair (\(E), |.];) is a Poisson algebra of degree —2.

Proof. Theorems 4.1, 4.2 and 4.4 mean that the pair (/\(E),[,];) is a graded Lie al-
gebra of degree —2. Theorem 4.3 means that the triple (A(E),[,];,A) is a Poisson
algebra of degree —2. O

As (A\(E),[,];) is a graded Lie algebra, we denote fby ads. Thus we have
lads()] (B) = [, B]; and for a € /\’(E), the linear map

(4.19) adg(a) : \(E) — \(E)

is simultaneously a derivation (of degree p — 2) of graded Lie algebra and graded
commutative Lie algebra.

An element M € \*(E) is said to be a proto-Lie bialgebra of the quadratic space
(£, f) when [M, M|, = 0. In this case, we say that the quadruple (A(E), [,];, A, M)
is a proto-Lie bialgebra (for further details, we refer to [3] and references therein).
Proposition 4.6. When the quadruple (\(E),[,];, A, M) is a proto-Lie bialgebra,
then the map

(4.20) adg(M) : \(E) — N\(E),P+— [M,P],,
is a coboundary operator.

Proof. The map ad;(M) is obviously of degree +1. Since ads(M) is a derivation of
graded Lie algebra, then for P € A(E), we have

[ad;(M)]>(P) = {M, (M, P] f] f

- [[M, M]f,P]f + (=1)3 [M, M, P]f]f

= — M, (M, P ;
= —[ad;(M)]* (P).

We deduce that /adf (M)]2(P) = 0. Since P is arbitrary, it follows that /adf (M) ]2 =0. This means that adf
(M) is a coboundary operator

Forp € N, we denote

(4.21) HY(M) = Ker([adf(M)), . )/Im(lady (M) )

P(E) |Ar—2e)

the cohomology space of degree p.
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Proposition 4.7. We have:

(1) H?(JM) =K;

(2) HX(M) = Ker(lads(M) ).

]|Al(E)

Proof. Simple check. O

When V is a vector space over K and when V* is the dual of V, then for F' =
V + V*, the map

(4.22) ExE—K, (v+o,w+v¢) — ¢(w) + ¥(v),

is a symmetric bilinear form.
The Poisson bracket over A (E) defined by (4.22) is called "Big bracket" [3].
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AN EXAMPLE OF LOCALLY CONFORMALLY
SYMPLECTIC MANIFOLDS

Servais Cyr Gatsé

ABSTRACT

Our aim in this paper is to give an example of locally conformally symplectic manifolds.

1.INTRODUCTION

The notion of locally conformally symplectic manifold was introduced in [6] and has been studied
extensively by Vaisman and many others (see e.g. [1, 2, 5,10, 13]). Locally conformally symplectic
manifolds are generalized phase spaces of hamiltonian dynamical systems since the form of the
hamiltonian equations is then preserved by homothetic canonical transformations [13]. We recall that a

smooth manifold M is a locally conformally symplectic manifold if there exist a d-closed 1-form

a:X(M) — C*(M),

and anondegenerate 2-form

0 I(M) X 33(1\»’1) —_ CDO(M):
such that

= —aAQ,

where d is the exterior differentiation operator. The 1-form a is called the Lee form [6, 13]. The triple (M,
a, Q) is called a locally conformally symplectic manifold. In particular, if a is an exact I-form on M, i.e.,
o = df for some smooth function f on M then Q is called globally conformally symplectic form on M and
itis straightforward to verify that e —f- Q is a symplectic form on M. The 1-form a is unique. This implies
that a is uniquely determined by € on a smooth manifold M of dimension at least 4. The dimension of a
locally conformally symplectic mani fold has to be even. Since € nis nowhere vanishing, a locally
conformally symplectic manifold possesses a canonic orientation [9]. For first properties and examples
of locally conformally symplectic manifolds, we refer the reader to 3, 7, 8, 12]. We organize this paper
as follows. In Section 2, we study some properties of the Lichnerowicz-de Rham differential. Section 3

deals with the study of example for locally conformally symplectic manifolds.

2.PROPERTIES OF THE COHOMOLOGY OPERATOR da

Adifferential form 7 of degree p defines a multilinear skew-symmetric function
7t X(M) x - - - x X(M) — C®(M).

