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Numerical Investigation on Flow-Field Characteristics towards
Removal of Free-Water by A Separator with Coalescing Plates

Xiangdong Qi, Hongqi Zhang, Xitong Sunl, and Zhihua Wang

1Key Laboratory for Enhanced Oil & Gas Recovery of the Ministry of Education, Northeast Petroleum University, Daqing
163318, China
20il Recovery Plant No. 2, PetroChina Daqing Oilfield Company Limited, Daqing 163414, China
3 Jilin Branch of China Aviation Fuel Company Limited, Changchun 130500, China

Abstract:

4 The produced water-containing polymer brings new challenges to oil-water separation in oilfield
production, yet separators with coalescing plates to remove free water have been playing an active role.
In this paper, the flow-field characteristics of polymerladen produced water in a separator with
coalescing plates are analyzed using computerized mathematical methods to investigate the effects with
a water content of 55%, 70%, and 85%, flow rate of 3500 m3/d, 4800 m3/d, and 6000 m3/d, and duration
time of 20 min, 40 min, and 60 min on flow-field properties and separating efficiency are studied. The
results show that the separating efficiency is positively correlated with water content and duration time,
and duration time has the greatest improvement to the separating efficiency, but the enhancement of flow
rate may reduce the separating efficiency. It is also observed that the separation efficiency of free-water
reached 70.9% and the water content at the oil outlet of the separator reached 20.4% at a duration time of
60 min, when the contained polymer concentration and water content in the oil-water mixture are 500

kmg/L and 70%, respectively. )

1. Introduction

With the intensive exploitation of oilfields, a variety of measures such as water flooding and chemical
agents have been widely used, thus crude oil production and economic benefits have been guaranteed [ 1-
3]. Subsequently, the prevalence of impurities such as water, sediment, and polymers are commonly
present in the produced water from oil wells, respectively, the transportation and utilization of crude oil
are affected and threats to the environment may increase [4-5]. Furthermore, the oil-water interfacial
stability is affected by components such as polymer and asphaltene in produced water, which brings new
challenges to the treatment of produced water [5-7]. Typically, water and crude oil mixture need to be
separated and treated in the oilfield to achieve compliance with refining and commercial requirements
[8-10].

The existent form of water in crude oil is not fixed, so the difficulty of separation and treatment will
continue to change. Free water is separated from oil in a short time by gravity sedimentation at room

temperature, on the contrary, some amount of water will form a stable emulsion with crude oil, which is
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difficult to separate by gravity sedimentation [11, 12]. In industry, the process of separating free water
and then treating oil-water emulsion has been applied on a certain scale [13]. Therefore, efficient
separation of free water from emulsion is important.

Although free water is usually separated by gravity, there are differences in specific treatment
equipment and methods [12-14]. At the same time, the separation effect will also change significantly.
For example, wang et al. [15] simulated a separator with a bi-directional corrugated plate structure,
which can obtain higher separating efficiency when the oil concentration is 30% to 60% and the flow rate
of the inlet is 13 L/min ~ 133 L/min. Moreover, lower oil concentrations allow the selection of larger
inlet flow rates within the appropriate range. Almaroufet al. [16] arranged a series of inclined multi-arc
coalescing plates in the oil-water separator and proposed that the geometrical characteristics of the
separator govern the separation effect between oil and water. Under the conditions of longer duration
time and higher water content, the separation effect between oil and water will be enhanced, and the
processing temperature and degree of oil shedding are linear. Kim et al. [17] simulated the influence of
mesh size on the separation of an oil-water mixture under different pressure gradients, and the narrow
pores can improve interfacial resistance and viscous dissipation, which help prevent oil infiltration by
consuming oil inertia. From the point of coalescence and breakup of droplets, Yuan et al. [ 18] considered
that droplets with smaller surface tension are suitable for lower separation speed, and separating
efficiency can be enhanced by controlling the shape and spacing of wave plates, on the contrary, the
speed of droplets with larger surface tension is a convenient way to increase the separating efficiency.
Orug et al. [19] experimentally studied the separating of mixtures at different temperatures, taking into
account the corrugated plate spacing, shape, and angle, and obtained the highest value of separating
efficiency. Yaylaetal. [20, 21] investigated the influence of the Reynolds Number and the configuration
of the coalescing plate on the oil-water separation. They found that the Reynolds Number of the oil-
water mixture was inversely related to the separating efficiency. When the hole shape of the coalescing
plate is elliptical and rectangular, the size of the hole does not affect separating efficiency. Moreover,
when the distance of the coalescing plate is 12 mm and the Reynolds Number is 18, the separating
efficiency is the highest for a cylinder with an aperture of 15 mm. In general, the various methods of
removal of free water have the same goal, that is, by creating good conditions, oil and water rely on
density difference and by the gravity to separate, and liquid separation plate and coalescing plate plays
anirreplaceable role in this segment.

However, the properties of produced water are constantly changing when the polymer continues to
exist, and the adaptability of the traditional separator to an oil-water mixture containing polymer is
reduced, thus the separation effect of free-water has not reached the expected goal [13, 14, 22]. On the
other hand, the separator with coalescing plates is widely used as the free-water separation equipment in

oilfields, and the separation effect of oil-water mixtures containing polymers also lacks systematic
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evaluation.

Therefore, the suitability of oil-water mixtures containing polymers in separators with coalescing
plates should be understood. The flow-field characteristics of the separation are concentrated reflections
of the removal effect of free water, which is also inevitably affected by factors such as water content,
flow rate, and duration time. Meanwhile, the separation effect of an oil-water mixture containing
polymer in the separator provides a reference for the optimization of the separator structure.

In this paper, a ®3600 mmx16000 mm separator with coalescing plates is built for mathematical
simulation. The EULERIAN model and RNG k-¢ model are applied to simulate the flow-field
characteristics in the separator, and the role of steady flow and coalescence unit is shown. The separation
of free water with the effect of water content, flow rate, and duration time of oil-water mixture containing
polymer is studied by combining qualitative and quantitative methods. The flow-field change of the
separator is further discussed by detecting the pressure field, flow field, and oil phase concentration

distribution, furthermore, the oil-water separation effect is also evaluated.

2.Methodology

2.1. Modeling of Separator with Coalescing Plates

In the process of oil-water separation in Daqing Oilfield (China), a horizontal settling separator is
mainly used to separate free water, and its model is @ 3600 mmx 16000 mm separator with coalescing
plates, which has been widely used. Therefore, a physical model with an equal proportion to the
separator is established.
The separation of oil and water depends on the steady flow unit and coalescence unit in the separator. As
shown in Fig. (1a), the liquid separation plate is used as a steady flow unit, and the coalescing plate is
used as a coalescence unit. The goal of oil-water separation can be achieved through these units. This is
because the flow field becomes stable within the unit area, the oil droplets rise upward and the water
phase settles downward.

Therefore, during the numerical simulation, the structure of the separator is reasonably simplified, the
auxiliary components such as the oil tank and the base inside the separator are omitted, and the
components such as the manhole and safety valve group outside the separator are not considered. As
shown in Fig. (1b), a simplified physical model of the separator is constructed, and the coalescing plate

isarranged horizontally. The main structural dimensions of the separator can be obtained from Table 1.
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Table 1: Structure size data of separator with coalescing plates.

Structural Parameters Size Structural Parameters Size
Total volume of separator (m?) 160 il phase outlet diameter (mm) 300
Length of elliptical heads at both ends of separator(mm) 500 ‘Water phase outlet diameter {mm) 300
Total length of separator {mim) 16000 Distance from inlet to liguid separation plate (mm) 2100
Inlet diameter (mm}) 300 Distance from inlet to the center of coalescing plate (mm} 9100
Length of coalescing plate (mm) 2000 Coalescing plate spacing (mm) 150
Thickness of liquid separation plate (mm) 20 Thickness of coalescing plate (mm) 20
Hole diameter of liquid separation plate {mm) 230 Opening ratio of liquid separation plate (%) 15

In the process of removing free water by using the separator, the oil-water mixture enters the inside of
the separator in a tangential direction through the inlet, and the initial steady flow is realized by the liquid
separation plate and then enters the coalescence unit. At this time, the lower density of the oil makes it
rise and coalesce to the bottom surface of the coalescing plate, in turn, the higher density of the water
makes it settle to the upper surface of the coalescing plate. The liquid in the coalescing plate will be
continuously promoted from the entrance. Subsequently, the oil flows out from the oil outlet at the upper
right end, and water flows out from the water outlet at the lower right end, and the separation of free

water is realized.
2.2. Mathematical Model for Simulation of Coalescence-Separation

Before selecting the mathematical model, the temperature and pressure characteristics of the free-water

separator are considered, and the energy exchange can be neglected.

Liuidd
separating
plate

Oil putlet
7] Oil-water mixture inlet

Winter outlet

Main functional components
in the separator

(a) Structure diagram of separator

(b) Simplified physical model of separator
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Figure 1: Main structure and modeling of 93600 mm=16000 mm separator with coalescing plates.
Continuity equation [23, 24]:
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where p,is the density of the oil-water mixture, kg/m?¥; v, is the mass average velocity of the oil-water mixture,
mfs; u,, is the dynamic viscosity of the mixture, Pa-s; «; is the volume fraction of phase j, %; p; is the density of

phase j, kg/m"; vy, ; is the drift velocity of phase j, m/s; F is the external force, N; v, is the mass velocity of phase |,
m/s; p; is the dynamic viscosity of phase j, Pa-s; p is the pressure shared by all phases, Pa.

The equation for the volume fraction of the oil phase can be derived from the continuity equation as follows:

d (ot o)

At + P (i) + Plagopvgp,) =0 (3)

Where v, .is the drift velocity of phase k, m/s; a, is the volume fraction of phase k, %; p, is the density of
phase k, kg/m"

In the simulation of oil-water separating, the flow pattern of the oil-water mixture in the separator should be
determined before simulation. The identification of the flow pattern can be quantitatively distinguished by the
Reynolds Mumber. Laminar flow has a small Reynolds Mumber and high viscous forces in the flow field. In
contrast, the turbulent flow has a large Reynolds Mumber, high inertial forces in the flow field, an extremely
unstable flow state, and a relatively disordered flow field [27, 2E8].

Reynolds Mumber can determine the flow state of the oil-water mixture in the separator, which can be
obtained from Eq. (4) [25, 29].

Pmvd,
g =—

i

(4)

Where Eeis the Reynolds Mumber of the oil-water mixture in the separator; p,, is the density of the mixture,
kg/m v is the average velocity of the mixture in the separator, m/s; d. is the equivalent diameter of separator,
mm; g is the dynamic viscosity of mixture in the separator, Pa-s.

The density of the oil-water mixture can be calculated according to Eq. (5).

Pm = Pa(l - '.{’} + putp (5
Where p,is the density of oil, kg/m?; p,, is the density of water, kg/m?; ¢ is the water content of the mixture, %.

The basic structural characteristics of separators with coalescing plates are considered. Reynolds Number is
calculated by Eg. (4) and (5), then the flow pattern is identified. After the analysis and calculation of the working
conditions of a treatment station in an oilfield, the free-water separation process is defined as a turbulent flow
pattern. Therefore, the widely used and applicable RNG k-¢ model is used for simulation [30, 31].

