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Experimental Studies on Di Diesel Engine Using Pre Heated
Cotton Seed Oil Ethyl Ether as Alternative Fuel

K.Kusumal and Dr. E.L.Nagesh2
1Research Scholar, Department of Mechanical Engineering, JNTUH, Hyderabad,
2Professor, St.Peter‘s Engineering college,

ABSTRACT
("In this investigation, the Cotton Seed Oil Di-Ethyl Ether (CSODEE) was prepared by

transesterification using cotton seed oil, Di-Ethyl Ether and potassium hydroxide (KOH) as a catalyst.

At different preheated temperatures, the performance and exhaust emissions of a diesel engine fuelled
with preheated CSODEE were obtained and compared with neat diesel. Experiments were conducted at
different load conditions in a single cylinder four stroke DI diesel engine. CSODEE was preheated to
temperatures namely 30, 40, 60, 80, 100°C before it was fuelled to the engine. From the test the brake
thermal efficiency (BTE), brake specific fuel consumption (BSFC), smoke density, CO, HC, NOx
emissions were evaluated. The results proved that the preheated CSODEE leads favorable on BTE and
CO, HC emissions when it is heated up to 80°C. At the same time the NOx emission was increased. But at
preheated temperature of 100°C, a considerable decrease in the BTE and BSFC were observed due to
the vapour locking in the fuel line caused by vapour formation due to higher temperature of CSODEE.
On the whole the results shows that CSODEE preheated up to 80°C can be used as an alternate fuel for
diesel fuel without any significant modification in expense of increased NOx emissions.

Keywords : Cotton seed oil ethyl ether, Diesel engine performance, Exhaust emissions, Pre-heated

L biodiesel )

1.INTRODUCTION

The idea of using vegetable oil began in the year 1893 itself when diesel engines came into existence. In
the year 1911, Rudolf Diesel operated his first engine using straight vegetable oil (peanut oil). The
physical and combustion properties of vegetable oils are closer to that of diesel and in this context;
vegetable oils can stand as an immediate candidate to substitute for fossil fuels. The greatest advantages
of vegetable oils are that they are obtained from seeds of various plants. In view of this, researchers have
started showing renewed interest towards vegetable oils because of its advantages as a potential
alternate fuel. Vegetable oils are renewable and ecofriendly in nature and at the same time, it can be
easily produced in rural areas. Sustainable development of a country depends on the extent that it is
managing and generating its own resources. This also helps in conservation of depletion of
nonrenewable petro-products. However due to inherent high viscosity and low volatility, vegetable oils
would pose problems such as fuel flow and poor atomization and constrain their direct use in engine
without any modifications vegetable oils are either edible or non-edible. Some of the edible oils are
sunflower oil, palm oil, rice bran oil, and cottonseed oil. The non-edible oils are mahua oil, jatropha oil,
rubber seed oil, etc. As rice bran and cottonseed oil (CSO) are not very much in use for cooking purpose,

these can be used as substitute for diesel in CI engines. Cottonseed oil has several properties closer to
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that of diesel but certain properties such as high viscosity and low volatility pose problem when used as

an alternate fuel for C.I engines.

The potential of using vegetable oil for diesel engines was studied by Recep Altin et al. [1], Yoshomoto
.y etal. [2] and Kensuke Nishi et al.[3]. The engine performance was very much similar to that for diesel
with little power loss and slight increase in the emission level. Karaosmanoglu.F et al[4] studied long-
term utilization of vegetable oil and no significant increase or loss in power was noticed. Nwafor O.M.I
et al. [5] carried out combustion studies on both diesel fuel and vegetable oil fuel with standard and
advanced injection timings. Advanced injection timing compensates the effects of the longer delay
period and slower burning rate that is exhibited by vegetable oils. The problems related to low volatility
and high viscosities are offset by subjecting the oil into the process of transesterification, and the high
viscosity can be reduced. Methyl and ethyl esters of vegetable oil (called as bio-diesel) have the physical
and chemical properties closer to that of diesel. The performance and emission characteristics of the
diesel engine using methyl ester are comparable with that of diesel as per Dilip Kumar Bora et al. [6].
Babu A k et al. [7] also has reported problems related to high viscosity. Blending vegetable oil with
diesel decreases the viscosity and improves the volatility. This improved properties results in better
mixture formation and spray penetration. A number of investigators tried the vegetable oils in varying
proportions with diesel. Results obtained from experiments shows that vegetable oil and diesel blends
showed improvement in engine performance [8, 9]. Pre heating the vegetable oil reduces the viscosity
and improves combustion characteristics (Pramanik. K [10]). This paper examines the use of preheated
cottonseed oil diesel blends on the performance of a single cylinder diesel engine. Preheating the
vegetable oil decreases the viscosity and improves the atomization and mixing process, which results in

better combustion.

