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Inclusion Results of a Generalized Mittag-Leffler-Type Poisson
Distribution in the k-Uniformly Janowski Starlike and the k-
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1Department of Basic Science, College of Applied and Health Science, A'Sharqiyah
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2Department of Mathematics, Center for Language and Foundation Studies,
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ABSTRACT

4 N\

Due to the Mittag-Leffler function's crucial contribution to solving the fractional integral and differential

equations, academics have begun to pay more attention to this function. The Mittag-Leffler function
naturally appears in the solutions of fractional-order differential and integral equations, particularly in
the studies of fractional generalization of kinetic equations, random walks, Levy flights, super-diffusive
transport, and complex systems. As an example, it is possible to find certain properties of the Mittag-
Leffler functions and generalized Mittag-Leffler functions [4,5]. We consider an additional
generalization in this study, Eg, 5(2), given by Prabhakar [6,7]. We normalize the later to deduce lEg‘ 5(2)
in order to explore the inclusion results in a well-known class of analytic functions, namely k — ST [A, B]
and k — UCV[A,B] , k-uniformly Janowski starlike and k-Janowski convex functions, respectively.
Recently, researches on the theory of univalent functions emphasize the crucial role of implementing
distributions of random variables such as the negative binomial distribution, thegeometric distribution,
the hypergeometric distribution, and in this studly, the focus is on the Poisson distribution associated with

the convolutirg “Hdard product) that isapplie 1,y define and explore the inclusion results of the

lais (2, T f

followings: and the integral operator @B " Furthermore, some results of special cases will

be also investigated.

Keywords : k - Uniformly Janowski Star-like, k-Janowski Convex Functions, Mittag-Leffler
Function

J

1. Introduction
In recent years, there has been a lot of interest in random variable distributions. In statistics and
probability theory, the real variable x and the complex variable z's probability density functions been
crucial. The distributions have so been thoroughly investigated. Many different types of distributions,
including the negative geometric distribution, hypergeometric distribution, Poisson distribution, and
binomial distribution, have been developed as a result of real-world events.
If a random variable's function of probability density is given by, then the variable x has a Poisson
distribution: m

f(x) = "me,x =017 (1.1
For the parameter of the distribution m, the Poisson distribution started receiving interest in the theory of

univalent functions, firstly by Porwal [8] and then later by Porwal and Dixit [9] who provided moments
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and moments’ generating functions with the Mittag-Leffler Poisson distribution.

We indicate by A the well-known type of the form normalized functions

f@) =z+ X5, anz”, (1.2)
Functions that in the open unit disk analyzers U = i{z € C:|z]| < 1}
We also let 7" a sub-class of A that includes operations of the form

Ei=z—3) . la ]zt zell (1.3)

Now, we recall the definitions of the classes k —ST[A, B] and k — UCVI[A, B] that were
introduced and studied by Noor and Malik [4].
Afunction f € A is considered to be amember of the class of & -Janowski star-like functions.

k —ST[A,B],k=>0,—1<B <A <1, ifandonlyif

zf! (@) Zfz
(B-1y2LE_(4-1) (B-12L 2 _(4-1)
R £(2) >k L(z) —-1|. (1.4
((B+1) J{(())—(A+1) B+DF D (a+1)

Further, a function f € <A issaid to be in the class k - Janowski convex functions ucy [A,BL,k=0,-1<
Bi < A < 1,ifandonlyif

H @) @)’ (zf' @)
(B—1 —(A-1) (3—1)1——(A—1
i) . f@ _1],(1.5)
(B+1)("’—}C,%-(A+1) (B+1)(z—f,éﬂ (A+1)

clearly

f(2) € k —UCV[A,B] © zf'(z) € k — ST[A, B].
The above are generalizations of the following special cases:
) k—8T[1-2y,—1]=k—8D[k,y] and k — UCV[1 — 2y,—1] = k — KD[k,y],
the classes introduced by Shams etal. in [10].
(3) 0—S8T[A,B]=S"[AB] and 0—UCV[A,B] = C|A, B]thewell-known classes of Janows
- ki starlike and Janowski convex functions respectively, introduced by Janowski [ 12].
4 0-8T[1-2y,-1]1=8"(y) and 0—UCV[1—-2y,—1]=C(y), thewell-known
classes of starlike functions of order ¥ (0 < ¥ < 1) and convex functions oforder y(0 <y <1)

respectively, (see [3]).
If f(z) € k —ST[A, B] then

@-0%2 - -1

CB+D Z}f(g) - [A+1)
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takes all values from the domain Q;, k = 0
Q) ={w:Rw > k|lw—1|}
= {u tiviu>kyJ(u—1)2 + vz}
The domain (), represents the right halfplane for k = 0; ahyperbolafor0< k< 1; aparabola for k=

1 and anellipse fork > 1, (see [4]).
Afunction f € A issaidtobein the class RY(C,D), teC\i{0},-1<D<(C<1, fifit
satisfies the inequality
flz)-1
(C - D)t —DIf'(z) - 1]

‘(1,ZE[U

The class above was introduced by Dixitand Pal [ 13] providing the below results
Lemma1.1.[13] If f € R*(C,D) isoftheform(1.2),then

|7l

la,| < (C—D)—, neN\({1}

n
The result is sharp for the function
f(z) = fz (1 + 6= D)lrltn_l) dt, (zeU
5 1+ Dot ’
€ N\ {1}).

Mittag-Leffler function E, (Z) isstudied by Mittag-Leffler [2] and given by

=Y —2 ¢, R(a) >0
a(z)—;)m. (2 € € (@) > 0),

Prabhakar 5, 11] has generalized the Mittag — Leffler function as follows

IR
F(an+ ) n!’
n=0
>0,

E'gﬁ(z):= z,B3,0 € C; R(a)

here; (9 ) » denotes the familiar Pochhammer symbol defined as

8), = kG {L ifv=0, 6€ C\{0}

re) @ +1)..0+n—-1),ifv=n €N,0 € C
(1) =l n € Ny,N, = N U {0}, N'=11

Since the generalized Mittag-Leffler function ES 5(z) doesn’tbelong to the family <A. Letus consider

the following normalization of the Mittag-Leftler function
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Efp(2) = I (B)zE¢5(2)

_ oS (@)nl(B) n

=2 % Din= A (a(n—1)+B) > (1.6)
where z,a,F €C; 8+ 0,—1,-2,--- and R(B) > 0,R(a) > 0.
Our attention in this paper is only to the cases; where @, 8 arereal-valuedand z € U.
The generalized Mittag-Leffler-type Poisson distribution's probability mass function is then given by
mT
I (ak + B)ES 5(m)

inwhere m>0, o0, and f>0. One can introduce a power series whose coefficients are probabilities of

P(x = T) = e 0!1J233y'"1

the generalized Mittag-Leftler-type Poisson distribution series using the normalized version of the

Mittag-Leftler functionin (1.6), as follows:

- 8),r(f)m"1
H;njgg(z)5=z+z ©)nlB) 5 z", zelU
¢ L) nI'(a(n—1) + BE; z(m)
To serve our purpose, we also need to define the series
n-1
I;':‘;f(z): =2z —Hy'p(2) =z - X3, O B)m z", zeU (1.7)

n!l"(cr(n—l)+,8)]E2'ﬂ(m)

Finally, and by the means of the convolution, we deduce the following operator:

(6),,T'(Bym"!
a,z
n!T(a(n—1) + BES ;(m) ™

nzel,

Tf@) = HIf @)+ f) =2+ )
n=2
. .8
2. Inclusion Results of I35 (2)

To establish our primary findings, we shall require the below given lemmasi

Lemma 2.1. [4] A function [ of the form (1.2) is in the class k — ST[A, B], if it satisfies the condition
Yn=z [2(k+ D =D+ n(B+ 1) — (A+ Dllla,| < [B-A] 2.1

where —1<B<A<1and k =0.
Lemma 2.2. [4] A function f of the form (1.2) is in the class Ik — UCV|A, B], if it satisfies the condition

e N2k+1D(n-1D+n(B+1D)—A+ |]la,| <|B— A 2.2)
where —1<B<A<1and k 20.