~~
p times
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Its exterior derivative dn is defined as follows:

dn: £(M) x - - x X(M) — C®(M)

(p+1) times

is the function defined by the formula

p+1

(dn)(Xln = ==y Xp+l) = Z(_1)171X1 |:77(X13 e s JXZ"J gigsn s JX;D‘+1):|
i=1
£ Z(_1)1+Jn([X11XJ] 7X17 LR Xz'a el ?Xj: e :Xp-‘rl)
i<j
for any X;,..., X, 1 € X(M), where the sign " indicates the absence of the respec-

tive arguments [11].

Proposition 2.1. When A (M) is the Coo(M)-module of differential forms on M andwhen d is the exterior
differentiation operator then for any # € A (M), we have

don =dn+oaAln.

Corollary 2.1. The I-form o.is da-closed if, and only if; o is d-closed.
Corollary 2.2. The I-form o is d-closed if, and only if, do.° do. = 0.
Proposition 2.2. We have the following properties:

(D dal =o;
(2)da(ENy) = (dad) Ny + (—1)|LISA (doy) — (—1)[EAY|EAy ANdal;

for any & andy homogeneous.

Proof. One uses the Proposition 2.1, we have first

dol =dl +1-a=a.

And for any £ and y homogeneous

da(S A\ y) = (dO) Ny + (ZDICIEA (dy) T aASAYy.

That ends the proof.

The essential difference between d and da is that da does not satisfy a Stokes’theorem. Let us introduce

the linear map

7. Coo(M) —— Ham(M), f 7—— X,
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where Ham(M) is the Lie algebra of hamiltonian vector fields on M, for more details see [4].

Theorem 2.1. Define lo . = {f € Coo(M), dof = 0}.
(1) The set I is an ideal of the Lie algebra (Coo(M), {, }) and this ideal is the kernel of the homomorphism

T.

(2) The quotient C oo(M)/Iacis a Lie algebra.

3. STUDY OF THE EXAMPLE OF LOCALLY CONFORMALLY SYMPLECTIC
MANIFOLDS

We denote (el, e2, ..., e2n) the canonical basis of R2n and (e*1, e*2, ..., e*2n) the dualbasis. Fori = 1, 2,

.., 2n, e*Iis the canonical projection

pri: R2n —— R, (t1, 12, ..., t2n) 7—— ti.

Qg

Let ap = de},, and p = Z dagei Ade; ;.

Proposition 3.1. For any vector field X on R**, we have

ixﬂo = — Z X (8_:_+1._) . de:‘

i=1
+ Z (X (6:) + 6: - X (an) B (sm' : [Z 8; - X (BTH_J)]) * de.;.+i'
i=1 j=1

Proof. Since

EXQO_ZQO( ) dP +ZQO( ) dpn—l—t
—H

2 - d .
Q ( (')e;‘) = (; day €} /\df’nﬂ) (X: %) =—X (e:,;)

we have

1

d - 0
Qo | X, ——— = doge; A de,, X
n( (je:ﬂ) (; Pg € +3) ( 88_;__1_!-_)

m

= ) (de;+¢; - dey,) (X)- 5y

;.' 1

—Z (de; + €} - de3,) (0f+)-x(e;ﬂ)

n

- X (Pj:) =t E: : X (e;-n.) - 571-1' : Z 8; : X (€:1+j) .

i=1

and
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The result follows.
Proposition 3.2. The 2-form Q0 is nondegenerate.

Proof. The map
X (R™) — A (R™), X — ixQ

is injective. Indeed ix(y = 0 implies X (e;,;) = 0 for any i = 1,2,...,n and
X(e;) + e - X(e3,) — 6ni [Z ef - X (B:LH)] =0foranyi=1,2, ..., n.
j=1