Moreover, oil and water phase wvolume fractions are extracted to quantitatively characterize the oil-water
separation effect after the calculation runs stably, and the free-water separation efficiency of the oil-water mixture
in the separator can be calculated according to Eq. (6).
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1~ Pz
= ]
n o (6)

where yis the separation efficiency of free-water, %; g, is water phase volume fraction at the inlet, %; w; is water
phase volume fraction at the oil outlet, %.

2.3. Solving Process

Based on the established physical model of the separator, the finite volume method is used to solve it,
dividing the calculation area of the physical model into non-repeating control volumes (grids),
integrating the conservationtype differential equations to be solved in any control volume and a certain
time interval over space and time, and specifically completing the application of the algorithm in the
model by the commercial software FLUENT.

The grid type is generally divided into structured grid and unstructured grid. Among them, the
unstructured grid has good adaptability to complex models [32]. Fluent Meshing is used to generate an
unstructured grid after the structure of the separator is considered. Since the liquid separation plate and
the coalescing plate are the main implementation areas of the separation function, they are reasonably
encrypted. In addition, grid independence verification is accomplished by encrypting the number of
grids in the computational domain, and the separator outlet velocity variation is observed at different
grid numbers. The relative error of the simulation results decreases with increasing the number of grids,
and the grid convergence can be considered when the error is lower than 5%, and finally, the physical
model with the grid number 5086345 is used for the formal simulation calculation, and the meshing of

the separator is shown in Fig. (2).

t
I
|

i

z* 1

Figure 2: Meshing of &3600 mm=16000 mm separator with coalescing plates.

In the FLUENT software, the wall is set to a static state by considering the influence of the viscosity of

the wall of the separator. After a given inlet velocity, the outlet boundary of both water and oil is set to
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“Outflow". Similarly, the steady flow unit and coalescence unit play an important role. For a clearer
understanding of the separation effect and obtaining the separation flow-field characteristics inside the
separator, the mixture composed of oil and water is considered to be incompressible fluids in the
simulation process. The temperature inside the separator has been kept constant so that heat exchange
has been ignored.

The parameters selected for the simulation calculations are determined according to the physical
properties of the oil-water mixture in the Daqing oilfield, as shown in Table 2. Due to the mutual motion
between the oil and water phases, a non-constant calculation of the simulation process is chosen for
“Phase Coupled Simple” [33].

Table 2: Basic calculation parameters of oil - water separation simulation.

Calculation Parameters Value
Concentration of polymer in oil-water mixture (mg/L) 500
Water phase density (kg/m?) 1000
0il phase density (kg/m?) a45
Qil phase viscosity (mPa-s) 56
Qil-water interfacial tension (N/m) 0.03
Separation temperature (*C) 38
Initial height of oil-water interface (m) 25
Contact angle of upper surface of coalescing plate (%) 20
Contact angle of lower surface of coalescing plate (°) 150

3. Results and Discussion

In the operation of a separator, the separation flow field characteristics can be represented by pressure,
velocity, streamline, and volume fraction of the phase [15, 17, 21]. Thus, the distribution characteristics
of the pressure field, velocity field, and concentration field, as well as the streamlined distribution
characteristics inside the separator are observed and analyzed, and the oil-water separation effect of the
separator is evaluated. Furthermore, the water content and flow rate are selected based on the nature of
the oil-water mixture provided by Daqing Oilfield, while the duration time of the oil-water mixture in
the separator is determined by actual process experience. For better quantitative analysis, pressure, and
oil phase volume distributions are observed on the separator z=0 profile, and correlation data are
extracted parallel to the separator profile and every 0.1 m in the Y direction under conditions relative to

the outlet boundary.

3.1. Flow-Field Characteristics of the Separator

Oil-water mixture with a water content of 70%, containing a polymer concentration of 500 mg/L, and a
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flow rate of 4800 m3/d is selected as a case after the physical properties of the produced water are
analyzed. The flowfield characteristics of oil-water separation are further revealed by calculation
results. The important role of the stability of the working pressure inside the separator on the separation
performance is considered, and the distribution of the pressure field in the separator is shown in Fig.
(3a). The uniform decrease of the pressure distribution in the separator from bottom to top can be
observed, and the maximum pressure difference is about 3.3 kPa, which confirms separator has good
operation stability.

As shown in Fig. (3b), velocity vector distribution in the separator is extracted, and the flow-field
distribution during the separation process is more intuitively reflected. The oil-water mixture enters the
interior from the left inlet of the separator, and the flow field of the separator is impacted by the
maximum flow rate. However, the distribution of the flow rate change uniformly after passing through
the steady flow of the liquid-separating plate. Meanwhile, the flow field in the separator tends to be
stable, and the role of the liquid separation plate as a steady flow unit is demonstrated.

Fig. (3c) shows the streamlined distribution characteristics inside the separator. Similarly, the
streamline is the most intuitive manifestation of separation flow-field characteristics during the
separation of free water. It can be found that the high flow rate of the inlet brings significant disturbance
to the streamline in the inlet area, and the chaotic state of the streamline can be observed. However, the
streamline distribution tends to be stable as a whole, after passing through the coalescence area.

The separating effect of the separator is shown in Fig. (3d), and the change in the volume fraction of oil
is the main manifestation. The stratification of the oil/water interface inside the separator exists,
however, the stratification of the oil and water interface is more chaotic before entering the coalescence
area. The stratification of the oil/water interface is transformed into a clear form after passing through
the coalescing plate, the higher oil phase volume fraction area is thickened, and the lower oil phase

volume fraction area is continuously thinned.

3.2. Effect of Water Content on Flow-Field Characteristics

The interfering factors of the flow-field characteristics and separation effect in the separator are taken as
research objectives. Initially, the effect of water content is explored based on flow-field characteristics in
the separator, and the control variable method is used, that is, the contained polymer concentration and
flow rate of the oil-water mixture remain unchanged. Then, three kinds of oil-water mixture with a water
content of 55%, 70%, and 85% are simulated and analyzed after the production, and research data are

referred to.

3.2.1. Pressure Field Distribution and Pressure Drop Characteristics
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Pressure field distribution in the separator is compared and analyzed in Fig. (4). The pressure field
distribution of the mixture under the three kinds of water content is the same during the separation
process, respectively, when the contained polymer concentration and flow rate are 500 mg/L and 4800

m3/d. The pressure drop of the cross-section increases slightly, and pressure field distribution in the

A0 b
FRTeald
Tleald
EE LR
pE L]
FE e
FE04
I TEe04
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T T el
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(a) Pressure distribution

(€} Streamline distribution

1D+
0001
BDDe-01
T.00e-01
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4 Dda-01
A00e-01

Z200e-01
1.00e-01
BODe+00

(d) Distribution of oil phase volume fraction

Figure 3: Flow-field characteristics in separator with the water content of 70%, the contained polymer concentration of 500
mg/L, and the flow rate of 4800 m3/d.

.......

{a) 55% {b) 70% (c) 85%

Figure 4: Pressure distribution in separator with water content of 55%, 70% and 80%. (2=0)

As shown in Fig. (5), pressure field distribution of the e-separation process is further quantitatively
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described, and then the characteristic of pressure drop is drawn. The pressure drop changes of the free-
water separation process with different water content are similar, and the average increase of pressure

(

s
== Waler confent: 30%%
m
= Waler content: 70%%
o a5 —a— Water content: 8%
-
2 “
3
= 285
M
e
s
g
o
=
215
265
0.0 0.5 1.0 1.5 X0 15 10 s 4.0

Longitudinal pasition {m)

Figure 5: Characteristics of pressure drop in separator with water content of 55%, 70% and 80%.

3.2.2. Streamline Distribution Characteristics

As shown in Fig. (6), the streamlined distribution of an oil-water mixture with three kinds of water
content in a separator with coalescing plates is shown. There is a ' gap ' in the streamlining of the oil-
water mixture with 55% water content during the separation process, respectively, the stability of the
internal flow field of the separator may be reduced. The dispersion performance of the fluid is more

significant when the water content increases from 55% to 70% and 85%, and the phenomenon is

(a) 55% (b) 70%

Figure 6: Streamline distribution in separator with water content of 55%, 70% and 80%. (2=0).

3.2.3. Oil Phase Concentration Distribution Characteristics

As shown in Fig. (7) and Fig. (8), the oil/water interface characteristics of the mixture with different
water contents in the separator are compared and analyzed, and the oil volume fraction is extracted. The
oil-water interface stratification changes to fuzzy with the increase in water content. Overall, the
distribution of the oil phase volume ratio in the separator is more regular. The maximum and minimum
values of the oil phase volume ratio are obtained when the water content is 85% and 55%, respectively,

when the longitudinal position is below
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{a) 55% {b) 70% {c) B5%

Figure 7: Distribution of oil phase volume fraction in separator with water content of 55%, 70% and 80%. (z=0).
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Figure 8: The volume ratio of oil phase in separator with water +content of 55%, 70% and 80%.

2m. On the contrary, the maximum and minimum values of the oil phase volume ratio are obtained when
the water content is 55% and 85%, respectively, when the longitudinal position is in the range of 2m and
3m. However, the oil phase volume ratio after separation with a water content of 85% is higher than that

with a water content of 55% and 70%, respectively, when the longitudinal position is above 3m.

3.3. Effect of Flow Rate on Flow-Field Characteristics

The effect of flow rate on the flow-field characteristics and separating efficiency is studied, and the
pressure field, streamline, and oil phase volume fraction distribution are also analyzed. Similarly, the
contained polymer concentration and water content of the mixture are kept at 500 mg/L and 70%,

respectively, when flow rates 0 3500 m3/d, 4800 m3/d, and 6000 m3/d are simulated and analyzed.

3.3.1. Pressure Field Distribution and Pressure Drop Characteristics

As shown in Fig. (9), the distribution of the pressure field in the separator is extracted with different flow

rates. The pressure field in the mixture separating is the same, and the pressure field distribution in the
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separator is steady, but the pressure drop decreases slightly with the enhancement of the flow rate.
Further, pressure field distribution in the separation process of free water affected by flow rate is
quantitatively described. The characteristic of pressure drop in the separator is shown in Fig. (10), and
pressure drop changes of the three kinds of flow rate are coincident. The steady state of the pressure
change characteristics during the operation of a separator with coalescing plates is displayed, and the

fluctuation of the flow rate does not bring a significant impact on the pressure field in the separator.

TE3 R REE:
i i

{a) 3500 m*/d (b) 4800 m/d {€) 6000 m*/d

Figure 9: Pressure distribution in separator with flow rate of 3500 m?/d, 4800 m?d and 6000 m3/d. (z=0).

3.3.2. Streamline Distribution Characteristics

As shown in Fig. (11), the flow field in the separator is displayed from another perspective, and the
streamline in the separator with the flow rate of 3500 m3/d, 4800 m3/d, and 6000 m3/d are analyzed,
respectively, when the contained polymer concentration and water content of the oil-water mixture are
500 mg/L and 70%. There are many ' gaps ' between +-the streamlines in the separated flow field when
the flow rate is 3500m3/d. The ' gap ' in the separator is filled, and the phenomenon of eddy current
begins to appear and developed, respectively, when the flow rate increased from 3500 m3/d to 4800
m3/d and 6000 m3/d. Eventually, it can be observed in Fig. (11c) that the flow field is no longer smooth.

35

== Flow rate: 3500m"/d

e Pl rate: 4800m"/d

Fd
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"
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Figure 10: Characteristics of pressure drop in separator with flow rate of 3500 m3/d, 4800 m*/d and 6000 m3/d.