In this study, we will assume that until otherwise stated thata,m > 0,k =0 and 1< B <A< 1.
Theorem 2.3. Let § > 1. Then I;’}B Ek—-S8T[AB] if

(BInI(B) [2k+B+3 _ 1
nES pm L« (E“-ﬁ‘l(m) r(3-1))

+HEE) a-p+ B+ 4+ 2] (Epm) - 5] -

[v4

< |B—-A|
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Proof. Given Lemma 2.1 and (2.1), it is sufficient to demonstrate that

0]

= Z 2k +D(n—1)+n(B+1) = (A + 1]

n=2

(6),F(B)m™"
nIT(a(n—1) + B)E,g(m

<|B-A
)

We have

(0) L (BYm™!
n!T(a(n — 1) + BEG 5(m)

]152 Rk+1D)(n-1)+nB+1)+(A+1)]

(B) T (B)m""

ke B S = = = 1)+ BEo)
a,p

s

C (6),T(B)m™
; (@K +B+3)(+1) + (A= 2k = Dl PG
- (6), I (B)m™

:nz [(Qk+B+3)n+(B+A+ 2)]n!F(an+,8)lEgﬁ(m)

(6)nI'(B)m™

(Zk + B + 3) -
n!T(an + B)EY z(m)

D l@n+p-D+1-p)

(0),I'(B)m"
n!T(an + B)EY p(M)

+(B +A+2)i

_ (Zk iy 3) i 0),,[(B)m™
a — 1! I'(an + B — DE? p(m)

(0),I'(B)m"
n!T(an + BEY ,(m)

_ (0).rB) 2k+B+3/¢_, 3 1
T e GO R T )

i

+[(M)(1 ﬁ)+(B+A+2)]Z

A-B+B+A4+ 2)] (Eg,g(m) = (9):[!-09))]

< |B —A4|,

This completes the evidence for Theorem 2.3.
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Theorem 2.4. Let B > 2. Then I}y € k —UCV[A, B] if

@) I'(B) [2k+B+3(_, 1
n!E¢ 5 (m) a2 (E“ﬁ‘Z(m) e 2))
2k +B+3)(3—2B) +a(2B+A+2k+5)\[ , 1
= ( D )(E“'ﬁ’*l(m) TG - 1))
k+B+3)(1-B)? (@B+A+2k+51—-p) n!
+( p + . +(B+A+ 2)) (Egﬁ(m)——(e)nr(ﬁ))]
<|B - A

Proof. We consider the same approach of Theorem 2.3 by the means of Lemma 2.2 and (2.2). Here we let

e ) B (6)nT(BIm™ "
Joi= ) ml2(k+ D (-1 +nB +1) - A+ DIl [(a(n—1) + ) EL ,(m)

n=2

<|B—A|.

3. Inclusion Results of ,‘]glﬁ f

Theorem 3.1. Let § > 1. If f € R*(C,D), then I, f € k — UCV[A,B] if

(C=D)|7|(@)T(B) [2k+B+3 1
nIEY p(m) a (Eﬂ'ﬁ—l(m) o r(ﬁ—l))
2k+B+3 n! (3.1)
HETE) =B+ B+ 4+2)] (Eqpm) - (a)nr(ﬁ))]
= ||z-4]

Proof. Using Lemma 2.2 and (2.1) itis enough to verify that
Z 20k + D(n—1) + [n(B + 1) — (4 + D[]
n=2

Now, since f € R*(C, D), in view of Lemma 1.1 the coefficients bound is

0l < 2 vy

(0),I(Bym"*
n!T'(a(n — 1) + BEG z(m)

|an| =< IB _Al

Thus, it is sufficient to show that

[es]

Z Rkk+1)n-1)+nB+1)— @A+ D]

n=2

(6),r(g)m"*

(C —D)|| n!l'(a(n—1) + B)E, p(m)

< |B-A|.

Which is the same approach of the proof of Theorem 2.3, we conclude that T f € k — UCV([A, B] if(3.1)
holds true.

4. Inclusion Results of the Integral Operator gg‘f
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Following the same previous methods, we can readily deduce the next result

Theorem 4.1. If B > 1, the integ iral operator follows

“Igg (6)

oy @)= f dt,z € U,

0
is in k-UCV|A, B] if the condition of inequality (2.3) is met.
Proof. By the assumption (1.7) we have

s (0), L (Bym™* z"
T (=2 Z (0)nT(a(n — 1) + B)ES s(m) -

Now, using (2.1) and Lemma 2.2, the integral operator; Gg';(z) belongs to k — UCV([A, B]; if

(0),T'(B)ym"™ <|B-A|
n!T(a(n—1) + B)EL ;(m) ~

Z 2k+1)(n—-1) +n(B+1)—-(A+1)]]
n=2

we conclude that Q;’f € k — UCV[A, B] if (2.3) holds true.

5.Special Cases

Let A=1-2y,and B = —1 with 0 <y <1 in the above theorems, we receive the following special cases:
Corollary 5.1. Let B > 1. Then I}y € k — SD[k,y] if

(0),I'(B) [k+1 .
nE,(m) | a (Egﬂ—l(m)‘ = 11))

+ [(k ;“ 1) T S yi] (Egﬁ G #Ii(ﬁ))]

< 1-v.

Corollary 5.2. Let B > 2. Then 17 € k — KD[k,y] if

@l B) [k+1( 4 1
N Egp(m) | a2 (E“'ﬁ-z(m) “TGE- 2))

" ((k +1)(3 - 2ﬁ;2+ a(2—-y+k) i) (E,f,g_l(m) 3 F(Bl_ 1))

h+DA-B)? @y +k)(1—B) n!
+( I a ”1‘“))(Eg'ﬁ(m)'(e)nr(ﬂ))]

I—¥
Corollary 5.3. Let § > 1. If f € R¥(C,D), then I7$f € k — KCD[k,y] if
(€ —D)z|(@)nT(B) [k +1
n! g 5 (m) « (Eg-ﬁ‘l(m) T - 1))

() a-p 11 (e - 7))
< 1—vy

Corollary 5.4. Let § > 1. The component operator provided by (4.1) is then in class k; KD[k,y] if the inequality in
Corollary 5.1 holds true.
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6. Conclusions

The generalized Mittag-Leffler function has been investigated by the means of Poisson distribution. A
normalized form [Eg' B (z) has been studied in terms of its inclusion in the well know subclasses of
analytic functions, here we have considered k —S8T[A,B] and k — UCV[A,B]. Sufficient
conditions are derived for Igf’e (2),J g?’ B f and the integral operator G 2}6 to belong to k-Janowski
convex and k-uniformly star-like functions. Lastly, given some A and B parameter values, special cases

are discussed.
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ABSTRACT

4 N\
Many authors have given the arithmetic form of triangular fuzzy numbers, especially for addition and

subtraction; however, there is not much difference. The differences occur for multiplication, division, and
inverse operations. Several authors define the inverse form of triangular fuzzy numbers in parametric
form. However, it always does not obtain a(r) @ % #1(r). because we cannot uniquely determine the
inverse that obtains the unique identity. We will not be able to directly determine the inverse of any matrix
in the form of a triangular fuzzy number. Thus, all problems using the matrixA in the form of a triangular
fuzzy number cannot be solved directly by determining A™Y. Inaddition, there are various authors who,
with various methods, try to determine A1 but still do not produce A ®A' 17 Consequently, the
solution of a fully fuzzy linear system will produce an incompatible solution, which results in different
authors obtaining different solutions for the same fully fuzzy linear system. This paper will promote an
alternative method to determine the inverse of a fuzzy triangular number in parametric form. It begins

with the construction of a midpoint m(@) for any triangular fuzzy number @ = (a,a,f), orin
parametricform  a(r) = [a(),a()]. Then the multiplication form will be constructed obtaining a
unique inverse which produces a(r)® — =i(r).  The multiplication, division,and inverse forms will be

a(r)
proven to satisfy variousalgebraic properties. Therefore, if a triangular fuzzy number is used, and also a

triangular fuzzy number matrix is used, it can be easily directly applied to produce a unique inverse. At
the end of this paper, we will give an exampleof calculating the inverse of a parametric triangular fuzzy
number for various cases. It is expected that the reader can easily develop it in the case of a fuzzy matrix in
the form of a triangular fuzzy number.