2.PRODUCTION OF COTTONSEED OILDI-ETHYLETHER

Cotton seed oil was converted into biodiesel through the alkaline transesterification reaction for which
potassium hydroxide was used as catalyst with methanol. Two percent of the potassium hydroxide
catalyst was dissolved in DEE (30% by weight) and the mixture was added to the cotton seed oil. Then
the prepared mixture was stirred at 60°c for 30 minutes. There after the reactant material was poured into
transparent vessel and allowed for cooling at room temperature for 7-8 hours. It was allowed to settle for
separation of glycerol as bottom layer. The upper layer of biodiesel was kept into another vessel for
washing with equal amount of water. The biodiesel was heated up to 110° for 15 minutes to remove
excess water. Then biodiesel was cooled down to room temperature before use, presenting a 94% yield.

Transesterification, which is also called alcoholics, is a process of substitution of the radical of an ester
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by the radical of one alcohol, like hydrolysis. The biodiesel was produced from cotton seed oil in our lab.
Density of the fuel was found using density bottle, kinematic viscosity of the oil was determined with the
help of Redwood Viscometer and flash point was obtained from electrically heated Pesky-Martens
apparatus as per the standard test procedure. The gross calorific value of the cotton seed oil, cotton seed

ethyl ether and diesel were determined with the help of Bomb calorimeter.
3. EXPERIMENTALSETUPAND TEST PROCEDURE

The experiments were conducted on a single cylinder four stroke DI diesel engine as shown in Fig 1. The
engine specifications are described in Table 1. The test set up consists of various measuring instruments
to measure various parameters like engine torque, air flow rate, fuel consumption, exhaust emissions,
temperatures of air and fuel. Experiments were conducted with neat diesel fuel and preheated CSODEE
atfive different temperatures of 30°C, 40°C, 60°C, 80°C, 100°C.

Fuel
tank
Exhst out
Heat Exchanger

Control Q
Cumpuﬁ% Panel
I:I Hazating ewil
wound on
fi=l lins EGA SM
@ Exhaust out
®: Dyvnamometer _{ — Engine Rotameter

l[ 1 T IJ @

Fig 1: Schematic diagram of the experimental test rig

4

T1-Inletengine water temperature PT - Pressure transducer N - RPM Decoder

T2 - Outlet engine jacket water temperature Ta, Tb - In and out temperature of exhaust gasin H.E

Tf - Fuel temperature at outlet of H.E F1- Fuel Flow (Differential Pressure unit) EGA - Exhaust Gas
Analyzer (5 gas) SM —Smoke Meter

Exhaust Gas Out

|
——

Fuel Outlet

Exhaust Gas In

Fig 2: Heat Exchanger
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Table.1 Test Engine Specification

Engine Four-stroke, single cylinder,
constant speed, water cooled CI Engine
Make Kirloskar
Model & BHP TV1 & 5.2kW@ 1500 RPM
Compression Ratio 17.5:1
Dynamometer Type Eddy Current, with loading unit
Load Measurement Strain Gauge Load cell
Interfacing ADC card- PCI 1050

The engine was connected to an eddy current dynamometer and the engine was running at a constant
speed of 1500rpm. Experiments were conducted at the engine speed of 1500 rpm and at different engine
loads. Initially the experiments were carried out for the diesel fuel for different loads. The fuel
consumption, brake power, brake specific fuel consumption, brake thermal efficiency and exhaust gas
temperature were measured. The NOX , CO and HC emission were measured with non-dispersive infra
red analyzers. The smoke density is measured by smoke meter. The gas analyzers were calibrated with
standard gases and zero gas before each test. Same procedures were repeated for CSODEE at different

temperatures namely 30,40,60,80, and100°C. The physical properties of neat diesel fuel of CSODEE are

shown in Table 2,
Table: 2 The properties of diesel fuel and COSDEE
Property Cotton seed | Cotton seed o0il Di- | Diesel fuel
oil Ethyl Ether
(CSODEE)
Density(g/ml) 0.96 0.926 0.830
Kinematic viscosity, ¢S at| 226.82 8.58 5.80
38°C
Gross calorific value(MJkg!) | 36.20 40.16 46.22
Flash point(°C) 317 157 47
Acid value(mgKOH/g) 1.642 1.018 0.00
Free fatty acid content (%) 2.8 1.96 0.00

Table: 3 The Properties of CSODEE at different Temperatures

Temperature of CSODEE(°C) | 30 40 60 80 100
Specific gravity 0.872 |0.898 | 0.876 | 0.867 0.885
Kinematic viscosity(cSt) 7.98 7.85 |5.9 4.8 1.9
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Fig 2: Effect of preheating on the Kinematic viscosity and specific gravity of
CSODEE