{a) 3500 m3/d {b) 4800 m3/d {c) 6000 m/d

Figure 11: Streamline distribution in separator with flow rate of 3500 m3/d, 4800 m?/d and 6000 m3/d. (z=0).
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{a) 3500 m?/d {b) 4800 m*/d {c) 6000 m*/d

Figure 12: Distribution of oil phase volume fraction in separator with flow rate of 3500 m?/d, 4800 m¥d and 6000 m*/d. (z=0).

3.3.3. Oil Phase Concentration Distribution Characteristics

As shown in Fig. (12), Oil phase concentration distribution in the separator under the effect of different
flow rates is obtained, and the oil/water interface state and variation characteristics in the separator are
observed. Overall, the oil/water interface in the separator is relatively flat with different flow rates.
Higher oil phase concentration distribution gradually becomes thicker, and lower oil phase
concentration distribution gradually becomes thinner, respectively, when the flow rate enhances from
3500 m3/d to 4800 m3/d. The difference is that higher oil phase concentration distribution becomes
thinner and lower oil phase concentration distribution becomes thicker, respectively, when the flow rate
increases from 4800 m3/d to 6000 m3/d, in addition, the change of oil phase concentration distribution is
affected by streamlined distribution characteristics is further verified. As shown in Fig. (13), the volume
ratio of oil in an e-separator with different flow rates is extracted for quantitative analysis. The volume
ratio of oil is the highest for a flow rate is 6000 m3/d, and the smallest for a flow rate is 4800 m3/d,
respectively, when the longitudinal position of the separator is below 2.4 m. However, the volume ratio

of the oil phase is the highest for a flow rate is 4800 m3/d for the separator longitudinal position above
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Figure 13: The volume ratio of cil phase in separator with flow rate of 3500 m3/d, 4800 m*/d and 6000 md.

3.4. Effect of Duration Time on Flow-Field Characteristics
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Eventually, the influence of duration time on the separation flow-field characteristics and separation
effectis studied after understanding the effect of water content and flow rate. The duration time of the oil-
water mixture in the separator is changed when the contained polymer concentration and water content
of the oil-water mixture are 500 mg/L and 70%. In this study, three kinds of duration time about 20 min,

40 min, and 60 min are simulated and selected.
3.4.1. Pressure Field Distribution and Pressure Drop Characteristics

As shown in Fig. (14), there is a significant difference in the distribution of the pressure field in the
separator when the duration time chosen is 20 min, 40 min, and 60 min. The pressure drop in the
separator increases with the extension of the duration time, and pressure loss is reduced, which may be
due to the reduction of the flow rate in unit time, and the longer duration time makes the pressure drop in
the separator increase.

= B &
n = ﬁ } En =

(a) 20 min () 40 miin () 60 min

Figure 14: Pressure distribution in separator with duration time of 20 min, 40 min and &0 min. (z=0).

As shown in Fig. (15), the pressure field distribution of the free-water separating process in the
separator is quantitatively described by the pressure drop characteristic. The pressure drop increases
significantly after 60 min duration time, respectively, when the vertical position of the separator is above
Im and compared with other duration times, and the consistency of pressure distribution and pressure

drop characteristics is confirmed.

3.4.2. Streamline Distribution Characteristics

As shown in Fig. (16), the streamlined characteristics of the oil-water mixture in a separator with
coalescing plates are similar, respectively, when the duration time is 20 min, 40 min, and 60 min.
However, there are obvious phenomena of ' eddy current 'in many places in the separator, when the
duration time is 20 min. In Fig. (16c), the phenomenon of ' eddy current ' is greatly reduced, and the
stability of the separation flow field is continuously improved for a duration time of 60 min. The

separation effect of free water can be improved with an extension of duration time.
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Figure 15: Characteristics of pressure drop in separator with duration time of 20 min, 40 min and 860 min.
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Figure 16: Streamline distribution in separator with duration time of 20 min, 40 min and &0 min. (2=0)

3.4.3. Oil Phase Concentration Distribution Characteristics

As shown in Fig. (17), there are obvious differences in the distribution of oil phase volume in the
separator with the influence of duration time. The oil/water interface in Fig. (17a) is irregular when the
duration time is 20 min. A fter the duration time is extended, the oil/water interface changes from chaos
to clarity, and the stratification becomes more and more obvious, respectively, and the concentration

distribution areas of higher and lower oil phases become thicker and thinner.
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Figure 17: Distribution of oil phase valume fraction in separator with duration time of 20 min, 40 min and &0 min. (z=0).

As shown in Fig. (18), the oil phase volume proportion in the separator with a duration time of 40 min
and 60 min is relatively regular. The proportion with a duration time of 40 min is higher than that with a
duration time of 60 min for a vertical position of the separator is below 2.4 m. On the contrary, the
volume fraction is the highest when the duration time is 60 min for the area with a longitudinal position
of more than 2.4 m. In contrast, the volume proportion in the upper half and lower half of the separator is
low and high, respectively, when the duration time is 20 min. It is further proved that extending the

duration time can promote the effect of oil and water separation.
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3.5. Oil-Water Separation Performance

Oil-water separation is the ultimate goal of the separator, and the quality of the oil phase in the oil outlet
should be guaranteed. The water content in oil should be lower than the specified value of the process
flow and the water content of the oil outlet should not exceed 30% [22, 34]. Therefore, the effects of
water content, flow rate, and duration time on the separation of free water by a separator with coalescing
plates are quantitatively characterized, respectively, and the volume fractions of oil and water are
extracted. As shown in Fig. (19), the separating performance is mainly reflected by the water content of
the oil outlet and the removal rate of free water, and the oil-water separation effect under different water

content, flow rate, and duration time is compared and analyzed.
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Figure 18: The volurme ratio of oil phase in separator with duration time of 20 min, 40 min and 60 min.

As shown in Fig. (19a), the water content of the oil outlet increases when the water content of the
mixture in the separator increases, respectively, the contained polymer concentration and flow rate are
500 mg/L and 4800 m3/d. However, the rise in water content in oil outlets is not significant, although
water content has always met the technical requirements of 30%. The water content of the oil outlet
decreases when the flow rate increases from 3500 m3/d to 4800 m3/d, and the water content of the oil
outlet increase when the flow rate continues to increase to 6000 m3/d, respectively, when the contained
polymer concentration and water content of 500 mg/L and 70%. In the separation simulation of a
mixture with 30% oil content, the water content of the oil outlet also decreases first and then increases
after changing the inlet flow rate, which is consistent with the simulation of this paper [15]. Although the
water content of the oil outlet is lower than the technical index of 30% required by the process, the
irregularity of the water content of the oil outlet cannot be ignored, and separating performance should
be evaluated in combination with the removal effect of free water. The water content at the oil outlet

decreases from 45.4% to 20.4% when the duration time is extended from 20min to 60min, respectively,
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when the contained polymer concentration and water content of 500 mg/L and 70%. The increase in
duration time not only makes the water content of the oil outlet meet the requirements for dehydration,
but also significantly improves the oil phase concentration of the oil outlet, and the important role of
duration time is further demonstrated. The result is consistent with the description of flow-field and oil
phase volume fraction distribution.

The volume fraction of water and oil extracted after the calculation is stable, and the separation
efficiency of free water in the separator is calculated by Eq. (6), and the separating effect is further
quantitatively characterized. As shown in Fig. (19b), the separation efficiency of free-water increased
from 54.7% to 68.8% with the water content in the oil-water mixture increased, respectively, when the
contained polymer concentration and flow rate are 500 mg/L and 4800 m3/d, but the increasing rate is
decreased with the water content in the mixture increases. The separation efficiency of free water
increased from 58.7% to 65.3% when the flow rate increased from 3500 m3/d to 4800 m3/d,
respectively, when the contained polymer concentration and flow rate are 500 mg/L and 4800 m3/d. The
separation efficiency of free water decreased from 65.3% to 58.9% when the flow rate continued to
increase to 6000 m3/d. The separation efficiency is consistent with the qualitative description of flow-
field and oil phase concentration distribution. The separating efficiency of free water increased from
35.1% to 70.9% when the duration time is extended from 20 min to 60 min, respectively, when the
contained polymer concentration and flow rate are 500 mg/L and 4800 m3/d. The separation efficiency
of free water and the water content of the oil outlet confirm the important effect of duration time on oil-

water separation.
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(a) Water content of oil outlet with different water content, flow rate and duration time.
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Figure 19: Oil-water separation effect with different water content, flow rate and duration time.

The research of Almarouf et al. [16] and Yayla et al. [21] is consistent with the numerical simulated
results in this paper. The separating efficiency of free water is positively correlated with the water
content and duration time of the oil-water mixture, respectively, when the characteristics of the mixture

and the specifications of the separator are similar.

4. Conclusion

The pressure, flow rate, and streamlined distribution of the oil-water mixture in a separator with
coalescing plates reflect the important role of the steady flow and coalescence unit in building a stable
flow field. The variation of oil phase volume fraction further confirms the oil-water separation
performance of a separator with coalescing plates. In the separator, the separation efficiency of free
water is positively correlated with the water content and duration time, and the effect of duration time
was greater than that of water content and flow rate. When the duration time was 60 min, the water
content at the oil outlet decreased to 20% and the separation efficiency of free water increased by about
71%. However, as the flow rate increased, the free-water separation efficiency first increased and then
decreased. When the contained polymer concentration in the oil-water mixture is 500 mg/L and the
water content is 70%, the flow rate of the free-water separation process should be no higher than 6000
m3/d.

Using mathematical methods to observe the flow-field characteristics of the oil-water mixture

containing polymer in the separator can reveal the principle of action of a separator with coalescing
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plates, determine the influencing factors of the oil-water separation efficiency, and then improve the
treatment methods and equipment parameters of the actual process to achieve efficient operation of oil-
water separation. However, the variations of flow lines and oil phase volume fractions indicate that a
separator with coalescing plates is not suitable for treating oil-water mixtures with higher water content.
In addition, a separator with coalescing plates needs a suitable flow rate to ensure separation efficiency,
which means that the separator with agglomerated plates cannot meet the demand of some high-speed
production. Therefore, the structure of the coalescing plate separator can be optimized, and thus the

separation efficiency of free water can be improved.
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Abstract:

( In this work, we examine the inverse problem to reconstruct the inner boundary of a cylindrical doubly- )
connected infinitely long medium from measurements of the scattered electromagnetic wave in the far-

field. We consider the integral representation of the solution to derive a non-linear system of equations for

the unknown radial function. We propose an iterative scheme using linearization and regularization

techniques.

Keywords: Inverse problem Electromagnetic scattering Singular integral equations
.

1. Introduction

Inverse scattering problems are a class of applied mathematical problems that arise in various fields,
such as medical imaging, radar technology, and non-destructive testing. These problems involve the
reconstruction of an unknown scatterer (its geometry and/or material properties) from the
measurements of the scattered waves close or far from the medium. We refer to the textbooks [1-3] for
the fundamentals and an extensive overview.

In the special case of obliquely incident scattering problems, where the incident wave is not normal
(perpendicular) to the scatterer or the boundary, additional complexity is introduced. The scattering
events depend on the incident angle and thus such problems pose additional theoretical and numerical
challenges compared to normal incidence. The analysis of these problems often involves advanced
mathematical and computational approaches to account for the increased complexity, see for example
the early works [4, 5].