Keywords Triangular Fuzzy Number, Multiplication, Inverse in Parametric Form, Triangular Fuzzy
Liner System

AN J

1. Introduction

Fuzzy linear systems are used in various fields of science,especially engineering, finance, and
economics [1-4,8].Some models of fuzzy linear systems include linear systems in the form of triangular
fuzzy numbers. The arbitrary triangular fuzzy numbers can be changed in the form of a parametric form
triangular fuzzy number, as introduced by some authors, including [5-17,19,23,34].

Some arithmetic forms for triangular fuzzy number operations are introduced by some authors but there
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is a little difference for addition and subtraction operations.Meanwhile, for multiplication and
division/inverseoperations, there are some models. For example,[5,7,17-22] use the concept of min max
s for multiplication,but do it differently for the division. On the other hand,[4-6,24-28] provide an
alternative to multiplication invarious cases. The author’s focus is “why many authors donot provide
alternatives for calculating the inverse of a triangular fuzzy number, such as [1,4-7,18-21,25-
27]”.Furthermore, why is there no author who completestriangular fuzzy number linear system using the
concept of determinate or inverse fuzzy matrix? It is suggested that each author looks for an alternative
solution and avoid using the inverse of the triangular fuzzy number, even trying to partition it into a real
matrix. For example, [25] uses the ST method, while [8] does this by separating the parts a;; () with @;(r)
into separate equations.Furthermore, [23] uses the functions f () and ]_C(OC) and then calculates the
limit, while other method used by various authors [1], [5-_6,9- 16,19,23,29-30] in solving the linear
system of fuzzy numbers was either in the basic form or in the form of parametric.
The basics of the problem of various arithmetic operations and various methods of solving the system of
linear are given for the arbitrary triangular fuzzy number a(r). There isno element ;, so that
a(r)® % = [ =[10,0]. Based on the description above, the authors deﬁnecth;t the form of the
multiplication of two fuzzy numbers for @(r) # 0 will be able to determine a single element (1),
ie., A®%(r) = x(r)d(r) =1; in this case, means X (1) = %r)' Furthermore, the
concept of multiplication and inverse can be used easily in solving triangular tuzzy number linear

systems and other problems that require the concept of determinant and inverse matrix triangular fuzzy

numbers.

2. Preliminaries

Some basic concepts of fuzzy number have been defined in [3,9-16,27].

2.1. Definition
Atriangular fuzzy number @ = (a, @, 8) isafuzzy set on R with the member ship function given which
satisfies:
1. d (x ) isupper semi-continuous
a (x) = 0,outside the interval [0,1]

2.

3. da (x ) is amonotonic increasing function on [a —-a, a]
4. 4 (x ) is amonotonic decreasing function on [a, a+ ﬁ ]
5.

fd(x)=1,forx=a

Notation of the triangular fuzzy number used in this researchis d = (a, a, ﬁ ) , where a is the center

of triangular fuzzy number, a is the distance of left wide, and ﬁ is right wide; this notation has been
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used in [3,9-16,27].The membership function of triangular fuzzy number

a=(aa/p) is:

a—x
1- wa ifa—x< x <a

— X—a
pa(x) =11 _ ; , ifa< x <a+p

0, other

A fuzzy number @ (1) in parametric form can be notated as @(r) = [a(r),a(r)] with a(*) =a— (1 -r)a and

a(r)=a+ (1-1)pB.

2.2. Definition
A fuzzy number a(r) = [a(r),a(r)] isafunction which satisfies:
a. a(r) isabounded left continuous non-decreasing function at (0,1], and right continuous at 0,

b. a(r) isabounded left continuous non-increasing function at (0,1], and right continuous at 0,

c.a(r) < a(r),r €[0,1]

Two fuzzy numbers @ (1) = [Q(T),E(T')] and E(I) = [Q (r) ,B(T‘)] are equal if

Q(T‘) = Q(T) and E(T) = b(T). The forms@ = (a, a, ) and b = (b, Y,d) areequal
ifa=b,a= yand = d. Definition of similarity between two fuzzy numbers is agreed by
some authors. However, there are not many authors who state explicitly about positivity of triangular
fuzzy numberas[1,4,7,25]. They denote that triangular fuzzy number @ = (a,a,B)is non-negative if
a=0 »  while [26], denote a is positive and a is negativeif @ + ﬁ < 0. Furthermore,

algebra of interval in parametric form as given by [1,3,5,7,17,23,34] is as follows.

2.3. Definition

Two fuzzy numbers in parametric form a(r) = la(m),a()] and b(r) = [Q(T)rg(?")], andscalar k € R
is defined as follows:

a) @) +b@)=[a()+b(),a() +b()]

b) a() - b = [a() —b(r),a(r) - b(r)]

¢) d(r)®b(r) = [minS, maxS]
a) With

S = {a(Mb(),a(r)b(),a(r)b(r),a(r)b(r)}

_ ([ka@),ka@), if k<0
e {[kggr),ka(r)], if k >0
o) m(a) = L0
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If we apply them to triangular fuzzy number in the form g = (a, @, §) and b = (b,y,d), thealgebra
isgivenby[1,5,7,17-20,23-25]. If it is changed to parametric form, then the multiplication operation will
be the same as Definition 2.3. However, the multiplication operation is different from what is given by
[4,7,26-28,32-33], while the concept of positivity of triangular and trapezoidal fuzzy number uses a wide

area conceptas givenin [9-16].

3. Material and Method

As noted above, the addition, subtraction, and scalar multiplication use Definition 2.3 (a), (b), and (d).
Meanwhile, the multiplication of fuzzy number will be formulated using another concept. Before
formulating the concept of multiplication, we will define the positivity of triangular fuzzy number. In
this study, triangular fuzzy numbers are chosen, because the use of triangular fuzzy numbers provides
easy and simple calculations. This is because the triangular fuzzy number has the characteristic of its
membership function which is linear, although the use of fuzzy numbers with non-triangular

membership functions may also be studied.

3.1. Definition
Atriangular fuzzy number @ = (a, a, s ) ispositiveif @ > 0, and d isnegativeif @ < 0.

Inparametric form, @(r) = [a(r),a(r)] = [a—(1—7)a,a+ (1 —1)B] Define
(@) = w = a, sothepositivity conceptbasedon m(&) is as follows:

N

N
Y

a-a Y at+3

v

Figure 1. Triangular Fuzzy Number

3.2. Research Model

Parametric triangular fuzzy number @(r) = [E(T);E(T)] is positive if m(c’i) > 0, andit
isnon-negative if m(d@) = 0. Furthermore, itisnegativeif ~ m(@) < 0,  and itis non-positive
it m(@) <0, anditiszeroif mM(@) = 0, whichisnotatedwith a@@r) = 0(r).

d(r) = [0,0] so d@(r) ispurezerowiththenotation @(r) ~ ﬁp(r)'
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Both definitions clearly mean that the definition of positivity fuzzy number is equivalent to Definition

3.1 and 3.2. Furthermore, we define the multiplication formula of arbitrary two parametric triangular
fuzzynumbers &(r) = [a(r),a(r)] and b(r) = [b(r), b(1)] are

a(r)®b(r) = (a(r)m(b) + b(r)m(a) — m(@m(b),

a(r)m(b) + b(rym(@) — m(@.m))  (3.1)

Simplifying equation (3.1) to be
a(r)®b(r) =

(a()b + b(r)a — ab, a(r)b+b(r)a—ab) (3.2)

Remark

By definition 3.2 and equation (3.2), we have

(1) If @) and b(r) are positive, then a(r)®b(r) positive.

(i) If @) and b(r) arenegtive, then a(r)®b(r) positive.

(iii) If @(r) isnegativeand b(r) ispositive, then @(r") ®b (r) isnegative.
(iv)If @(r) ispositiveand D(r) isnegative, then @(r)®b(r) isnegative.

4. Results and Discussion

Based on Definition 3.2 and equation (3.2), we can construct for arbitrary parametric triangular

~ a(r
fuzzy number d(7), suchas

a(r®x (r) =I(r) =[11] (@.1)

4.1. Theorem
Arbitrary fuzzy number @(r) = [Q(T),E(r)] where m(@) # 0, thereare

_ 1 2m(a) — a(r) 2m(a) — a(r)
el gt — =

an) | (m@)° " (m@)°

then equation (3.1) applies with the multiplication as on equation (3.1) or (3.2).