Since X (e},,;) = 0,4 = 1,2,...,n then X (e},) = 0 and X (e},;) = 0 for all
j=1,2,...,n. We deduce that X (ef) =0fori=1,2,....,n,s0 X = 0.
The map
X (R™) — A" (R™), X — ixQo

is surjective.
For ¥ € A (R??), we verify that if

- * * * & * * 8 e * 8
Y:Z 9 (ehy:) +er-D(el) — Oni- (Zej .ﬂ(ej))] s _Zﬂ(ei).GE*
i=1 =1

j=1 i = n+i
we obtain
iy = 0.
The proof is complete. O
Proposition 3.3. We get
o A2 =l

Proof. Since

dcm (QU) = doro (Z dcme: A de:ﬂ‘)
1=1

mn

= — Z [dQOE: N dcrn (de;kH_;) + oo A dﬂoe;'k N de;kl—l-i]
=1
= 0,
as desired. [

Theorem 3.1. The triple (R*", o, Q) is a locally conformally symplectic manifold.

Proof. Indeed
dag = d(de},) =d*(e},) = 0.

This completes the proof.
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A NOTE ON REFLEXIVE RINGS

Eltiyeb Alil and Ayoub Elshokry

ABSTRACT

Mason introduced the reflexive property for ideals and then this con cept was generalized by Kim and
Baik, defining idempotent reflexive right ideals and rings. In this note we consider reflexive property of a
special subring of the infinite upper triangular matrix ring over a ring R. We proved that, if R is a left AP
P-ring, then Vn® is reflexive. We also give an example which shows that the

ring Va® neednot be left AP Pwhen R is a left AP P-ring.

All rings considered here are associative with identity. Mason introduced the reflexive property for
ideals, and this concept was generalized by some authors, defining idempotent reflexive right ideals and
rings, completely reflexive rings, weakly reflexive rings (see namely, [1-4]). The reflexive right ideal
concept is also specialized to the zero ideal of a ring, namely, a ring R is called reflexive [2] if its zero
ideal is reflexive and a ring R is called completely reflexive if for any a, b € R, ab = 0 implies ba = 0.
Completely reflexive rings are called re versible by Cohn in [5] and also studied in [6]. It is clear that
every reduced ring (i.e. rings without nonzero nilpotent elements) are completely reflexive and every
completely reflexive ring is semicommutative. The notion of Armendariz ring is introduced by Rege and
Chhawchharia (see [7]). They defined a ring R to be Armendariz if f{x)g(x) = 0 implies aibj = 0, for all
polynomials f(x) =a0 + alx + a2x2 + - - - + amxm, g(x) =b0 + bix + b2x2 + - - - + bnxn € R[x].

In [8] A ring R is called strongly reflexive whenever f(x), g(x) € R[x] satisfy f(x)R[x]g(x) = 0, then
g(x)R[x]f(x) = 0. Clearly, every strongly reflexive ring is reflexive, but the converse is not true (see [8,
Example 2.1]). Obviously, sub rings and direct products of a strongly reflexive ring are strongly
reflexive. The concept of quasi-Armendariz rings is another generalization of Armendariz rings.
According to [9], aring R is called a quasi-Armendariz if whenever polynomials f(x) = a0 + alx + a2x2
+ -+ amxm, g(x) = b0 + blx + b2x2 + - - - + bnxn € R[x] satisfy f(x)R[x]g(x) = 0, then aiRbj = 0 for
each 1, j. It was proved in [6, Proposition 2.4] that if R is an Armendariz ring, then R is completely
reflexive if and only if R/x/ is completely reflexive. According to [8], if R is quasi-Armendariz, then R is
areflexivering ifand only if R/x/ is strongly reflexive ring.

Let R be aring. It was shown in [4] that R is a reflexive ring if and only if Mn® is a reflexive forall n> /.

Here we consider the following ring:
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( / ap a2 az aq4 --- n \ j
0 a1 az a3 --- ap
0 0 a1 ay -+ ayo
VL(R) = ¢ S ) | ay,a9,0a3,...,a, € R } .
o 0 o0 O --- a9
\o oo o0 - a ) )

The aim of this note, we will show that if R is a left AP P-ring, then Vn® is reflexive. We also give an
example which shows that the ring /'n® need notbe left 4P P when R is a left AP P-ring.