However, if we specify the scatterer to be infinitely long and spatial-independent in one direction then
the three-dimensional problem reduces to a set of two-dimensional problems and the complexity has to
do only with the boundary conditions where the tangential derivative of the fields appear. Motivated by
the works of Nakamura and Wang, see for example [6, 7], we examined scattering problems for
penetrable simply- and doublyconnected scatterers 8, 9].

In this work, we are interested in solving numerically the inverse problem to reconstruct the inner

boundary curve of a doubly connected penetrable infinitely long cylinder with impedance-type
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conditions in its inner boundary. The well-posedness of the corresponding direct problem was proven by
the authorin[10].

We formulate the inverse problem as a system of singular boundary integral equations to be solved for
the unknown density functions, see the initial work of Kress and Rundell [11]. The radial function
appears non-linearly and we apply the Fréchet derivative on the integral operator. The ill-posedness is
treated with Tikhonov regularization.

The paper is organized as follows: In sec_direct we formulate the direct problem and we present the
necessary differential equations, boundary, and radiation conditions. The inverse problem and the
equivalent system of integral equations are stated in sec_inverse where we propose also the numerical
iterative scheme for its solution. In the last section, we present the numerical implementation and

numerical examples justifying the applicability of the proposed method.

2. Problem Formulation

In [10] the author considered the direct scattering problem of a time-harmonic electromagnetic wave by
an infinitely long, penetrable, and doubly-connected cylinder. The initial problem is stated in 3D but the
properties of the medium allow for an equivalent formulation in 2D for the cross-section of the scatterer.
The medium is bounded by two disjoint smooth boundaries. We impose transmission conditions on the

exterior and Leontovich impedance conditions on the inner boundary.

Let 2, denote the horizontal cross-section of the cylindrical scatterer, with a smooth boundary I', consisting of
two disjoint closed curves I3 (inner) and [ (outer) such that I' = I; U I,. The exterior domain is denoted by £,

We define the wave-number k7 = pjg;w* — 2, for j = 0,1 where y; and ¢; are the material parameters and g =
ko cos 8, where k, = w,/py€,, for the frequency w and 8 € (0,%) is the incident angle concerning the negative
z —axis.

Following [6-8,10], the direct problem is governed by the Helmholtz equations

Ae®t + xZe®t =0, Ah®* + k2he*t =0, in 0,
Ae' + kiel =0, Ah'+kih! =0, in,,
for the exterior e®*t, h®** and the interior e!, h! electric and magnetic fields, respectively. The boundary conditions
read

el —e®™ =0, only,

.~  ant del . anext delxt
le;"'ﬁl;_#ow an —Bo at =0, onl,

h' —h®** =0, on I},

. det anl . et anext
a0 G0+ b =0, onlj,

_ant del 1

o —- + By . + Aih' =0, on 3,
. adel ant .
/'lElw%— lﬁ1¥+ iel =0, on 1,

where appear both the normal and tangential derivatives of the fields. The impedance function 2 is known. Here,
we used
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, or j=0,1.
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=

The exterior fields are written as the sum of the scattered ¢°, h° and incident fields ¢, hinc, given by

einC(x) - Lsin 2] ei)cD(x cos @+y sin (p)] hinn:(x) =0, x= (I, Y); (1 )
&

where ¢ is the polar angle of the incident direction. The scattered wave satisfies also the Sommerfeld radiation
condition.

The direct problem admits a unique solution [10]. In this work, we are interested in solving numerically the
inverse problem to reconstruct the boundary curve I;, given A and the far-field pattern e®(%),h”(x) of the
scattered field, for all ¥ in the unit circle.

3. The Inverse Problem

Given the far-fields, we aim to reconstruct the inner boundary of the scatterer given its material parameters
and the impedance function. To do so, we present the solution of the problem using its integral representation.

Thus, we define the single- and double-layer potentials

Sui)® =[, GENfOds@),  xe@,

by

D)@ =, s x)fDs®). xen,

for k,1,j = 0,1, where @, is the fundamental solution of the Helmholtz equation in R?, and f is a continuous density
function. In addition, we define the integral operators

S =, exNfO)sG), x€q,

fn &\rax T %ru O e W i e I
(NS ) =1, s @NfMds@),  x€n,

2,

(NDka)(x) = Irj- @Iy (x,¥)f(Mds(y), x€1,

(TSwif)@) =, FE@ENfOs®),  x€l,
(D)@ =, 5o NfOIdsO), X,

needed in the following analysis.

We apply both the direct and indirect methods and we consider a single-layer ansatz for the interior fields and
a modified Green representation for the exterior fields. The exterior fields are represented through a combination
of potentials where we have specified the densitv functions to reduce the number of unknowns.

We set

el(x) = (S110¥D)(X) + (S111¥3) (X)), X €1,
h'(x) = (5110%0?)(’5) + (Slllw?)(x)l X €1,
°(x) = (Dooe@)(x) + z—ﬂ (SoooW)(x),  x €0, (2)

hO(x) =(’Dmfp{;)(x)+%(smw?)(x), X €0,
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Then, using the standard jump relations, we find that the fields (2) solve the boundary value problem if the
densities satisfy a well-posed Fredholm-type system of integral equations. We enlarge the system with the sum of
the two far-field equations, given the specific form of the scattered fields. In the end, we obtain the system

Ap = b, 3)
where
1+ A4, 0 0 Ay 0 A
0 1+4;  Ag Agy Ays Aze
0 A 1443 0 Ass 0
A= Ay Ay 0 1+A44,  Ass Ase |,
0 As;y 0 Asy 14455 Agg
0 Ago 0 Aga Ags 1+ Age
D% @Sm D* isw 0 0
Ho €o

and @ = (@&, Y8, el e, is)" for the right-hand side b= (—2e™, 0,0,? 9,e™¢,0,0,e® + h*)". The elements
(integral operators) of the matrix are given by ’

Ay = Azz = 2Dgo0, Are = Azs = —25101,
A & A =A,, = NS NSy00,
®o=-2 (5100 ETSDOD)' 2 " 1o o0
0
Azs = —@ND(]DOJ Az = ‘81.,_ bo TS100s
1 Hy
Azs = Ay = NSjg1, Azg _ B1— Bo
=— TS101,
o
i £
Az _ -2 (3100 —ﬁsﬂoﬂ), A _TONDDOU'
Ho =
A Bo— B A Bo— B
42 = —Délm 1 Tslﬂ{]i " = ﬁ TSlﬂl]
A 2id A 2B,
52 = —2N511[) _!'11_(1)5110] 54 = _..,_w,I‘SllDJ
A 2i1 A 2B,
55 = —ZNS]_:U - _5111- 56 = _~_T5111J
A 28 A 20
2 = .,_:)Tsllﬂr = 2NSue + A&, Stior
A 2 A 21
6 = q_ﬁlTSuL = 2NS111 + 575111
&§w A.U.l

Here, D* and S* denote the far-field operators of Dy,, and S,,,, respectively, where we replace &, with its far-
field approximation.

The system (3) has to be solved for the six unknown density functions and the parametrization of the interior
boundary curve. We propose to split it into two sub-systems and use the iterative scheme proposed in [12] and
further applied successfully in many inverse problems, see for example [9, 13-15]. The difference here is that the
far-field equation does not provide information on I}, so we have to consider this equation together with the
boundary equations for recovering the density functions (ill-posed problem) and solve instead one boundary
equation for the unknown boundary.

Let us write (3) in a row-based form

Alklg = b[k], fork=1,..7.
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where A',[1] denotes the Fréchet derivative of the operator depending on [; (specified in the next section) and q
the radial function (to be reconstructed). The regularization parameter is decreasing at every iteration step.

4. Numerical Examples
We assume star-like boundary curves of the form
I =r(t)(cos t,sint):t € [0,2m], j=0,1,

for a smooth radial function »; and we consider an equidistant grid discretization t, = km/n, fork =0, ..,2n — 1.

The discretized form of the operators are analytically presented In [10] and they are omitted here for the sake
of presentation. We apply quadrature rules to handle the singular kernels. We present only the single layer and its

Fréchet derivative.

We observe that only the operator S,,, depends (non-linearly) on I3, and it is explicitly given by

Gnti)®© = [ @(@x@)p@IF@ldr
0
i 2m
-1 HPwIdeaNe@Ix @l

where d(t,7) = y(t) — x(7),fory e I and x € I}.

We compute the Fréchet derivative by formally differentiating the kernel of the operator, resulting in
2n

((5{01(7"11 ¢’))(Q)) (t) = f M(t, )¢ (r)dr,
0
for the update q of the radial function r,, with kernel
_ d(t,7)-q(@) i o x'(1)-q'(7)
M(t, 1) = THl (Klld(tﬁ)l)wlx (D] +ZH° (K1|d(t,’r)|)|x’—(r)|
Since

q'(r) = q'(r)(cos T, sinT) + q(1)(—sint,cos 1),

we decompose the kernel M, to the parts applied to g and its derivative, as follows

_ ﬁ o) d(t,7) - (cost,sint)
M(r.r)—(4 H{Y (a6, 1)) =g I ()

i x'(1) - (—sint,cos 1)
+7 Ho (e ld (8, 1)) O] )q(r)

i ) x'(1) - (cost,sint)
+4HO (Klld(t,f)l) |xf(T)| q (T).

We approximate the updated radial function using trigonometric interpolation with 2M + 1 coefficients. We
consider half collocation points concerning the direct problem and we add noise to the far-field data concerning

the L? —norm:

lle”1l2 1A% 112
h§ =h® +8 v,
® lIvll2

eg =e”+6

- U
llullz

for a given noise level §, and complex-valued vectors u and v, with normally distributed random variables as

components.

In the numerical example, the domain is bounded by the curves with radial functions

5=08, and 1 =0.70.5¢0s>t+0.1sint,

Journal of Advances in Applied Computational Mechanics and Engineering (Volume- 13, Issue - 2 May - August 2025)  Page 27



ISSN 2249-4278

and we set A = 1 for the impedance function. The material parameters are g, = u, = 1, in the exterior domain and
& = Mo = 5, in the interior domain. We consider measurements from two incident directions and we use n = 64
and M =2. In Fig (1), we present the reconstructions for 8 =n/4 and ¢ =0,m. The boundary is initially
approximated by a circle with radius 0.4. The recovered curve is obtained after 20 and 12 iterations for exact and
noisy data, respectively.

We observe that the reconstructions are satisfactory and stable with respect to noise. However, they

depend on the initial guess.

15 i5

1

15 1.5
1.5 1 0% o (11.] 1 1.5 1.5 1 0.5 =] o f 1.5

Figure 1: The reconstructed boundary curve {blue) for exact {left) and data with noise 4% (right) from two incident directions
[arrows). The auter boundary (brown) and the initial guess (green) are both circles with different radii.
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A Conformable Inverse Problem with Constant Delay

Auwalu Sa’idu and Hikmet Koyunbakan
Department of Mathematics, Faculty of Science, Firat University, Elazig, Turkey

Abstract:

This paper aims to express the solution of an inverse Sturm-Liouville problem with constant delay
using a conformable derivative operator under mixed boundary conditions. For the problem, we stated
and proved the specification of the spectrum. The asymptotics of the eigenvalues of the problem was and
the solutions were extended to the Regge-type boundary value problem. As such, a new result, as an
extension of the classical Sturm-Liouville problem to the fractional phenomenon, has been achieved.
The uniqueness theorem for the solution of the inverse problem is proved in different cases within the
interval (0,7 ). The results in the classical case of this problem can be obtained at a= 1. 2000 Mathematics
Subject Classification. 341.20,34B24,341.30.