Proof

First, we determine the value of m(X*), thatis

2m(@) —a(1) _ 2m(@) —a(1)
(m@)° (m@)”

m(x") =x(1) =
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Becausethe value of m(g) = g(1) =a(1) = a, we get m(x*) =25 = =, so that

e =1= [g(r)m(a?*) + x(rym(a) — m(@ym(x*),a(r)mE*) + x(r)m(a) — m(ﬁ).m(f*)]

_ [g(r)1+M,m(&) . . O B _a_zl
@’ (m@) " al T (m@)
= [g(r)l+w_ L 1] L]
a a a a

4.2. Example
Anexampleis given in Table 4.1

Table 4.1. An example of arbitrary parametric triangular fuzzy number @ (T)

a(r) (@)= % amre—— h( )
1 6-r 1 447

(447) ( ST P (A+7)c+—=—5]-1,(6-).c+——5-1

(4+r,6—r) [25 4+r) 2.5-(6— ] [525 42+5] ( 5 25 ) 5 75 ]
=[11]

(-2+1, 1-2r) 2(-D=(240) 2(D-(-20 3421 [(-2+r)(-1)H(-r)(-1)-1, (1-2r)(-1 }+(-3+2r)(-1)-1
' R =[11]

(-2 + 3r, 5-4r) [21 - (-2 +3r),2.1 — (5 — 47r)]=[4-3r, -3+41] [-243r).1+(4-31).1 - 1, (5-41). [ +(-3+4r). 1-1]=[ 1]

If b(r) = [b0), ()] then m (55) = [Z"Eﬁf(lfjm’Z”Ef(l);(”] _L

4.3. Corollary
For arbitrary fuzzy numbers d@(r) = [a(r),a(r)] and b(r) = [b(r), b(r)], we have
2m(B) - b(r) 2m(B) - 5@‘

(m®)" " (m(®)
0 Z?i)(b);(ﬂ "O-IF O ani)(b))lj(r) " )‘
B [g(r)m(ﬁ) + 2m(b)m(@) — b(rym(@) — m@m(b) a(r)m(b) + 2m(b)m(@) — b(r)m(@) - m(ﬁ)m(ﬁ)‘
_ (m(®))’ | (m(®))’
_ |a)m(B) - b(r)m(@) + m@m(b) @(r)m(b) — b(r)m(@) + m(@m(b) ‘
‘ (m(®)) | (m(®)’

o L G
% ()®m [a(r),a(r)]@

In the same, way as proofs Theorem 4.1 and Corollary 4.3, the following theorem can be proven for

arbitrary triangular fuzzy numbers [34-35].
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4.4. Theorem
Let @(r), b(r) and é(r) be parametric triangular fuzzy, respectively, we have

If a(r)®b(r) = 0(r), then @(r) = 0(r) or b(r) =~ 0(r)
If 4(r)®b(r) = @(r)®¢(r) where d@(r) = 0(r), then b(r) = é(r)
If @) = 0(r), then % = 0(r) and =— = a(r)

a. a(r0@) =00

b. amI(r)=1I()

c. a(m®b(r) =br®d(r)

d. (ameb())eer) = a)® (b))

e. (A(M®b(r))®E(r) = a(r)R&(r)®b(r)®E(r) )

£ If ar)®%(r) = b(r) where &(r) # 0(r), theni(r) = %
8.

h.

—
i

il

ar)
il il

il
a(r®b(r)  a(r) ~ b(r)

j.  Ifa(r) = 0(r) and b(r) = 0(r), then

Proof:

Clearly

4.5. Remark
For arbitrary parametric triangular fuzzy number a(r), we have:

a(r) _ [atr)m(@) — a(r)m(@) + m@m(a) ar)m(@a) —alr)m@) +m@m(a)
2. (m(@)’ ’ (m@)°

5. Conclusion

= [11]

For arbitrary triangular fuzzy numbers in parametric form da(r) = [g(r), E(r)] and b(r) = [Q(r),z(r)],
the addition, subtraction, and scalar multiplication operations are the same as those found by most
authors such as the rules (a), (b) and (d) on definition in sub 2.3. Meanwhile, multiplication is as in
equation (3.1). For inverse, we used the rule of Theorem on sub 4.1. The rules of algebra operation for
this triangular fuzzy number in parametric form can be said to be better than the existing form of

operation because its multiplication and division operations are more complete and include wider case.
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ABSTRACT

s N
Rough set theory has avital role in the mathematical field of knowledge representation problems. Hence,

a Rough algebraic structure is defined by Pawlak. Mathematics and Computer Science have many
applications in the field of Lattice. The principle of the ordered set has been analyzed in logic
programming for crypto-protocols. Iwinski extended an approach towards the lattice set with the rough
set theory whereas an algebraic structure based on a rough lattice depends on indiscernibility relation
which was established by Chakraborty. Granular means piecewise knowledge, grouping with similar
elements. The universe set was partitioned by an indiscernibility relation to form a Granular. This
structure was framed to describe the Rough set theory and to study its corresponding Rough
approximation space. Analysis of the reduction of granular from the information table is based on object-
oriented. An ordered pair of distributive lattices emphasize the congruence class to define its projection.
This projection of distributive lattice is analyzed by a lemma defining that the largest and the smallest
elements are trivial ordered sets of an index. A Rough approximation space was examined to incorporate
with the upper approximation and analysis with various possibilities. The Cartesian product of the
lattice was investigated. A Lattice homomorphism was exam ined with an equivalence relation and its
conditions. Hence the approximation space exists in its union and intersection in the upper
approximation. The lower approximation in different subsets of the distributive lattice was studied. The
generalized lower and upper approximations were established to verify some of the results and their
properties.

Keywords Indiscernibility Relation, Granular Lattice,Congruence Class, Distributive Lattice, Lattice
Homomorphism Figure

1 Introduction

Rough Set Theory was introduced by Pawlak [1] for a study of vague and uncertain data with complete
and incomplete knowledge. An approximation space was farmed to be defined by a universal set and
equivalence relation. The methodology was studied as a pair of subsets namely lower and upper ap
proximation. An abstract approximation space was introduced by Cattaneo [2] and the relation between
the orthocomplement operates was studied. A wide investigation was conducted to the model and its
approaches toward the Rough Set Theory. Yao [3] studied the binary relation between two universal sets

as objects and verifies its properties. Emphasis was put on the features of the concept Lattice with Rough
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Set Theory.Yao [3] studied the binary relation between two universal sets as objects and verifies its
properties. Emphasis was put on the features of the concept Lattice with Rough Set Theory. Susanta Bera
[4] discussed the properties of Rough Lattice and Rough Modular Lattice. An approximation space
emphasizes the indiscernibility relation of an object by Pawlak notations.

Richard [5] defined an algebraic structure in a congruence class under the closed operation as meet. The
properties of congruence classes were applied in translation by Lattice. A topological space for mapping
a homomorphic condition was intro duced and its uniqueness theorem was established. Complete
Boolean algebra in a new methodology was constructed and its characteristics space in an approximation
sense was discussed. Jarvinen [6] examined the different types of lattice and their complement
conditions. The operators were discussed with various approximation spaces to define a Rough Set
Estaji [7], an algebraic structure was defined to describe an in terconnection between the concept of
Rough set and Lattices, and the properties of Rough Ideal and Rough Filter were dis cussed. A
homomorphism function was described for a Prime ideal and a Prime filter for a set of fixed points. Fei Li
[8] investigated Rough groups, and Rough Quotient groups and examined their results with some of their
properties. Shao [9] an ordered structure was emphasized with the binary relation on Rough Set Theory,
which implies the Lattice Theory. The rough lattice with a specified notation for lower and upper ap
proximation was studied.