Anideal ] of R is said to be right s-unital if, for each a € I there exists an element x € I such that ax =a. It
follows from Tominaga ( [10, Theorem 1]) that I is right s-unital if and only if for any finitely many
elementsal, a2, ..., an € [, there exists an element x € / such that ai = xai(resp. ai = aix) foreachi =1, 2,
..., n.According to [11] aring R is called a left AP P-ring if the left annihilator /R(Ra) is right s-unital as
an ideal of R for any element a € R. Right AP P-rings can be defined analogously. Recall aring R is a left
p.q.-Baer ring if the left annihilator of a principal left ideal of R is generated by an idempotent (see, for
example, [12—14]). Clearly every left p.q.-Baerring is a left 4P P-ring (thus the class of left AP P-rings
includes all biregular rings and all quasi-Baer rings). 4 ring R is a right P P-ring if the right annihilator of
an element of R is generated by an idempotent. Right P Prings are left AP P.

The following results follows from [9,15], respectively.

Proposition 1. Every left AP P-ring is quasi-Armendariz, but not conversely.
Lemma 1. Let R be aleft AP P-ring and al, . . ., an,bl, ..., bm belong to R. If aiRbj =0 for all i and ], then
there exists e € R such that ai = aie and eRbj = 0 for all I andj.

Theorem 1. Let R be areducedring. If R is a left AP P-ring, then Vn® is reflexive.

Proof. Suppose that R is left APP and Y%, A;z', 5™ | B;z? € V,(R)[z] such that

7

(5. A" )V (R)[2] (3272, Bjx’) = 0. We will show that

m {4

O~ B Va(Rl(Y_ Aia’) =0

=1
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for all < and j. Suppose that

(a‘i ah, ab ay --- \ /b{bﬁb‘ibfi \

0 a @ @ - 0 b ¥ Y
A= 0 0 & a .- , Bi=| 0 0 b &

00 0 & 0 0 0 ¥

Set f, = >+_, ayx’, gy = 5, bjx’ for any p with 1 < p. Then from (>F, Ai?)
Vo(R)[z](327, B;jo?) = 0 it follows that for any \, = S oh_, ckzk € R[z] with 1 < p.

(fi o fs Fo - \ ( L PRES TUR TS, TANICER, ( g1 g2 93 g4 - \
o h B KB - 0 X A Ag --- 0 1 92 935 -
P 0 H fr - 0 0 A A - 0 0 gz - = Q.
a 0 B §H --- 0 0 0 A --- 0 0 0 g

\::::".)K::::".)\::::'*./l
Note that a;cyb;z't*+7 = 0 for all i, j and k with i + k + j = n. Since f\g = 0, we
have the following equations:

aiciby =0 (1)
alclbg + (11(3251 + (Igclbl =1 (2)
(Ilc]_bg + Glczbg =+ (11(3351 + (12(311!)2 + (IQCgb]_ + (13(3161 = (3)

a1C1 by + @1Coby, + - -+ @1 Cppi by + -+ @010y + @ Coby + Agicb =00 (4)

a1C1bp_1 + aycabp_o + - - - + ap_2c2by + ap_1¢10, =0 (5)

aicib, + arcabp_1 + - -+ + ap_1c1b2 + ap_16201 + anciby =0, (6)

where / <m <n. Note that R is reflexive and that aRcRc = () if and only if aRc = 0 for a, ¢ € R. We freely
use these facts in the following computations. From Eq. (1), we have a/Rb1 = (). Thus by Lemma 1, there
existe € R suchthatal=aleand eRbj=0foralli,jandso f=feandeR[x]g = 0. Hence gj € rR(dR[x]) forj
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= 2, where d € R is an arbitrary element. By hypothesis, ¥R(dR/x]) is s-unital and hence by Lemma 1,
again there exist e € rR(dR/x]) such that gj = egj, forj = 2. Since dRe =0, fIR[x]egl = 0. Thus fIR[x]g] =
0. Multiplying Eq. (2) by Rb1 on the right side, we get a2RbIRb1 = 0 and so a2Rb1 = 0. Then Eq. (2)
implies alc1b2 =0. Substitute et forcl inalc1b2 =0to yield al(et)b2 = 0, ¢t € R is an arbitrary element,
then we have alRb2 =0. Thus by Lemma 1 again, there exist # € R such thata / = a iu and uRbj = 0 for all
iandj. Hence f=fuand uR/x]g = 0, uR[x]g2 = 0. Thus fIR[x]g2 = 0 and so f2R[x]gI = 0.