\Keywords: Spectrum Constant delay Conformable derivative Fractional sturm-liouville problem

1. Introduction

As differential equations are used to model real-life problems in sciences, technology, social sciences,
etc, the Sturm-Liouville equation, which is a special case of a second-order differential equation, plays a
vital role in the literature both in classical and fractional cases. The fractional derivative approach is
such a vital tool in which certain phenomenon, that can not be or is very difficult to analyze in the
classical case, can easily be analyzed and expressed. There are many fractional derivative approaches
such as Riemann-Liouville, Caputo, M-derivative, Grunwald-Letnikov, Weyl, etc, but each has its
shortcomings [1-3]. Looking into those shortcomings associated with the most popular fractional
differentiation approaches, Khalil, et al. [4] established a new fractional derivatives approach which
turned out to be easy in evaluations and satisfied most of the properties of differentiation and named it
Conformable Fractional Derivative. This new approach was criticized, affirmed, and further developed
and is in use by many authors [5-9]. As this article involves an inverse problem in the Sturm-Liouville
Problem (SLP) in fractional case, there are many studies on the fractional SLP that are being progressed
ascanbeseenin[10-19].

There is an inverse problem in a parameter identification problem of partial differential equations, which
involves finding the unknown parameter (usually p(x)) from some observed data from the situation
under consideration in the system. Under this, many authors designed many inversion strategies that
appropriately describe and many different inverse problems, details on these can be obtained from [20-

25], but the inverse problem in SLP, deals with the concept of finding the potential q(x)) and the
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constants in the conditions in the differential SLP by using the spectral parameters. Ambarzumyan
theorem gives the first results of inverse SLP [26], it says that if the spectrum of SLP under Neumann
boundary conditions is n’, n >0, then the potential function will be zero, q(x))=0). The authors in [27,
28] gave some results, in various cases, on this theory. The inverse SLP has been under discussion for a
long time by many researchers and so many results have been obtained by many authors as in [29-38].
Inverse SLP under fractional derivative operator is now one of the current research fields, researchers
are crescively expanding their studies in the area and many results in different problems were obtained
as detailed in [39-42]. There are differential equations with delay in various mathematical problems and
applications which produces vital changes in the quality of the studies on the corresponding inverse
problems of spectral analysis. The methods of transformation operator, spectral mappings, etc, are the
standard methods of solving an inverse SLP without delay (differential operators), but these methods do
not work for operators with delay, as such some researchers constructed new approaches for the latter
general spectral theory. The authors in [43] consider the Sturm-Liouville differential equation with a
large constant delay, thatis a € =n/2,w), and generated an effective algorithm for solving the problem,
also the authors in [44] studied the nonlinear inverse problem and obtained the Properties of their
spectral characteristics. Most of the studies in inverse SLP focus on the situation with function with the
assumption that the potential q(x) vanishes on the corresponding subinterval but the authors [45] waived
that assumption in favor of a continuously matching initial function, which leads to appearing an
additional term with frozen argument in the equation, they solved the problem and proved its spectral
properties, more on these problem can be found in [46-50].
The authors of [36] gave an interesting result of inverse SLP with a constant delay under a non-self-
adjoint operator with a mixed boundary condition, expressing the spectral properties of the eigenvalues
obtained and also, proving the uniqueness theorem. Studies and results on fractional inverse SLP are
scarce, as such we intended in this paper to express the case in [36] in a fractional case under a
conformable derivative operator. We obtained the result of the inverse SLP with a constant delay under a
mixed boundary condition using the conformable derivative approach, expressed the corresponding
spectral properties, and proved the uniqueness theorem. The corresponding classical results can be

retrieved ata= 1.

2.Some Basic Definitions

Definition 2.1. Consider the function 4:[0,00) — R, then the a” order derivative of /1 is given

D hix) =%w (2.1)

for all x > 0, a € (0,1], that is,if h is differentiable, then DZh(x) = x1~“h'(x).

The conformable fractional derivative is also defined for « € (n — 1,n) forn € N as,
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Definition 2.2. Let k be an n -differentiable function at x, where x > 0 and a € (n — 1,n), then the conformable
fractional derivative h of order « is defined as,

h’—rﬂ—l (X+ E’/J“]_“) _ b’—rﬂ—l (X)

Difh(x) =lim . (2.2)
Where [«] is the smallest integer greater than or equal to a.
It can be calculated by DEh(x) = x/*1-oplel(x)
Definition 2.3. The integral of a function h of order « is given by
Ih(x) = [ h(®dut = [t h(t)dt (2.3)
forallx > 0.
Lemma 2.1. If the function h: [a, ) — R is differentiable, then, we have for x > a (a is any real number)
D&I,h(x) = h(x).
Lemma 2.2. Let the function k: (a, b) = R be differentiable, then, for x > a,(a and b are any real numbers)
DEI,h(x) = h(x) — h(a).
Theorem 2.4. Let g, h be two differentiable functions, then
f: gC)DE(h(x))(x)dox = ghlg — f: h(x) Dy (g(x))dyx. (2.4)
3. The Main Work
We consider the fractional Sturm-Liouville problem below with conformable derivative operator
—D¥Dyy + q(x)y(x —a) = uy(x), for x € (0,m) (3.1
under the condition
y(0) =yP(m) =0, forj=01, (3.2)

for a € (0,m), and q(x) € L(a,m). Taking p as the spectral parameter and the potential function(complex-valued)
q(x) = 0 for x € [0, a].

By defining an operator
Loy(x) = =DgD{y + q(x)y(x — a)
then (3.1) can be expressed as
Ley(x) = py(x), x € (0,m) (3.3)

The main work here is to recover the function g(x) from the spectra ofLRj.(q), j = 0,1, to state and prove some
properties of the spectra, and also to prove the uniqueness of the results. We assumed that {, }nz1,j=0,1 indicates

the eigenvalues of (3.3).

3.1. Existence of the Solution

Consider N € N such thata € [ﬁﬂ and Q(x, w) be a solution of (3.3) under the conditions that

Q(0,1) =0, DYQO,u) = 1.
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We can then expressed Q(x, u) as
Qx, 1) = ésm (%x“) + %ﬂf: sin (% (x*— t“)) q(OQ(t — a,u)d,t
clearly, QW) (x, p), for any x in the interval (0,7) and j = 0,1, are entire in u of order %
By the method of successive approximations, the solution of (3.4) is
Qx, ) = Qolx, 1) + Qu(x, ) + -+ Qu (%, 1)
for which,

— Lin (¥
Qo(x,,u)fﬁsm(ﬂx“) for x=0

Qo) == sin (LG - t9)q(O)0-1(t — @ W)t

for x > ka, and Q,(x,u) = 0 for x < ka.

Now, for k = 1, and from (3.7) and by Definition 2.1 we have,

DEQuCr, ) = [, cos (% (2 = ) q(OQu-a(t — @, Wdat  for x 2 ka.
From (3.7) we obtained

Qe =gl sin(FE - ) a0 - a p)dyt
- iﬂ‘ sin (E e —t9)) sin (L2 - a®)) q(0)dyt
so that
Qe =-mcos (L@t —an) [T qO)dat
+ﬁf: cos (%(Zt“ —x® — a”‘)) q(t)d,t
then, we have from (3.10) that

DEQew)  =gmsin(Fat—a®) [ q(0dat
sin ( (2t — x% = a®) ) q(t)dqt.

Now, from (3.8) -(3.10), it can be shown that
Q,Ej)(x, W =0 ((ﬁ)i—kqe(élfmw/ﬂl(x“—(ka)"‘)))

3.2. The Asymptotic Formulae

(3.4)

(3.5

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

Let us denote the characteristics function of L;(gq) by W;(w), j = 0,1, and W;(x) = QU (m, ). Since QU)(m, ) are

. . 1
entire in u of order; so also the W;(u).

We drived the asymptotical formulae for the SLP L;(g) for |\/u| = o from (3.7), (3.11) and (3.12) as follows,

Wo (1) = Q) = Qo(m, 1) + Qi (m, 1) + -+ Qu (71, 1)
_ 1 . (VB g T — g¢
= @Sm(a T ) ™ cos( ))f g(t)d,t (3.13)
+0 (ﬂqe(alrmﬂ(n —a“)))
so that we have
b s
Wy() = cos (?‘uﬂr“) + 2\/_sm ( : (m® — a“)) j'a q(t)dgt 51
+o (uzelammE-a)) '
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The asymptotical formulae for the eigenvalues of the L;(¢) for u,; = pi;; as n — o were also obtained using (3.13)
and (3.14) and the method described in [37] as

Pg = HZ: + ﬁcos (nil a“") 7 qd.t+0 (ﬁ) (3.15)
and
_a(n—3) 1 1 g\ T 1
Pn, =it —Z(H_%)ncos (n:“’l a )fa q(t)d,t+ 0 (n) (3.16)

3.3. The Specification of the Spectrum

The Specification of the Spectrum is one of the spectral properties, as for the spectrum corresponding to a
problem for a Sturm-Liouville operator for the interval (0, ), it means the complement of the set of points in a
neighborhood of which the spectral function W;(u) is constant, as such, to affirm applying the conformable
derivative operator, we obtained and proved the specification of the spectrum for the characteristics function as it
follows.

Lemma 3.1. The specification of the spectrum {u,,},-1, / = 0,1 uniquely determines the characteristics function
W; () by the formulas

TEE[Z*Z - no—-
Wow) =TIz, (2%%) (3.17)
and
nZII—Z ni—
Wy =T, L (3.18)

(3

Proof. Being W;(u) entire in u of order % then by Hadamard’s factorization theorem [51], it can be uniquely
determined up to a multiplicative constant by its zeros, that is

Wow) = Tl (1-2)

Hno
Now, since
. (=] 22
sinz =z[]5, (1 - (kmz)
it implies that
W .
— Sm(—rr ) Fia pmt—2 m L
W, = a =—I[" (1—_)=_ = 1- Z
o) N a [T7=1 aZn? q =1 (_z_zrr o )nz
Then,
2
Wn(u)_c o’ oo "_2 @ 1+M
Wo () ma—zln=1 lln=1 (HZQTZ—Z)"Z_“
Now,
H 7{ a’ n’
W . ) a0 JTZ“ 2
lim s J‘m =1 and tm,..[ [, |1+ 2 -1
i, (1) [ a ]nzf
) H
T
then,
_ m3a? Hno
C=—I-s %

and eventually, we reached

Wol) = CTl (1-2) =M, (A52).

Hno n
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This completes the proof of the first case, that is for j = 0. The proof for the second case, j = 1, similarly follows.

3.4. Regge-type Boundary Value Problem

The problem considered in this work, (3.3), can also be extended to Regge-type boundary value problem L(g),

that is,
y(0) =0, Dyy(m)+ipy(m)=0.
In such a case, the characteristic function will be of the form;
S(u) = Wi(w) + ipWo (1)
which is, also, entire in u. Now from (3.5) we have
S(u) = So() + S1 () + -+ Su ()

where S, (1) = DZQ, (1) + ivEQ, (1) which implies that
So(1) = cos (gn"‘) + isin (gn"‘) = e"(%"a)

From (3.7) and (3.8) we obtained
. . . e
Consider S(u) as the characteristic function of L = L(g). It implies from (3.19) that S(u) = ex

nrz

Theorem 4.1. If y,,; = fi,;, Vv n =1, for j = 0,1, then the potential g(x) = 0 almost everywhere on (a, 7).