Yamaguchi [10] introduced a Grey Rough Set using Lattice operation. An information system based on
numerical interval data was investigated. An equivalence relation was defined for a grey rough set based
on the Lattice operation. A Method ology was introduced for a non-deterministic Information system.
Rana [11] approached significant results on the model based on a Rough interval using Lattice to define
operators. A distributive lattice has been examined by a family of Rough intervals. An effective algebraic
structure has been investigated in the data for some types of Rough Sets [12]. This illustrates a rough
approximation space with the covering of the lattice. Rana [ 13] formulated the two important concepts of
Rough Partial ordered relation with Rough Lattice. Rough Boolean Lattice was constructed to verify its
properties with Rough relation and Rough Lattice. Yao [14] constructed an approximation op erator
using the concept of Lattice. The data were examined by defining a binary relation using the concept of
Lattice. An universe set was partitioned by the nested granular to define an equivalence relation [15].
This illustrates the Rough set approximation for a different level of bounded lattice to examine its results
and properties. From the above literature, a distributive lattice is framed to de fine a Lattice
homomorphism function and verify its equivalency condition. The Cartesian product of distributive
lattice was partitioned by congruence classes and its properties with granular Lattice were discussed.

Hence the results and properties were examined.

2 Preliminaries

By partitioning the distributive Lattice, an algebraic struc ture was defined for a lower and upper
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approximation.

Throughout this paper, ” <’ represents the order of a given Lattice.

2.1 Rough Set
An information system (IS) was introduced by Pawlak [1] which consists of a non-empty finite set of an
object (O), knowledge obtained as an attribute (A) where A is a combination of condition attributes (C)
and decision attributes (D) suchas A=C U D, V is a cartesian product of object and attributes (O X A) and
fis a function defined as f: A— V. Hence, the information system is denoted as IS= (O, A, V, f). Let Sbe
a subset of A, then an indiscernibility relation was described as an approximation space is defined as a
pair of (O, [p]S) where [p]S is an equivalence relation which partitionthe versal set O. Consider X be a
subset of object (O), then the lower and upper approximation is defined as [7, 9]

apr(X) = {p € Ol[p]S < X}
apr(X)={p € Ol[pIS N X~ O}
The Boundary, Positive and Negative regions are
1. BR(X) =apr(X) — apr(X)
2. PR(X) =apr(X) -
3. NR(X) =mpr—(){)
The set is said to be a definable set if apr(X) = apr(X), else the setis Rough Set or undefinable set.

2.2 Lattice
A partially ordered set (L, <) is said to be a Lattice if itsatisfies the conditionp Aq=p and p V q=q for all
p, q € L.Here A and V represent the binary operators, where p<q.[5]

2.2.1 Distributive lattice
Adistributive Lattice is a Lattice with the operator Aand V if it satisfies Vp, q,r € L. [5]
pPV@A)=(pPVgA(Vr)
PA@QVI)=(pPpAqQV(pAr)
2.3 Rough Lattice
Consider the approximation space (L, P) where P is an equivalence relation. Let X € L and then the
Rough Set was defined as pair of P(X) = (P(X), TX)) [6,10]
Consider a Rough lattice <W A, v> where P(X) are sublattice of L in which it satisfies the following
condition forp, g, r € X
l.pAp=p, pVp=p(Idempotency)
2.pANqg=qAp,pVq=qVp(Commutativity)
3.pAN(GAY)=(pANg)A,pV (qVr)=(pVq)Vr(Associativity)
4.pN(pVq)=p,pV(pANq)=p(Absorption)
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5.p<qifpANqg=pandpV q=q(Consistency).

3 Main Results
This section analyzes the information table into granules and describes the Cartesian product of two
distributive lattices. An equivalence class was determined by the lattice homomor phism. A Granular

Distributive Lattice with some of the results and properties are introduced.

Definition 3.1. Consider an approximation space (A, O, Ind) where A is an attribute, O is an object, and
Ind € A X Ois an indiscernibility relation between A and O.

Definition 3.2. Let X € O and M € A be the dual operator such that[9, 13]

M*={x|x€ 0, a€ M,(a, x) € Ind}

X*={ala€e M,Vx € O,(a,x) € Ind}

Here M* is the family of all objects that are paired with all the attributes M and X* is the family of all
attributes that are fulfilled with all the objects in X.

Definition 3.3. 4 pair of (M, X) is said to be a granular where M1 A and X [1 O. If X* = M and X = M*,

then (M1, X1) <(M2, X2) which implies M1 [] M2.

Definition 3.4. Let (M1, X1) and (M2, X2) be the two granular if X1 = X2 and M1 < M2 then L(M2, X2,

G) be the Lattice (L) and induced by the granular (G).

Definition 3.5. Consider L(M1, X1, G1) and L(M2, X2, G2)be the granular. Hence the least upper bound
and greatest lower bound of the lattice are defined as [8, 10] (M1, X1) [ (M2, X2) = (MI N M2,(X1 [

X2)**) (M1, X1) [1 (M2, X2) = ((MI 1 M2)** X1 N X2)

Definition 3.6. Let L(M1, X1, G1) and L(M2, X2, G2) be the two granular in the Lattice then (M, X) [']

L(MI, X1, G1) then there exist (M', X') 1 L(M1, X1, G1) such that M' = M then L(M1, X1, G1) <L(M2,

X2,G2)[6].

Definition 3.7. Consider a distributive Lattice from a Granular as {Dalo. [ I} where I be an index set of
the partially ordered if (i) "\ Do = L (ii) If Do. < Dp then x [l Do.andy [) Dp there exist a mapping «t : Do %

Dp — L such that [x, y]r U x = y(L) if (x [ y') U (x" [ y) I L Hence for a canonical structure of the
distributive lattice, a congruence relation is defined as [x, y .

Definition 3.8. Consider M be a sublattice of L then an ap proximation space is defined as (L, M, ).

Hence the lower and upper approximation as ©(M) = U{a [ [x, y]z|x(a) [ M} 7(M) = [{a [ [x,

y]r|r(a) N M/= 11} BRer(M) = {rn(M) — (M)} A pair of (r(M), ©(M)) be the Rough Set on M.

Theorem 3.1. Let & be an equivalence relation on an approximation space (L, M, n) if and only if it

satisfies the Lattice homomorphism.

Proof. Consider & be an Lattice homomorphism as rw : Da. XDff — L then

thereexist [x,yJr I x=y(L)if (x 1y
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Dp— Lthen

thereexist [x,yJr 1 x=y)if (x 1y") [ (x"1y) ) Lsuchthatn(x) =alxandr(y) =alyforallx ]
Da, y [l DB and a is a distributive element in DaorDp.

Here, & is an binary relation on L. Then xny [ n(x) = n(y) Therefore & is an equivalence relation on
approximation space (L, M, ).

Similarly, converse is also true.

Theorem 3.2. Let (L, M, ) be an approximation space then there exist any two elements in L such that its

union exists in upper approximation.

Proof. Consider Do < Df then there exist x [1 Da and y (1D By Lattice homomorphism, n(x), ©(y) [
(M) Therefore, by distributive lattice ifx |1 Da.andy ) Dbeta then n(x | y) = n(x) [ n(y) Ul m(M) for all
x [1y U1 L Hence the result.

Corollary 3.3. Let (L, M, ) be an approximation space then there exist any two elements in L such that

its intersection exists in upper approximation.
Proof. Hence the proofis similar to Theorem 3.2

Properties 3.1. Let (L, M, ) be an approximation space then the following properties holds:
(M) M 7(M)

(ii)) (M1 N) [ (M) [1 =(N)

(iii) t(M 11 N) [ (M) [ =(N)

(iv)ai(MNN) [l (M) [ z(N)

(v)r(MNN) [l (M) [ n(N)

(vi) If M1 N then m(M) ) n(N) and n(M) [ n(N)

Example 3.1. Consider an information table with the object of 5 with the attribute price = P, Room = R,

Furniture = F, also with decision attributes P restigiousflat = P F consisting of "Yes" and "No".