Now Eq. (3) becomes

alclb3 + a2clb2 + a3clbl = 0.
Multiply this equality on the right side by Rh/ and RbH2 in turn, to obtain a3RbI = 0, a2Rb2 = 0 and
alRb3 = (0. Thus by Lemma 1, there existh € R such that a I = a ih and hRbj = ) and so f=th, hR[x]g=0.
Thus /3R/x]gl = 0. By Lemma 1 again, there exist w € R such thata / = a iw, wRbj = 0,bj € rR(WR) is s-
unital and so /= fw, wR/[x]g = 0. Thus f2R[x]g2 = 0 andfIR[x]g3 = 0. Summarizing, we have

that

aiRbj =0 fori+j=2, 3, 4.
Inductively, we assume that aiRbj =0 fori+j =2, 3,... mwithm — I <n. Then Eq. (4) becomes

alclbm—1 + a2clbm + a2clbm—1 + - - - + amclb2 + am—Iclbl = 0 (7).

Multiplying Eq. (7) on the right side by Rb1, Rb2, . . . ,and Rbm in turn, we obtain am—IRb1 = 0, amRb?2
=0,..., and a2Rbm = 0, entailing a/Rbm—1 = (. These show that aiRbj = 0 for all iandj withi +j =m —
1. Consequently, aiRbj = 0 for all i and j with / <i + k <n. Since R is reflexive, bjRai = () for all i and k
with 1 <i+k <n. Hence there exists r € R be an arbitrary element such thata / = a I rand rRbj = 0 for all i
andj. Hence b j € rR(rR). By hypothesis, #R(7R) is left sunital and by Lemma 1, again which implies that
fp = fpr and »R/x/gp = 0. Hence gp € rR(rR/x]) forp =1, 2, . . . is left s-unital. Thus by the induction
hypothesis, gIR/x]fl =0, gIR[x]f2 =0, g2R[x]f1 =0, ..., gIR[/x]m=0,..., gnR/[x]fl = 0. This yields
gAf= 0, proving that /'n® is reflexive.

Proposition 2. [f Vn® is reflexive then so is R.
Proof. Suppose that f = Xaixl, g = Xbjxj are in R[x] such that fR[x]g = 0. Thenfor any A € R[x],
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(fooo Xf A0 00 N\ (9 00
0 f 0 0 0 X 00 0 g 0
00 f 0 B0 A 00 g
000 f --- 00 0 X\ 000
\ | e gl )\
Thus
(bjooo \ (aiOOO
ObJOO 0(1500
0 0 b 0 (Vo(R)| 0 0 a ©
0 0 0 b --- 0 0 0 a
Kzzsz'-.)

L

for all 7 and j, which implies that b; Ra; = 0 for all i, j.

Corollary 1. Let R be aring. If R is quasi-Armendraiz, then Va® is reflexive.

T
I
=

The following example shows that the left AP P property of R does not imply the left AP P property of

OO O =

Vn®.
Example 1. Let F'be a field and consider the ring Vn(F). Let
[0 11
0 0 0
B=1]102020
0 0 0

. :

f ( 0 b
0 0
belong to V,,(F). Then V,,(F)B=<¢ | 0 0
0 0
| et
to see that
([0 2o x5
0 0 0
W, r)(Vo(F)B)=< | 0 0 0
0 0 0

\

o o o o
o o o o

Ty

|.’ITL'EF

|be F

v

> . Thus it is easy

Advances In Mathematics Scientific Journal ( Vol No. - 13, Issue - 1, January -April 2024)

Page No. 20



Now let

€ ly, () (Va(F)B).

o o O
o O
o o O

If V,.(F) is left APP, then there exists C' € ly, (p)(V.(F)B) such that A = AC. But
this contradicts with the fact

0 Co C3 09 C3 C4
PPN R I R
i 1090 0 0

0 0 0

Thus Vn(F) is not left AP P.
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THE HIGHER FINITE DIFFERENCE METHOD FOR
SOLVING THE DYNAMICAL MODEL OF COVID-19

Amar Megrous
ABSTRACT

In the present paper, the SIR model tracks the numbers of susceptible, infected and recovered individuals
during an epidemic with the help of ordinary differential equations (ODE). First, we give the model
formulation of our phenom ena. Secondly, a fully discrete difference scheme is derived for the SIR
model. At the end of this aper, we give the simulation results of the model. A comparison of the obtained
numerical results of both the models is performed in the absence of an exact solution.