Proof. From lemma 3.1 and the special infinite series, we have
W,y (1) = (“ snlem) ong W, (i) = cos (‘/_n )

as such, S(w) = e%”a. From (3.20), we can deduce that
S1(w) = =St (W)
where, ST(u) = ¥8_,  Se(w), k= 2with ST (u) =0,k = 1.
Taking un; = f,;, (3.15) and (3.16) implies that f: q(t)d,t =0, then (3.22) yields

=2l o

i
500 = == el@ =) 1 g(el=T a e

LetN=1,i.e.a€ [%,rr], then §*(u) = 0 which implies from(4.1) that S, (1) = 0 as such, (4.2) gives,

5T (t)e(a )d t=0

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
(4.1)

tential

(4.2)ons. It
:d and
assical
-esults
6].

To prove the uniqueness theorem, let {{i,;},=1j = 0,1, be the eigenvalues of the problems L; = L;(§) with the

,forn=>1.

potential §(x) = 0, then fi,, = (-=5)? and fi,; =

.lin,a

. - " i
Consider S(u) as the characteristic function of L = L(g). It implies from (3.19) that S(u) = e™a

Theorem 4.1. If y,; = fi,;, ¥V n=1, for j = 0,1, then the potential g(x) = 0 almost everywhere on (a, 7).

Proof. From lemma 3.1 and the special infinite series, we have

Wo (1) =~ (“ )andWI(,u)*cos(‘/_I[)

WE o
as such, S(p) = ee™ From (3.20), we can deduce that

Si() = =8

(4.1)
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where, S*(0) = ¥V, Sp(w), k =2 with S*(u) = 0, k = 1.

Taking py,; = i), (3.15) and (3.16) implies that f: q(t)d.t =0, then (3.22) yields

@na a’ T =2l o
5100 = — 5= LT [T (e d e (4.2)

LetN=1,i.e.a€e [%'"]r then S*(u) = 0 which implies from(4.1) that S, (u) = 0 as such, (4.2) gives,

T 2R
7 a@elTe Ja e =0

and the only possibility is g(x) = 0 almost everywhere on (a, ). This completes the proof for N = 1 and below is for
N = 2.

Lemma 4.1. If the potential g(x) = 0 almost everywhere on (2a, 7), then g(x) = 0 almost everywhere on (a, 7).

Proof. Let q(x) = 0 almost everywhere on (2a, ), from (3.21) S (1) = 0 for k = 2 and hence S*(x) = 0, then from

(4.1) we have S; (1) = 0 and consequently g(x) = 0 almost everywhere on (a, 7). This completes the proof of lemma
4.1.

To make it more clear, let's consider the N in two ways; odd and even. Firstly, we will assume that N =2M + 1,
i.e. N is odd, in the following.

Lemma 4.2. Let d = 0,1,3,...2M — 1. If the potential q(x) = 0 almost everywhere on (rr —%,n), then g(x) =0
(d+1)a
almost everywhere on (Tl' - .n).

Proof. From the fact that (TT — dz—a. n) > 2aq, it follows (3.23) that

1 r-28 (ﬁ(u“—n“-(m)“))
SW=0(:057 a©el dut), ImyE 0, WAl - 0

clearly, 2t —m —2a € (2a —m,w — (d + 2)a), for m — (d + 2)a) = = — Na which yields,
7L‘f_ a a
5,00 = 0 (2eTHH @D g 6) iz 0, W - o (4.3)
Se(u) in the equation (4.3), increase less rapidly than the right-hand side when k > 2, that is,

—iVH, o a
S*u) = O(ie( o - ((@+2)a) ))dat), Iy 2 0, |Vi| = o (4.4)

it follows from (4.1), (4.2) and (4.4) that

VE _da ~2iE ~iVE
) [ o8B 4,1 = o (Lo wr))

Im\ft = 0, |Vi| = oo,

which can be expressed as

(%(275%(1—(“2)“):1“)) n-da (’2;@:“) (L
e T qe dot =0 (=) (4.5)
Im\Ju =0, |Yu|— .
Furthermore, we have
_(d+1)a -2V, @ Wi @
17 qele age = o (Faen )y y), (4.6)

Im\u =0, |V = o.

Now, let's define the function,
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e, a — oy O n—ﬂ -2V, o
G(yp) = ela @@ 9a) [ - g)elTa d,t 4.7)

I ——

2

which is entirely in u. Clearly, G(+/©) = 0(1) for Imy/u < 0, also, it follows from (4.5) and (4.6) that G (v/i) = 0(1) for
Im+/g = 0. Since the function G (v/g) is entire bounded it follows from Liouville's theorem [51] that G(+/i) = ¢, where
cis a constant. From G (/i) = o(1) for real i, |\ = o, then G(y/x) = 0, hence (4.7) gives

L2 =20Vl
[dwa a0 d e =0

T—
2

_ (d+1)a

which gives q(x) = 0 almost everywhere on (1': T — '12—'1) which completes the proof.

We obtained ¢(x) = 0 almost everywhere on (r — Ma, ) by applying lemma 4.2 successively ford = 0,1,3, ...2m —

We noted that lemma 4.2 is for the odd case. Now, let d = 2M such that N is even.
Lemma 4.3. If the potential q(x) = 0 almost everywhere on m — Ma,r, then g(x) =0 almost everywhere on
(2222 1),
Proof. If k = M + 2, we thenhavem —Ma—ka<m— (N+1)a<0and hence,5, =0fork =M + 2.
According to (3.23), for k = 2,3,4,...,M + 1,
S0 = 0 (WD q(oelTaree =t ) 4.8)
for Imyi = 0, || — oo

Being 2t — m — ka < 0, it follows that
"r a o
Se(w) =0 ((@-ke(T’L(“ —(ka) )) (4.9)

for imyu =0, |Vu| = o, for k =234,..,M + 1 and hence
S*u) =0 (i e(%(rr“—((MH)a)a)))' (4.10)

forimyu =0, || = o,

As a result of (4.1), (4.2) and (4.9) we obtained

o (e +a®) [FM ge “L 0= 0 (%e(%("“'(@“%“))),
m

Im+u = 0, [\/i| = « or, which is equivalent to,

i a) - —2iH o
(T O1+2a) )fa e oye e a e =0 (é) ImyE = 0, |Vl = o (4.11)

furthermore,

(M+2)a —20IL, o =i a

o qeTe e = o(e( 2 (1+2)a) )) 4.12)
Im,fu=0, |ﬁ| -
Let us denote

Vi a\ .m-Ma —2iH o

G (Vi) = elatOra®) prota o (S2E) g o
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Which is entire in u and ¢*(+/u) = 0(1) for Imy/u < 0. In view of (4.11) and (4.12), ¢*(v/u) = 0(1) for Im\/u = 0.
Therefore,as in the above similar case, G*(\/i) = C, since G*(v/u) = o(1) for real \/u, || = oo, then ¢* (/i) = 0, that
is,

Ma —2iE

T——

J‘(M+22)a Q(f)e( [ ta)daf =0.
2

This implies that g(x) = 0 almost everywhere on (@,n - Ma) which completes the proof.

It has been proved that g(x) = 0 almost everywhere on (2a,m) for M = 1 or M = 2. According to lemma 4.1, (x) =
0 almost everywhere on (a, ). Therefore, theorem 4.1 is proved for M = 1 and M = 2.

Letnow M = 3. Fix d = 5,67,8,..., M + 2. Let I === Clearly, | < d.
Lemma 4.4. If the potential g(x) = 0 almost everywhere on (%rr) then g(x) = 0 almost everywhere on (%arr)
Proof. Considering % -k< g — 1 <0fork =1 wehave S, () =0 for k = L. By virtue of (3.23)

5 = 0 (VD™ o q@elaee ) ;) (4.13)

for Imyu =0, || = oo, k=234, ..,1—1. Now, 2t —w — ka < 0 that is, the exponent is decreasing for Im/u >
0, then,

JYT— @
Se(w) =0 ((v’ﬁ)"‘e(T“(" ~k@ ))), (4.14)
for lmyp =0, || =, k=234,..,[—1,therefore,
W, o «
5% = 0 (2lED99)) i 2 0, |v7 - o0 (4.15)
from (4.1), (4.2) and (4.15) we obtained
WE o) 44 20l
(T [ g0elT N e = 0(L) (4.16)
for Imy/u = 0, || = co. moreover,
3 (F25) CACH
JZ q®)e"a “dit=0 (e a ) for Imyu =0, |Vu| — oo (4.17)

Im\fu = 0, |\/L] = oo Let us denote,

da *Zi\f-'_*ta

Wi
G D) = e(a@@) (2 gt)elTe D, t

2

Which is entire in u as well, and G** (/i) = 0(1) for Im+/u < 0. Considering (4.16) and (4.17), G** (/) = 0(1) for
Imyii = 0. consequently G (i) = o(1) for real v, |Wi| = o, therefore ™ (/i) = 0 and as a result of which q(x) =
da

0 almost everywhere on (%’1?) Hence lemma 4.4 is proved.

Applying the lemma 4.4 many times consecutively starting from d = M + 2, we obtain that the potential g(x) =0
almost everywhere on (2a,m). Therefore, due to lemma 4.1, q(x) = 0 almost everywhere on (a,m). Hence, this
completes the proof of the theorem.

It can be seen that, with regard to our problem we proved the existence of the solution, the spectral properties,
and also the uniqueness theorem in detail using the proposed fractional approach and these completes our work.

5. Conclusion

In conclusion, the method of conformable derivative, which is more accessible to the other existing fractional
derivative approaches due to its satisfying properties, has been used in this work as a derivative operator with which
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we show and express the possibility of solving the inverse SLP with constant delay. The problem
discussed is under mixed boundary conditions and in each case, a result is obtained. Also, the
specifications of the respective spectrums are given affirming the solution obtained. The asymptotics of
the eigenvalues were extended to the Regge-type boundary value problem and analyzed. The proof of
the uniqueness theorem is similar to the one in the classical case of the problem. Similar problems with
different boundary conditions can be discussed under this new fractional derivative approach with their

corresponding spectral properties and this will lead to providing an entire phase of fractional SLP.
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Abstract:

/In this paper, the G’ /G expansion method is applied to the (2+1)-dimensional Asymmetric-Nizhnik- )
Novikov-Veselov equation (ANNV). The motivation is creating new families of solitary waves. The
system of equations has been combined in one partial differential equation (PDE) and the traveling wave
variable has been applied to transform the resultant equation into an ordinary differential equation
(ODE). The homogenous balance condition has been applied to determine the truncation variable of the
G’/Gg expansion. Four cases are created according to the appropriate choice of the arbitrary constants
relations. For each case, some new solitary wave solutions including solitons and kinks represented by
trigonometric, hyperbolic, logarithmic, polynomial, and combinations of these functions.

Keywords: ANNYV equation Soliton solution G’/G expansion method
-

1. Introduction

Mathematical models that take into account nonlinearity in the dynamics of a system are referred to as
nonlinear evolution equations. These models are used to represent the change that occurs in a system
over time. These equations are very important in a variety of scientific fields, including engineering,
biology, and physics, among others [1-4]. In these areas, the ability to understand and analyze the
behavior of nonlinear evolution equations has major consequences for the ability to forecast and
regulate complex processes. The purpose of this study article is to investigate the applications of one of
the well-known nonlinear evolution equations Asymmetric - Nizhnik - Novikov - Veselov equation in a
variety of fields and to emphasize the significance of these equations in terms of comprehending events
that occur in the real world.