Object/Attributes Price Room Furniture PrestigiousFlat
1 High 1 No Yes
2 High 3 Yes Yes
3 High 1 No No
4 High 2 No Yes
5 Low 2 Yes No

Table 1. Infomation Table

Mathematics and Statistics ( Volume No. - 12, Issue - 1, January - April 2024) Page No.23



By partitioning the set as (M, X, G) with the concepts of Granule we can define 23 Granule sets. Hence,

reduction of the Granule concept can reduce 9 Granule and form the Hasse Diagram shown below

Go(©, 12345)

T

G (P, 1234) Ga(R, 45) Ga(F, 25)

T

G4 (PF, 134)

G7(PRF,4) Gg(PRF,5) Gg(PRF, 2)

\Q\ 7

Gg(PRF, @)

Figure 1. Hasse Diagram
Letus consider Do.= {G0, G1, G4, G5, G9 and DB = {GO0, G1, G4, G5, G6, G7, G9}
Then the Cartesian product of Da x Df = {(G0, G0),(G0, G1),(G0, G4),(G0, G5),(G0, G6),(GO,
G7),(G0, G9),(Gl, G0),(Gl, GI),(Gl, G4),(Gl, G5),(G1, G6),(Gl, G7),(GIl, G9),(G4, G0),(G4,
G1),(G4, G4),(G4, G5),(G4, G6),(G4, G7),(G4, G9),(GS5, GO0),(GS5, G1),(G5, G4),(G5, G5),(G5,
G6),(G5, G7),(G5, G9),(GY, G0),(GY, G1),(GY, G4),(GY, G5),(GY, G6),(G9, G7),(GY, G9)}
Therefore, [x, y]r = {{GO0, G1, G4, G9}, {GO, G1, G4, G9},{GO0, G1, G4, G5, G6, G7, GY}, {GO, G1, G4,
G5, G7,G9Y}
Case (i) M= {G0, G2, GS, G9}
Then, t(M) = [ andn(M) = {G0, G1, G4, G5, G6, G7, G9}!
Case (ii) M= {G0, G1, G6, G9}
Then, n(M) ={GO0, G1, G6, G9land (M) = {G0, G1, G4, G5, G6, G7, GY}

Lemma 3.4. Let a distributive lattice {Da|o [] 1} have the largest and smallest element then I be trivially
ordered if the same holds with no hypothesis on Do.

Proof. Let us consider 0 or | and 1 or O(Object) be the smallest and largest element in Do, where o [ [
respectively, then By the definition of homomorphism function © : DoxXDf — L, then & be a binary
relation. Hence n(x) = 7t(y)

n(x)=1ifa>p

(x) =xifo=p

n(x)=0ifallp

In case of 1 is trivially ordered, there exist a | Do.such that
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Theorem 3.5. The Cartesian product of a family of {Da|a [ 1} be a distributive lattice if and only if Do. is

aprojection foreacho 1.

Proof. Let Da.and Df be the distributive Lattice, where a, 11 1
By the definition of homomorphism function t : Do.xXDp — L, then & be a binary relation. Hence n(x) =
7(v) From the above Lemma, Do. is projection, there exist an (x) = r(y) for allx [1 Da, y 1 D.

Hence the result.

Theorem 3.6. Let (L, M, n) be an approximation space then Case (i) If M is not a subset of Df3 then the
lower approximation is a empty set. Case (ii) If M is a subset of Dp then thelower approximation is a non-

empty set. Case (iii) Always the upper approximation be the Df

Proof. Let (L, M, ©t) be the approximation Space then Case (I): Let M is not a subset of Dp. i.e., M1 D
Hence, y ! DBwhichimpliesy/ | M Sincey [l x(a) | Mtheny /! n(a), lower approximation is an empty
set.

Case (ii): Let M is a subset of Dp. i.e., M [1 D Hence, y 1 D which implies y || M Sincey [ w(a) [1 M
theny ] Mandy U] & then lower approximation is always non-empty set.

Case (iii): For any x [1 Da.andy ) D then, By definition of upper approximation, Df [l w(a) N Mwhich
implies Df ] i(M) ——(1) [x, y]x [ Da. < Dp then there exist a [l [x, y]r such that [x, y]x [ ©(a) N M
Since its satisfies the distributive condition, w(a) N M [1 DS which implies n(M) [1 Df——(2)

Consider Da{G0, G1, G5, G10, G15} and DB{GO, G1, G5, G6, G10, G13, G15} Hence the ordered pair
of distributive lattice as Da x Df = {(G0, G0),(G0, G1),(G0, G5),(G0, G6),(GO, G10),(G0, G13),(GO,
GI15),(G1l, G0),(G1, GI1),(G1, G5),(G1, G6),(G1, G10),(G1, G13),(G1, G15),(G5, GO),(GS5, G1),(GS5,
G5),(GS5, G6),(GS5, G10),(GS5, G13),(G5, G15),(G10, GO),(G10, G1),(G10, G5),(G10, G6),(G10,
G10),(G10, G13),(G10, G15),(G15 GO0),(G15 GI)(Gl5 G5),(Gl5 G6),(Gl5, G10),(Gl5,
G13),(G15, GI5)}

From Definition 3.7, the equivalence class is defined as /x, y/z = x = y(L) if (xAy')V(x'A\y) € L and From
theorem 3.1, it can be verified with Lattice homomorphism condition below.

[GO, GO]r = (123456 Q)V(QD N123456) =D =GI5 €L [GO, Gl]x = (123456 AN256)V (D N 134) =
256=G7€L[G0,G5]r= (123456 A2356)V (D N14)=2356€/L

Similarly, find for all the ordered pair of the distributive lattice. Hence the equivalence class is defined as
{{G0, G1,G10,G13, G15}, {GO, G1, G5, G6, G10, G13, G15}, {G1, G5, G6, G10, G13, G15}} and also,
consider M = {G0, G1, G5, G10, G13, G15} From this lower and the upper approximation as (M) =
{G0,G1,G10,G13, G15} (M) ={G0, G1, G5, G6, G10,G13,G15}
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From the upper approximation G10 and G13 contain the object which satisfies all the attributes and also
it contains in G0, GI, G5, G6. Hence, we concluded that the object 1 and 4 can shift to the general ward
from the ICU ward.

Itis observed that the 6 patients data were analyzed in the ICU ward and an ordered pair of granular exists
to form a distributive lattice using a Hasse diagram. The Cartesian product of two distributive lattices
was given and the equivalence class was verified by the lattice homomorphism condition. Consider M S
L,then based on M itis easy to diagonalize the patient shift to the general ward or needs more observation

regarding the patient.

5 Conclusions

In this paper,

* A lattice homomorphism was discussed to define an equivalence relation.

* The union and intersection of the upper approximation were discussed based on the structure of the
distributive lattice.

* The projection of the distributive lattice was verified with the lemma.

* Always the upper approximation is the sub lattice and the lower approximation differed from the case.

* A Real time experimental analysis uses Granular distributive lattice.
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ABSTRACT

The study of set of objects with imprecise knowledge and vague information is known as rough set theory.

The diagrammatic representation of this type of information may be handled through graphs for better
decision making. Tong He and K. Shi introduced the constructional processes of rough graph in 2006
followed by the notion of edge rough graph.They constructed rough graph through set approximations

called upper and lower approximations. He et al developed the concept of weighted rough graph with

weighted attributes.Labelling is the process of making the graph into a more sensible way. In this process,

integers are assigned for vertices of a graph so that we will be getting distinct weights for edges. Weight of
an edge brings the degree of relationship between vertices. In this paper we have considered the rough
graph constructed through rough membership values and as well as envisaged a novel type of labeling
called Even vertex (-graceful labeling as weight value for edges. In case of rough graph, weight of an
edge will identify the consistent attribute even though the information system is imprecise. We have
investigated this labeling for some special graphs like rough path graph, rough cycle graph, rough comb
graph, rough ladder graph and rough star graph etc. This Even vertex {-graceful labeling will be useful
in feature extraction process and it leads to graph mining.

Keywords Rough Graph, Rough Path Graph, Rough Cycle Graph, Rough Comb Graph, Rough
Ladder Graph, Rough Star Graph

.