1.INTRODUCTION

The novel human coronavirus disease 2019 (COVID-19) was first reported in Wuhan, China, in 2019,
and subsequently spread globally to become the fifth doc umented pandemic since the 1918 flu
pandemic. By September 2021, almost two years after COVID-19 [1] and [2] was first identified, there
had been more than 200 million confirmed cases and over 4.6 million lives lost to the disease. Here, we
take an in-depth look at the history of COVID-19 from the first recorded case to the current efforts to curb
the spread of the disease with worldwide vaccination programs.

The first official cases of COVID-19 were recorded on the 31st of December,2019, when the World
Health Organization (WHO) was informed of cases of pneumonia in Wuhan, China, with no known
cause. On the 7th of January, the Chinese authorities identified a novel coronavirus, temporally named
2019-nCoV, as the cause of these cases. Weeks later, the WHO declared the rapidly spreading COVID-
19 outbreak as a Public Health Emergency of International Concern on the 30th of January 2020. It
wasn’t until the following month, however, on the 11th of February that the novel coronavirus got its
official name - COVID-19. Nine days later, the US Centers for Disease Control and Prevention (CDC)
confirmed the first person to die of COVID-19 in the country. The individual was a man in his fifties who
lived in Washington state.

A finite difference method [6]- [12] proceeds by replacing the derivatives in the differential equations by
finite difference approximations. This gives a large algebraic system of equations to be solved in place of
the differential equation [ 14]-[18], something that is easily solved on a computer.

Mathematical modeling can be thought of as an iterative process made up of the following components.
(Note that the word tep is intentionally avoided to highlight the lack of a prescribed ordering of these
components, as some may occur simultaneously and some may be repeated.)

The remainder of this paper is structured as follows. Section 2 discusses the formulation of the model. In

the section 3 we present the forward second order accurate approximation to the first derivative. In
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the section 3 we present the forward second order accurate approximation to the first derivative. In
section 4 we propose a new numerical scheme for a spatially discrete model of total variation of indice i.
Finally, in the last section, We give some numerical results including both simulation and an empirical

example to study the proposed testing procedure in different times.

2.MODELFORMULATION

The COVID-19 pandemic, among other pandemics from the past, has attracted great attention not only
from mathematicians but researchers from numerous fields. It is assumed that the sum of the four
categories S,I,R is equal to the total population (M) at time t=0 (system parameters relate to the time t in
days). Be sides, nowadays the researchers are devoting their research work to the fractional order
COVID-19 mathematical models. A huge number of good research papers related to fractional-order
COVID-19 mathematical models can be found in the literature, some of them are the following [1]-[2].
Fornonlinear systems, we consider the effects of three unknown functions on each other. A three by three

system of nonlinear ordinary differential equations has the form:

L 4,
—_ Susceptible L W oy At .- overedi
al R !

FIGURE 1. The Model of SIR
This is because of two exposures over a small time period: a single contact produces infection at the rate
CIS, while the new infective individuals arise from double exposures with CI2S. It produces further
chance that the recovered individual againmay catch infection.
Here we remark that the function @(S, 1) = CI(1)S(t)(1 + yI(t)), where both C, y are positive constants.
This is an interesting example for nonlinear incidence rate already used by some authors[17,31, 32].