The Asymmetric - Nizhnik - Novikov - Veselov equation is a two-dimensional KdV equation

described by the system of equations:
u, —v, =0 (1.1a)

Uy — 3(uv)x + Uyxx = 0 (1.1 b)
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This system of equations first derived by Boiti et al. [5] is a model for an incompressible fluid where u and v are
the components of the dimensionless velocity [6]. ANNV equations are also obtained from a symmetry constraint
of the Kadomtsev-Petviashvili (KP) equation [7, 8]. The system of equations (1.1a) and (1.1b) has been widely
investigated from various perspectives, such as the study of its Painlevé property [9], Lie symmetries [10, 11] and
solutions using arbitrary exponential functions [12]. The conservation laws forms of this equation were also studied
in [13] while iterative solutions based on Darboux and Backlund transformations were presented in [14, 15]. Its
exact solution using a separation of variable approach was also considered in [16-19]. Equations (1.1a) and (1.1b)
are here reduced to a single equation through the transformations; v = w, and u = w, giving;

Wy F Wiy — 3W 0y — 30y, Wy, =0 (1.2)

In [20], multi-periodic wave solutions were constructed for Eq. (1.2) using Hirota's bilinear method and Riemann
theta function while in [21] new solutions were obtained through a Backlund transformation and a modified
Clarkson direct method. New exact solutions of Eq. (1.2) were obtained using Bell exponential polynomial in [22] or
through a linearizing function having a Miura form in [23]. Notice that most of the quoted previous work is
concerned with the similarity reduction of Eq. (1.2) while the reduction of its Lax pair is much less frequent [11].
Generally, evolution equations were heavily discussed using numerous techniques such as Lie infinitesimals and
hidden symmetries [24-33], Lax pair and group method [34-38], numerical techniques [39-44], direct traveling wave
methods [26, 45-51].

This research is organized as follows. Section 2 is devoted by describing the (G'/G) method. Next, the method is
applied to the ANNV equation in Section 3. Number of obtained cases are described and depicted in the section 4.
Finally, the paper ends with the concluding remarks.

2. Description of (G'/G) Expansion Method

The (2+1) nonlinear evolution equation represented by
P(u,ut, Uy, Uy, Upy Uy Upgy Ugs Uyyy oo oo ) =0 (2.1)

where u = u(x,y,t) is an unknown function, P is a polynomial in u and its partial derivatives. The (G'/G) expansion
method can be summarized as:

First, the PDE (2.1) is transformed into an ODE:
through introducing a traveling wave variable:
u(x,y,t) = uMm),n=x+y—ct (2.3)

where ¢ is a constant. If necessary, the ODE (2.2) can be integrated many times considering the constant of
integration to be zero.

Second, the solution of the nonlinear differential equation is expressed in the form
m G’ i
um) = Y a (¢ @4
i=0
where G = G () satisfies the second-order linear ordinary differential equation

G +AG () +uGm =20 (2.5)

dG d*G .
where G’ = ol G'" =— ., a; , h and p are real constants to be determined.

=ar
The positive integer m is determined through the homogeneous balance between the orders of the highest
derivatives and highly nonlinear terms as follows:

0 [ur (%)Sl =mr+s(q+m)

0 (dpu
dn?

)=m+p (2.6)
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Substituting (2.4) into (2.2), using (2.5), then collecting all terms with the same order of (G¢'/G) and setting eac
coefficient to zero yields a set of algebraic equations for a;, ¢, u and A.

3. Mathematical Application

This section is motivated to find the explicit solutions of Eq. (1.2). First, inserting equation (2.3) into (1.2) confer
u® —6u'u" — cu' =0 (3.1
where dashes refer to the derivatives with #. Integrating (3.1) with respect to r yields
W =3ut—cu' =0 (3.2)
Letting u' = v, yields
v'—cv—-3v2=0 (3.3)

Homogeneous balance between v and »? yields m = 2, then substituting into (2.4) yields,

l ” 2
v(n) = ap+ o, (%) +a, (%) (3.4)

Substituting from (3.4) using (2.5) into (3.3) yields,

’

4
G
(6a, —3a2) (—) + (10a,1 — 6a,a, + 2a1)(

3 2

r G’
— | +@Ba, A +4a,A? 4+ 8a,u — ca, — 3a2 — 6aya,) | —

G G G (3.5)

r

G
+ (a4 A% + 2a, 4 + 6ayAp — ca, — 6aga,) (E) + (a A + 2ap% —cag —3ad) =0

after collecting all terms with the same order of (G'/G) with setting each coefficient to zero obtain a set of algebraic
equations for a;, ¢c,iLand A.
6a, —3az =0
10a,A — 6a,a, + 2a, =0
3a,14 + 4a,4% + 8a,u — ca, — 3a? — 6aya, =0 (3.6)

a, A% + 2a,p4 + 6a Ay — ca; — 6aga, =0
W Ap + 2axu® — cag — 3ai =0

Solving this system of equations reveal four cases.

4. Cases Study

In this section, many cases are studied according to the relations between the constants (Fig 1-4).

Case 1
a, = 2,4, = 2h,a; = 2andc = 20 — 4y = «a (4.1)

G is found through solution of equation (2.5) by setting @ =241 — 4p

i-fora > 0
2
_ —_)l ﬂ Clsinh(gn)+czcosh(§q) __'1 ﬁ Clsinh(gn)d-czcosh(gn)
V= 2H+ 24 2 + 2 (Clcosh(gn)+czsinh(§n) 2 2 + 2 Clcosh(gn)-f-cz sinh(@'q) (42)
For(; = 0and (G, = 1
vy = 20+ 2 [2 4 2 (coth ()] + 2 [2 + L (coth (Zn))[ 43)
= 2 o (E) i (corn (1) 1) + i con (Z) 1) @
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Figure 1: The soliton solutionu, fora =3, u=1,t =10,a =5andc = 5.

ForC; = 1andC, = 0

v, = 2+ 22 [ 242 (tanh (2y))] + 2 [Z + 2 (canh (Z1))] (4.5)
Uy, = 2un — }“27” —+/a tanh (gn) - ?ln (tanh (gn) - 1) vr_ln (tanh (rn) + 1) (4.6)
i-fora < 0
sin ia +Cyco8 J-a 1 8in Ja +Cyc08 e} z

smaea [ B o R () @

ForC; = 0andC, = 1
vy = 2pu+ 21 [_TA + ?(cot (?n))] +2 [_?A +?(cot (? n))r (4.8)
Uy = 2un —— +— (cot( n)) T —cot‘ (cot (@n)) (4.9)

ForC; = 1landC, = 0
vy = 20+ 22 [ 24 2% (tan (SZ0))] + 2 [2 4+ 2 (tan (SZ0))]| (4.10)
u, = 2un —A—n—v,i_a(tan (@n)) +\/%_“tan‘1 (tan (?n)) (4.11)
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-3 T T T U s R, B R
A s g 1 & 3 A
#
a. solutionu; forA =3, u =4, b. multi kink solution us for A = 3,
t=0.5a=-8andc=-8 p=4t=05a=-8andc=-8

Figure 2: The traveling wave solutions uz and ua.

Case 2
2
_ 1_2 2 -1 E Cy sinh(@n)-ﬁ-czcosh(“;—an) - E Cy sinh(";—En)+Czcosh(gn)
V=5 * il +24 2 + 2 (Clcosh(gn)+fz sinh(gn) +2 2 + 2 Clcosh(gn)ﬂ:z sinh(gn) (4.13)
For(; = 0and €, = 1
2
Vg = %2 +§,u +24 [_7'1 +J—f(coth (‘f?a_n))] +2 [_7’1 + \;—E(coth (‘/—fn))] (4.14)
Ug = gwy —A:f" —va coth (‘/—fn) — ‘/Taln (coth (?n) - 1) + %Eln (coth (‘/Taq) + 1) (4.15)

Figure 3: The soliton solutionusfora =3,y =1t =0.1,a=5andc =5

ForC, = 1landC, = 0

vo =% 5+ 24 [+ (sann (50) ]+ 2[5+ 5 tann (Sn)) 416)
Ug = zuq - ?— Va tanh (J—fr;) —gln (tanh (%Eq) - 1) + gln (tanh (gr]) + 1) (4.17)
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ii-fora < 0

4, v (cl sm(«;;)wzm(@))]z

22 N 2 +22 —= [ €1 sm(@n)+czcos(gn) +32 (4.18)
v=—+- —+— .
3 3 # Cﬂ:os(%)+cz sm(%) 2 2 C1cos(%)+cz sin(@n)
ForC; = 0andC, = 1
2
v, =S+ iu+22 [ +?(cot (?n))] +2 [‘7’1+@(cot (@n))] (4.19)
_2 Xy, a V=a _ V=a
uy = S =24 2 (cot (55n)) 57 + s cot™ (cot (500)) (4.20)
ForC,=1andC;, =0
A2 -1 VT — -1 V= V= _ ]
vo =5 +3ur 24 [ 5 (tan (5E0))]| + 2[5+ 55 (tan (550) (@.21)
(4.22)
a. Descending kink solution u; for 4 = 3, b. Multi kink solution ug for 4 = 3,
n=4t=05a=-8andc=-8 p=4t=05a=-8andc=-8
Figure 4: The solutionusforA=3,u=1t=0.1,a=5andc =75
Case 3
ag = é(lz + 2u —J(ﬂz —2u)? — 4)12,u) ,a,=A4,a,=0andc = ‘[(/12 —21)% —4A%u (4.23)
i-fora> 0
L (Va Va
1 RN - T smh(Trp)-#szsh(Tn)
=B +2u—J(A2 —2u)2 — 422u) +1 |=+= 4.24
v 6( K \/( lu) ‘Ll.) 2 2 Clcash(gn)ﬁ-cz sinh(%n) ( )
ForC; =0and C;, =1
=2(A +2u— O — 207 — 42%u) +2 [— (coth( ))] (4.25)
Ug = (—§/12 + %u —% V2 = 2p)% — 4/12;1.)11 —%ln (coth (gn) — 1) — %ln (coth (?n) + 1) (4.26)
ForC; =1and C, =0
_1lra2 -1 Va Vo
vio = (A% + 2u — [ = 2)7 = 42%1) + 2 [ 2+ (tanh (L)) (4.27)
=(_132 41 1 z F z 4 Ya A Ya
Uyg = (—;;1 R s J(Z —2p)% — 42 u)n —Eln (tanh (Tr)) — 1) —Eln (tanh (Tn) + 1) (4.28)
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ii-fora< 0

E (Cl sm(%)

+Czc08

=1 AZ 2 — /12—2 2_4‘;{2 /1__
v 5( +2u \/( w) nu) + - clcm(%)*'czsm

%D] (4.29)

2

—_——

C,=0andC, =1

vy = %(/12 +2u —\/(/12 —2u)? _412“) +A [_Ta+g(cot (?n))] (4.30)
wp = (—222 a2 S =27 — ) —%ln((cot (?n))z + 1) (4.31)