1 Introduction

Rough set theory proposed by Pawlak in 1982 is a novel mathematical tool for solving uncertain
problems through in discernibility relation between the objects. The core premise of Rough set theory is
based on lower and upper approximations [3]. One of the major important concepts in Rough Set is
rough membership function [4] which has a wide range of application in the field of knowledge
discovery, data mining,image processing, conflict analysis, decision making processes etc. He T and Shi
K introduced rough graph using binary relations and its structure [5]. T He, Y Chen, and K Shi first
established weighted rough graph in 2006 [6] using the class weights for the edge equivalence class and
also application in relationship analysis is explained to show the effectiveness of generalized Kruskal
algorithm to explore the class optimal tree. In 2011, M. Liang, B. Liang, L. Wei and X. Xu defined edge
rough graph based on the edge set in which it is said that any pair of graphs can be approximated by a cay
ley group. At last, to compute the clique number of groups, it was proved that how the edge rough graph
is applied [22]. In 2012, Tong he described the structure of rough graph in three representation forms

such as rough figure, edge adjacency matrix, edge list [7] and properties of rough graph are discussed
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through the concept of edge precision, rough equal and rough similarity degree which are used to
compare different rough graphs [21]. Following them Chen, Jinkun and Jinjin Li de scribed an
application of rough sets to graph theory [8]. In this paper, the concept of quasi-outer definable sets has
been introduced and an algorithm is designed for testing bipartiteness of a simple undirected graph [8].
Chellathurai and Jesmalar defined a weighted rough graph and its properties [9]. A vertex rough graph
was recently constructed by Bibin Mathew et al. based on indiscernibility relation on vertex set. Vertex
precision and edge precision were also defined and discussed in this paper.

He used the rough membership function to demonstrate the rough vertex similarity degree, rough edge
similarity degree, and rough equal. Additionally, rough vertex membership and rough edge membership
functions were developed with some properties [20]. Rough graphs with additional metrics based on
neighbourhood system and its mathematical properties were introduced by Anitha and Arunadevi [ 19].
Labeling of a graph G is an assignment of integers to the vertices of G or edges of G or both satisfying
certain condi tions. A survey of graph labeling is compiled by Gallian [2]. In 1967, Rosa initially
proposed graceful labeling of graphG under the name S-valuation, which Solomon W. Golomb later on
adopted. The resulting edges are different when each edge e = uv is assigned as graceful labeling |f(u) —
f(v)|, whichis an injection f from the set of vertices V(G) tothe set {0, 7, 2, ..., g}!. A graph which admits a
graceful labeling is called a graceful graph [2]. In 1991, Gnanajothi introduced a labeling of G called odd
graceful labeling [2] and in 1985, Lo introduced a labeling of G called edge graceful labeling [2]. Edge
odd graceful labeling is a labeling of G that Solairaju and Chithra introduced in 2009 [2]. Likewise, S.N.
Daoud demonstrated necessary and sufficient conditions of some of the path graphs and cycle related
graphs including friendship, wheel, helm, double wheel, gear and fan graph are edge odd graceful
labeled in 2017 [11]. Solairaju et al. defined graceful labeling for ladder, sun extension graph, double fan
and open staircase graph [ 12]. Here the definition is given that C9 * (K1 + Cn) is connected whose vertex
setis {vl,v2,...vn+9and edgesetis {vi, vi+1;i=1to(n— 1)} U {vn+1,vi;i=1ton}U {vi,vi+1;i=n+
I,n+2,...n+ 8V {vn+9, vn+1}anditis proved as edge odd graceful [12]. Mohamed R. Zeen El Deen
introduced Edge o-graceful labeling for some cyclic related graphs [13] and also he proved some results
in edge even graceful labeling of the join of two graphs [14]. Md Forhad Hossain et al. discussed new
classes of graceful trees [ 18] and Md Shahbaz Aasai and Md Asif et al. computed radio number and radio
mean number of lexicographic product of some graphs namely P2 [Pq], P3 [Pq], P2 [Cq] and P3 [Cq]
for ¢ > 5 and also composed computer code using python language. Hennig Fernaua et al. constructed a
sum labeling for fg,p and the proof'is given for fq,p is 2-optimal summable and it is proved that except for
f4,p and f5,p are sum labelingfor all flowers [15]. Abdullah Zhraaa and Arif Nabeel et al. introduced
dividing graceful labelling for certain types of binary trees, path, caterpillar, star DS/,k and spider [16].
In this paper, we introduce a new type of labeling based on graceful and we investigate it in some rough

graphs.
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2 Materials and Methods

2.1 Information Table [4]
An information system is a pair [S=(U,A) where U is a non empty ,finite set called the universe and Ais a

non empty, finite set of attributes, a - U — Vafor a € A, Vais called the value set of a.

2.2 Indiscernibility [4]
Indiscernibility relation is a central concept in rough set theory. Given a subset of attributes B € R, an

indiscernibility relation ind (B) on the universe U can be defined as follows:

IND (B)={(x,y) € U*U,;V a€B, a(x) =a(y)}. Indiscernibility relation is an equivalence relation where

all identical objects of set are considered as elementary.

2.3 Approximation of Sets [4]
I[f M= (U, K) is aninformation system, /'€ Kand X SUthenthesets FX={x€U: [x]FS X} and F X =
{x € X: [x]F N X/=[]are called the F-lower and the F-upper approximation of X in K.

2.4 Rough Membership Function [10]
Assume M = (U, K) is an information system, a non empty set F € U. In rough terms, here is the
rl .M F
membership function for the set wi = %
F

2.5 Properties of Rough Membership Function [4]

forsomex € U.

Some properties of rough membership function as follows:
Lk (0=1iffx DKX)
2.u% x)=0iffx 1U- KX
3.0<u¥ (x)<I1iffx 1 BNK(X)
4.1fIND (K) = {(x,x) : x [ U} then u¥ (x) is the characteristic function of X.
5.IfxIND (K) y then u KX (x)=uKX (v)
6. uf—X(x)=1-u% (x)foranyx 1 X
7 ukoy () zmax (u 5), u ) foranyx LU
8. uky (x) <min (ii% (z), p¥¥ (z)) foranyz € U
9.ubx (z) = 3 ¥ ()
zeX
2.6 Rough Graph [10]
Let U={V, E, o} beatriple consisting of nonempty set V'={vI,v2,.... vn} =U, where U is auniverse,

E={el e2, ....en}beasetofunordered pairs of distinct elements of V and o be a function w : V'— [0,
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1].Arough graphis defined as
maz (w& (v;) ,wg (vj)) > 0, edge
U (vs,v5) = e N
maz (wg (v;) ,wy (vj)) = 0, no edge.
2.7 Example
Let Ube an information system. Let U ={a, b, c, d, e, f, g, h, i} and the set X = {a, b, c}. Let
blood pressure, hypertension and complication are condi tion attributes and delivery be the decision

attribute. The information table is given as follows:

OBJECTS | C1 |C2 | C3 | D
a 0 1 0 |1
b 0 1 0 |1
C 0 1 1 1
d 0 0 1 | 2
e 0 0 1 2
f 1 0 1 | 2
g | 0 0 |3
h 1 0 0 |3
i | 1 0 |3

R{a} ={a, b} =R{b}, R{c} ={c}, R{d}={d e/=R{e},
Rif} =1}, Rig} ={g h} =R{h}, R{i} = {i}

Rough Membership values are

_ Hab}nfabell

[{a, b}|
wa (b)) = 1,wg (¢) = 1,wg (d) = 0,wg (e) =0,we (f) =0,
wg (9) =0, wg (h) =0, wg () =0.

wg (a)

The Rough graph is constructed for the above information table:

Figure 1. Rough graph.
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2.8 Rough Path Graph [10]
Distinct edges in Rough walk are said to be rough trail and distinct vertices in a rough walk are said to be

rough path. Itis denoted by Pn.

2.9 Rough Path Graph [10]
A Rough cycile is defiend as the closed Rough walk v/, v2,...vn =vwheren>3andvl,v2,... v(n—1)
are distinct. Itis denoted by Cr.

2.10 Rough Ladder Graph [10]
The Ladder Rough graph is defined as the Rough Cartesian product of Rough path and the Complete
Rough graph. Itis denoted by Ln.

3 Main Results

3.1 Even Vertex {-Graceful Labeling

A function is called even vertex C-graceful labeling of a graph G(V, E) with n vertices and m edges if /' V'
(G)—{2,4,6...}isbijection and the induced functionf: E (G) —

Nisdistinctand m (G) =no. of edges then itis defined as

S when ( is even
f*(uw) = g+ 1 where ( = f(u) +

= when ( is odd

f (v) + m(G) forall u,v € E are all distinct.

3.2 Rough {-Graceful Graph

Arough graph Rp (G) = (Vo, Ep, w) hasn verticesand medges if Vo = {vpl,vp2,.. . von},o: E(G)—N
and we Vo * Vo — [0, 1] is bijection such that the labeling of verticesand edges is distinct. Then Rp (G)
= Vo, Ep, wg) is calledrough (-labeling graph if it satisfies the following conditions:

L. Ifmax (w(vf)w(vy)) > 0, edgeexists.

2.1f gv (uv) = ¢ ¢ is even and o¥ (uwv) = %, ¢ is odd for all uv € V where { = f(u)

2?
f ) +m(G) forall uy € V.
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Figure 2. Even vertex (-graceful rough graph.