The dynamics of the population are described by the following differential equations:

%f) =a—CI)(1+~I(t)) — uS(t) + aR(2),
2.1) d;—g@ =CI{t)S(t)(L+~I(t)) — (B+p+0d—b)(t),
AR _ B1t) - (o + W)

The parameters involved in model (1) are described as in Table 1.
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3. FORWARD SECOND ORDER ACCURATE APPROXIMATION TO THE FIRST
DERIVATIVE

Develop a forward difference formula for f(/)I which is E = O(h)2 accurate. First derivative with O(h)
accuracy then the minimum number of nodes is 2. Then, the first derivative with O(%) accuracy then need

3 nodes

*———=>
i 2l a2

FIGURE 2. 3 NODES

The first forward derivative can therefore be approximated to O(h) as:

ﬁ il ay + asg fiy1 + s fivo
d.’L’ r=r; h ’
The T.S. expansions about z; are:
fi — fi1

e h?
firr = fi+ RV + Efi@) 25 gf(g) +O0(h)",

. 4 ..
Jire=fi+ Qh’fi(l) + 2h‘2fi(2) g ghgfi(s) +O(h)*.
We substituting into our assumed form of and re-arranging

TE B, 0 P A a1+ ag + « o
L Zf';; 3f+2 = ( : h2 3)f1 = 3 (OIQ + 20{3)f@'(1) + (22 + 2@3) hfi(Q)
1 4
+ (6a2 + 3oz3) it O

Desire fﬁ-(l) and 2"¢ order accuracy then coefficient of fi(l) must equal unity and
coefficients of f; and f” must vanish

s —+ 9 - (08}
h

((IQ -4 2@3) = 11

(22 + 205)h =0,

We solve these simultaneous equations

=0,

3 1
i :‘—53 052:2: 053:—5.
Thus the equation now becomes
3 1
—~sh v 25—k 1 41
2/ fhﬂ gfit2 =0)fi +(2- 1)fa‘(1) T (O)fim L3 (62 & g-i)h-sz‘(g) +O(h)?,

then we get

F0 _ =3fi +4fiv1 — firo

]' o
o - 5hf’f(?,) + O(h)®.
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The forward difference approximation of 2nd order accuracy

o _ —3fi +4fir1 — firo [PPE)
o — + E where E = -h*f;”.
3.1 fi o 3 I
4. THE DISCRETE MODEL

A finite difference method proceeds by replacing the derivatives in the differential equations by finite

difference approximations. This gives a discrete model as fellows:

—385; + 4841 — Siyeo

=a— CL(I + '\/Ii) — uS; + aR;,

2h
o S0 .
(4.1) el Qh*l *2 — CLSi(1+ L) — (B+p+6—b)L,
S AT A )
- 2h+1 R0 BT -

After arrangement of the previous equations, we obtain:

Si+2 - *381’ + 4Sz‘+1 = Qh(a = Cfi(l + ’)/Ii) = [LSi + OéRi,
(4.2) Liva = =2h(CLS;(1 + L) — (B+ p+ 6 — b)L;) — 3L; + 4144,
Ri+2 — —2]1()6[? — (Oz + ,UJ)Rl) o 3R1 + 4R1‘+1.

The initial conditions (ICs) for the above model are given as follows: S(0) >0,1(0) >0 and R(0) > 0.

5.NUMERICALRESULTS

In this section, we present some numerical results obtained by applying the new methods. These results
indicate the efficiency of the methods. Consider model (4.2) with the parameters given in Figure 3.

Using the differential equations of the SIR model and converting them to numerical discrete forms, one
can set up the recursive equations and calculate the S, I, and R populations with any given initial
conditions but accumulate errors over a long calculation time from the reference point. Sometimes a
convergence test is needed to estimate the errors. Given a set of initial conditions and the disease
spreading data, one can also fit the data with the SIR model and pull out the three reproduction numbers

when the errors are usually negligible due to the short times
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S(t) Susceptible compartment

Kt) Infected compartment
Rit) Recovered compartment
a The recruitment rate
I Natural death
8 Death due to corona
b The immigration rate of infected individuals
g Corona infection recovery rate
C The infection rate
14 Rate at which recovered individuals lose immunity
a Rate of recovery from infection
Parameters  The physical interpretation
FIGURE 3. The Parameters in our Model
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FIGURE 5. Time days between 0 to 60

step from the reference point. Let us now implement the model in MATLAB, using the ode45 command
to numerically solve differential equations. The script SIR.m provided on the web page will also help

youto plot the results as in Fig. 4 and Fig. 5 with runing the model with the preset parameters.
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