ForC;=1andC, =0

vy = (22 + 20— @ = 20 — 4220) + 2 [ 2+ L2 (tan (S20))] (4.32)
2
wpp = (=22 +2u 2 O =207 —42%) 0 +2in ((mn (Z2n)) + 1) (4.33)
Case4
a; = %(/12 + 2u+ \/(12 —2u)? — 4/12u), a,=21,a,=0andc = \/(AZ —2u)2 — 422 (4.34)
i-fora > 0
- a Va
_ l 2 T > 5 Vr_— C1 smh(Tn)ﬂ:‘zmsh(Tn)
v=- (22 +2p+ (A% — 2p)? — 42%u) + A [ . (Clmh( %)%sinh( %) (4.35)
ForC; =0andC, =1
Vg = %(12 + 20+ (A2 = 20) — 4A%u) + 4 [_2—’1 +g(coth (gn))] (4.36)
Uy = (—%AZ + %;,z +% J@A2 —2p)% - ‘Mfﬂu) n— %ln (cath (gn) - 1) — %ln (coth (%En) + 1) (4.37)
ForC;=1andC, =0
Vi = 2(2 + 20+ JOF = 207 — 422) + 2 [ 2+ (tanh (Z)) (4.38)
Uy = (—%/12 + %ﬂ +% V2 —2p)2 - 4/1211) n— %ln (tanh (?r]) - 1) —%ln (tanh (gr]) + 1) (4.39)
ii-fora< 0
V-a V-a
v=2(22 + 2u+ JOF — 27 —4a2) +2 |2+ LE(2 SIH(T”)WZCOS(?) (4.40)
6 2z Clcas(T“n)+C2 sm(Tan)

ForC;,=0andC, =1

v =2 (2 + 20+ OB — 207 — 48) + 2 [+ L5 (tan (S29) )| (4.43)
we = (~12 + 1u+ 1 JGB 20— 42p)n +21n ((tan (@n))z + 1) (4.44)
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5. Conclusions

Solitary waves of the ANNV equation in its (2+1)-dimensional form have been investigated by
exploiting the G’ /G method. This method had the ability to create new forms of solitary waves after
getting the homogenous balance required for this method. Four cases were formulated according to the
appropriate choice of the relations between the arbitrary constants. The solutions included
trigonometric, hyperbolic, logarithmic, polynomial, and combinations of these functions. The attained
soliton and kink solutions are very useful in describing the behavior of the solitary wave in different

engineering and physical applications including plasma explosions and ocean waves.
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Fuzzy Rough Subgroups on Approximation Space

Nurettin Bagirmaz
Mardin Artuklu University, Mardin, Turkey

Abstract:

/Fuzzy rough sets are a mathematical concept that combines fuzzy sets and rough sets to deal with\
uncertainty and incompleteness in data and information. In this study, different from the definition of
Dubois and Prade (1990), the fuzzy rough set is defined within the framework of the rough group concept
defined by Biswas and Nanda (1994), and some of its algebraic properties are discussed. Then, the
concepts of fuzzy rough subgroup and fuzzy rough normal subgroup are introduced in the rough group.
In addition, some basic features and examples of these concepts are given.

Keywords: Rough group Rough subgroup Fuzzy subgroups Approximation space Fuzzy rough

subgroup
G J

1. Introduction

To deal with vagueness, rough sets, and fuzzy sets are two efficient set theories. Both are generalizations
of classical sets but have different viewpoints and applications.

Fuzzy sets are first introduced by Lotfi Zadeh [1], allowing objects to belong to a set or relation to a given
degree, this is called the degree of membership. Fuzzy sets have been applied to various domains, such
as logic, control, decision-making, and artificial intelligence. Fuzzy sets allow us to represent linguistic
terms such as "a lot", "more or less" or "about" with a numerical value. Fuzzy sets have been applied to
various mathematical fields. For example, fuzzy subgroups were defined and established by Rosenfeld
[2]. Then many authors have studied it [3, 4].

Rough sets introduced by Polish computer scientist Z. Pawlak in [5], provide approximations of
concepts in the presence of missing information. Although it is a generalization of classical sets, it uses a
pair of sets to approximate the original set. The lower approximation includes objects that belong to the
set, while the upper approximation includes objects that probably belong to the set. At the same time,
some researchers have applied this theory to algebraic structures as well. Some algebraic properties of
rough sets were explored by Iwinski [6]. In [7], Kuroki and Wang introduced the upper and lower
approximations together with normal subgroups in a group. Then, some features of upper and lower
approximations were studied according to normal subgroups [8-12]. On the other hand, in [13]

definitions of the notation of rough subgroups and rough groups are given by using only the upper
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approximation. Miao et al. developed the rough group and rough subgroup definitions and offered some
new characteristics [14]. In [15], the notation of rough semigroup is introduced. Also, Bagirmaz et al.
defined the concept of the topological rough group [16]. Li et al, separation axioms of topological rough
groups are discussed in [17].

On the other hand, some researchers have tried to reduce the limitations of equivalence relations in
Pawlak rough sets in practice. Therefore, many researchers have proposed some general models [18-
21]. Later, combining rough sets with fuzzy sets, Dubois and Prade [21] introduced the concepts of
rough fuzzy sets and rough fuzzy sets. From this point of view, some researchers have applied this idea
to other areas of mathematics [22-24].

This study is regulated as follows. In section 2, basic notations of fuzzy subgroups and rough groups are
given. In section 3, fuzzy rough subset and (normal) subgroup definitions were made and some

important features were proved.

2. Preliminaries

This section is dedicated to present some definitions and propositions that will form the basis for subsequent
chapters.

Definition 2.1. [5] Assume U be a non-empty finite set called universe and R be an equivalence relation on U.
Then (U, R) is called an approximation space.

Definition 2.2. [S] Assume U be a universe and R be an equivalence relation on U. We denote the equivalence
class of object x in R by [x]g.

Definition 2.3. [5] Assume (U, R) be an approximation space and X be a subset of U. The sets
()X = {x|[x]g N X # 0},
(i) X = {x|dr =X},

are called upper approximation and lower approximation of X in (U,R), respectively.

For example, suppose that (U,R) is an approximation space, where U = {a, b, ¢, d, e, f} and an equivalence relation
R with the following equivalence classes:

C;={ab}, C, ={cef}, C; ={d}.

Let A = {a,b,e}. Then A = {a,b}and A = {a,b, c, e, f}.

Let U be a universe and "*" a binary operation defined on U. From now on, ab will be used instead of a*b, for all
a,b € U, and U denote a universe setin (U,R).

Definition 2.4. [13] Assume (U,R) be an approximation space and G < U. Then, G is called a rough group if the
following properties are satisfied:

(Y va,b € G,ab € G,
(i) Associativity property holds in G
(ili)3e € G, va € G such that ae = ea = a, where e is called the rough identity element of rough group G.

(iv) va € G,3b € G such that ab = ba = e, where b is called the rough inverse element of a in G, it is denoted by
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Definition 2.5. [13] Assume G be a rough group and H € G . H is called a rough subgroup of G if H is a rough
group.

Remark 2.6. [13] Assume G be a rough group. Then, G has only one rough subgroup, which is itself. A necessary
and sufficient condition for {e} to be a trivial rough subgroup of Gise € G.

Proposition 2.7. [13] Assume G be a rough group and H < G. A necessary and sufficient condition for H to be a
rough subgroup is that:

(i) va,b€eH,abeH,

(i) vaeHa'eH.

Definition 2.8. [1] Assume U be a non-empty set. A fuzzy subset ¢ of U is a map ¢: U - [0,1].
Definition 2.9. [3] A fuzzy set ¢ of a group G is called a fuzzy subgroup if, for all a,b € G,

(i) d(ab) = min{p(a), (b},

(i) $@™" = o).

It is well known that a fuzzy subgroup G satisfies ¢(a) < ¢(e) and ¢p(a™) = d(a) for alla € G,

3. Fuzzy rough subgroups

In this part, a fuzzy rough (sub) set and a fuzzy rough (normal) subgroup of rough groups are defined. In addition,
some important properties were proved and an example was given.

Definition 3.1. Assume G be a non-empty subset of U. A fuzzy rough set ¢ of G is amap ¢ : G - [0,1].

Definition 3.2. Assume G be a non-empty subset of U. Let ¢ : G — [0,1] is a map defined as

[ aeQ@G,

¢(a):{ g, a€G\GO0<g<g<1

where g1, g, € [0,1]. The set ¢ is known as fuzzy rough subset of G.

Definition 3.3. Assume G be rough group over U. A fuzzy rough subset ¢ of G is named a fuzzy rough subgroup
of Gif, foralla,b € G,

() ¢(@b) = min{¢p(a), ¢(b)}
(i) @™ = $().
Proposition 3.4. Assume G be a rough group over U. If ¢ is a fuzzy rough subgroup of G, then:
) ¢ = d@),Vaeg
(i) ¢@™") = ¢@.vae G,
where e is the identity element of G.

Proof. (i) Suppose that ¢ be a fuzzy rough subgroup of G, then ¢(e ) = p(aa™) = min{d(a), p(a™")} = ¢(a) for all
a € G.Thus ¢(e) = ¢(a).

(i) Suppose that ¢ be a fuzzy rough subgroup of G, then ¢(a) = d((@™)™) = d(a ™) = &(a) for all a € G. Hence
$@™") = d(a).

Definition 3.5. Assume G be a rough group over U. A fuzzy rough subgroup ¢ of G is named a fuzzy rough normal
subgroup of G if

¢(ab) = ¢(ba) forall a,b € G.

Example 3.6. Suppose that U = {a,b, ¢, d, e} be a universe set with the following multiplication table:
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() a b C d e
a a b C d e
b b a c b b
c c C C a e
d d C a d C
e e d b o e

A classification of U is U/R = {C4, C3, C3}, where

C, ={ab},
C, ={cd),
C; = {e]'

Let G = {b,c,d}, then G = {a,b, ¢, d}. From Definition 2.4, G < U is a rough group.
For G define ¢(a) = 1, ¢(b) = zl d(c) = Pp(d) = ;— Then, from Definition 3.3, ¢ is a fuzzy rough subgroup of G.

Proposition 3.7. Assume G be a group over U. If ¢ is a fuzzy (normal) subgroup of G, then ¢ is a fuzzy rough
(normal) subgroup of G.

Proof. Suppose that G be agroup. Then a,b € G, ab € G.Since G € G,ab € G. On the other hand, since ¢ is a fuzzy
subgroup of G, then from Definition 3.3 we get ¢ is a fuzzy rough subgroup of G.

Similarly, since ¢ is a fuzzy normal subgroup of G, then from Definition 3.5 we conclude ¢ is a fuzzy rough normal
subgroup of G.

Remark 3.8. Assume G be a group over U. Obviously, G is also a rough group over U.
Lemma 3.9. Assume G be a rough group over U and G = G. Then G is a group.
Proof. This is easily obtained from Proposition 19 [16].

Proposition 3.10. Assume G be a rough group over U and G = G. If ¢ is a fuzzy rough subgroup of G, then ¢ is a
fuzzy subgroup of G.

Proof. Suppose that G be a rough group and G = G. Then, from Lemma 3.9 we get G is a group. Thus a,b € G,
ab € G,and so ¢: G — [0,1] is a fuzzy subset of G. Since ¢ is a fuzzy rough subgroup of G, then from Definition 3.3 we
conclude ¢ is a fuzzy subgroup of G.

4. Conclusion
In this study, in the context of group theory a bridge has been established between fuzzy sets and rough

sets. Fuzzy rough (sub) set, fuzzy rough (normal) subgroups have introduced. In addition, important and

basic properties of these concepts were examined.
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