4 Even Vertex (-Graceful Labeling for Some Simple Rough Graphs
4.1 Theorem

The rough path graph admits even vertex (-graceful labeling for all n> 2.

Proof: Let Pnbe arough path graph with n vertices and » — / edges which represents in Figure 3.

Vi vV Vi oV Vs Ve V7 Vg Vn
——o+—» ——s —b.een
€4 ) €; ey €5 [ ey €y

Figure 3. Rough path Pn.

Defining the vertex label with the function if f : V' (G) —{2,4,6...} by f (v;) = 2ifor 1 < i < n. The edge labels are

defined into two cases:

Case (I): If n is even then the mapping for the edge labeling is defined as /- E (G) — N with the function
2+ 4q
f(ez)=$ fori=1,2,3...n—1.

4 6 8 10 12 14 16 18 20
s + + * . » » » * ]
8 10 12 14 16 18 20 22 24

Figure 4. Rough path P10.

1444
Case(ii): Ifnis odd then the edge labeling is defined as follows: f (e;) = el

fori=1,2,...n—1.
5 ori ,2,...m

2 4 6 8 10 12 14 18 18

—

li 9 11 3 15 7T 19 2

Figure 5. Rough path P9.

4.2 Theorem
The rough cycle C,, admits even vertex (-graceful labeling for all n > 3.
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Proof: Letv/,v2,..., vnbethe verticesof Cnandel, e2, ..., enbe the edges of Cn. There are two cases:

Case(I): If n is odd then the vertex labeling is defined as f'(vi) = 2i for I <i <n. The induced edge labels

areas follows:

f(ei):#Where{j:4i_3 b2, S B GRS |

1=2i—38 Jfori=mn

Case(ii): Ifnis even then we define label of the vertices of Crn as follows:
fovi)=2i, 1<i<n—1,fwi)=2i+2,i=n.
There exists the induced edge labels as follows:
j=4i-3, i=1,2...n—2
fle)) =" where ¢ j=4i—1, i=n—1
j=2i—-1, i=n

Hence the edges are distinct.

14

Figure 6. Rough cycle C7 and C8.
4.3 Theorem
The rough star graph S7,7admits even vertex (-graceful la beling for 7> 2.

Proof: Let G be arough star graph obtained by replacing each vertice of S1,t except the apex vertex u0 .It
is the central vertex of the graph G. Let ui be the vertice of rough star graph for 7 <i<t.

The vertex labeling is f(u0) = 0 and f (ui) = 2i for I <i<t.

The edge labeling is f(u0ui) = 2ifor 1 <i<t.

16

14@

12

Figure 7. Rough star for S/,8.
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4.4 Theorem

The rough comb Pn (O K1 admits even vertex (-graceful la-belling forall n> 3.

Proof: Letvi, v2,..., vonandul,u2,..., unbethe vertices of Pn () KI The general from is givenin fig 8.
The edge setis defined as follows:

Vi V2 V3 Vi Vs Vg V7 Vg Vn Vn
ﬂ1I azI aaI aaI asI asI HTI asI I I an. ‘ a, ‘
Uy Uz Uz Uy Us Ug Uz Ug Ut Uy
by b by by bs bg A by by

Figure8. Rough comb-Pn © K1

Case(I): Ifnis odd, define the vertex labeling as
f(ui)=2ifori=1,2,...n,andf(vi)=2i+2n+2fori=1,2,...n.
Then the edge labeling is defined as f (uiui+1) =n+2i+ 1,i=1,2,...nf (uivi) =2n+ 2i+ [ fori € N.

This was shown in Fig. 9.

2 24 2 28 30 32 34 3% 38

ul 23l 2 27I 291 31I 331 35] 3TI

2 4 6 8 10 12 14 16 18
2 14 16 18 20 2 24 26

Figure8. Rough comb graph P9 O K1
Case(ii) : Ifnis even then the vertex labeling is
f((ui)) =2ifor I <i<mandf{vi) =2i+ 2nfori € N.

The edge labeling is defined as follows:
f (ujv;) = 2n + 2i for i € N. It was represented in Fig. 10.

18 20 22 24 26 28 30 32

EEELEEE

2
11 13 15 17 19 21 23

Figure 10. Rough comb graph for P§ O K1.
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4.5 Theorem

The rough ladder graph Lz admits even vertex -graceful labeling.

Proof: Let V (Ln) = {ui, vi/l <i<n}bevertex setand E (Ln) = {uiui+ 1, vivi+1/] <i<n— 1} U

{uivi/l <i<n} be the edge set of ladder Ln then it has 2n vertices and 3n — 2 edges as represented in Fig.
11.

Case(I): Ifnis odd, then the vertex labeling is
f(ui) =2ifor 1 <i<n,
fvi)=2i+2n+2fori=12,...n

The edge labeling is defined as

] n+1 ] n+1
f(uiui+l)_n+2’l+( 5 ),f(uiﬂi):2n+21+( 9 ),

f(’U%"U%'_Fl) =3n+2t+ (%—FB) +1 forall:=1,2,...n.

Case (ii): Ifnis even then the vertex labeling is

f(ui) =2ifor 1 <i<n,and f(vi)=2i+2nfori € N.

The edge labeling is
f(uitip1) =n+ 21+ (g), f (uv;) = 2n + 20 + (g) - |
f (viviy1) =3n+2i + (g) forallt € N.

\Z| V2 V3 Vi f I Vha  Vp

uq Uz us Uy Us Un-1 Up

Figure 11. General form of rough ladder graph.
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29 31 33 35 37 39
18 20 22 24 26 28 30
ZOI 221 24I 2GI 2aI 301 321
2 4 6 8 10 12 14
13 15 17 19 21 23

Figure 12. Rough ladder graph L7.

30 32 34 36 38 40 42
18 20 22 24 26 28 30 32

EECCEEE

2 4 6 8 10 12 14 16
14 16 18 20 22 24 26

Figure 13. Rough ladder graph Lg.
4.6 Theorem
The rough graph P, .S ; is even vertex ¢-graceful labeling.

Proof: Let G be a rough graph obtained by combining path graph and star graph P,, * Sy ; ort = 2.
Let V(P,*S1¢) = {us, 1 <i < n}tUu{vi,ai,bi/1 <i<n}

be vertex set and E(P, * S1:) = {u;,ui+1/1 < i < n}p U

{w;v;,via;,v;b;,1 < i < n} be the edge set of rough graph for
t = 2. It was given in Fig. 14.

Case (I): Ifnis odd, then the vertex labeling is

flui) =4i—2,f(vi) =4if(ai) =f(vn) — 2 + 4i,f(bi) =f(vn) + 4i.

The edge labeling is defined as follows:
f(uiui+1) =2n + 4i,f(ui, vi) = 2n + 4i— 1,f (viai) = f (ai) + 1,f (vibi) = f(bi).

Un
""""" L
H
H
.
s
:
A 4 W WV v"
"
FAN
! \
; "
L J ®
a1 b1 Az bz as bz aas - ba an bn

Figure 14. Rough graph P, S ¢ fort = 2.
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5 Conclusion

Graph labelling has a wide range of applications in all fields of engineering and science especially in

telecommunications.
30 32 34 40 42 52 54
Figure 15. Rough graph P7*S1,2.
32
22
35
24
38 4 42 45 46 49 50
32 34 36 38 40 42 44 46 50 52

Figure 16. Rough graph Ps*S1 2.

Radio labelling is used to increase the speed of communication in Wireless and sensor networks, Fault
tolerant system is designed by using Facility graphs, Voronoi graph is used to cal culate the efficiency of
sensor networks. Labelling on Rough graph can be used to identify the strong relationship among ob
jects which will enable the decision makers to easily identify the irrelevant conditional features. In this
paper, we introduced a new type of labeling called even vertex (-graceful labeling on rough graphs.

We will extend this labeling for the calculation of consistent features form an Information system by

developing new algorithm in future.
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