3.1 Engine Performance and exhaust emissions

The changes of brake specific fuel consumption (BSFC) with brake power for different CSODEE are
presented in Fig 3. The BSFC of all CSODEE is higher than that of diesel for all loads. For all CSODEE
tested, BSFC is found to decrease with increase in the load. This is due to more blended fuel which is
used to produce same power as compared to diesel. The BSFC increased from 556 g/kWhr to
665g/kWhr for diesel and CSODEE 100 respectively at full load. This is due to the effect of higher
viscosity and poor mixture formation of CSODEE. But the BSFC is decreased due to increasing the
preheating temperature of CSODEE. This is due to the reduced viscosity and improved spray
characteristics of CSODEE.

700 -

600 -

500 -
£ 400 —a— DIESEL
£ —s— CSODEESD
g 300 —>¢—CSODEE60
-]

- —— CSODEE40

—o— CSODEE30
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0 T T

Brake Power(Kw)

Fig 3: Brake specific fuel consumption
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The variation in the brake thermal efficiency (BTE) of the engine fuelled with CSODEE preheated
t030°C, 40°C, 60°C, 80°C and 100°C which are indicated by CSODEE30, CSODEE40, CSODEEG60,
CSODEES80, CSODEE100, Respectively, with reference to diesel fuel are shown in Fig 4. The increase
in BTE with CSODEE operations can also be attributed to the good combustion characteristics of bio-
diesel owing to their decreased viscosity and improving volatility by means of preheating process. It is
seen that the BTE of CSODEE increased by the preheated temperature 30°C, 40°C, 60°C, and 80°C
But for 100°C the BTE decreases due to vapour locking in the fuel line and hence more fuel consumption
is obtained for the same power compared to other mode of operation. The BTE with the CSODEE100 is
5% and 13% lower than that of CSODEE 80 and diesel fuel respectively.

35
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z 25
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o
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€ —s— CSODEE40

1]

£ —%— CSODEE30

u
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5 CSODEE100
0

1 2 3 4 5
Brake Power(Kw)

Fig 4: Brake thermal efficiency

The CO emissions are shown in Fig 5. As seen in the figure, the emissions increase with increase of
engine load, due to rich fuel air mixture. Compared with the diesel fuel, the CO emissions of CSODEE
are lower, because of the higher oxygen content of biodiesel, which could improve the combustion
process. Additionally, the heating process decreases the viscosity of biodiesel and improves the
oxidation of biodiesel in the cylinder. Therefore, the CO emissions’ arising from incomplete combustion
is decreased by applying preheating of the fuel. For CSODEE100, the CO emission is higher than that of
CSODEE30, CSODEE40, CSODEE60 and CSODEES80, This is due to uneven fuel spray in the
combustion chamber, because of vapour locking in the pump and pipe line, CO emissions obtained with

CSODEES80 were 13% lower than that of diesel operations at full load.
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Fig 5: CO Emission Vs Brake Power

Fig 6 shows the variation of HC emissions, similar to the CO emissions, with an increase in the engine
load, the HC emissions also decrease. Compared with diesel fuel, CSODEE give lower HC emissions.
The HC emissions of CSODEES0 decrease 5.4 % at the maximum load of the engine in comparison with
diesel fuel. The higher oxygen content of CSODEE leads to better combustion, resulting in lower HC,
However, the HC emissions of CSODEE100 are higher than of other CSODEE. This is due to

incomplete combustion occurring at uneven spray characteristics.
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Fig 6: HC Emissions Vs Brake power
Fig7 shows the variation of the NOX emissions of the test engine for CSODEE with reference to diesel
fuel. It is seen that the CSODEE operations usually yield higher NOX emissions at all loads compared to
diesel fuel operations. The increase in NOX emissions with CSODEE may be attributed to various
reasons, such as improved fuel spray characteristics, better combustion of biodiesel due to its high
oxygen content and high temperatures in the cylinder as a result of preheating. The maximum increase in
NOX emissions were obtained in CSODEE80. The NOX emissions with CSODEES0 increase as

compared to diesel fuel at full load.
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Fig 7: NOx Emission Vs Brake Power

The variation of smoke density for different CSODEE is shown in Fig . The Smoke density of
CSODEE is lower than that of the diesel oil. The viscosity of preheated CSODEE is comparatively
lower than neat diesel. Due to this, the spray pattern and fuel penetration are improved. But for
CSODEEI100 the smoke density is slightly higher that of diesel and other CSODEE. This is due to
uneven fuel spray pattern in the combustion chamber, because of vapour locking in the pump and pipe
line. The smoke density is decreased from 89HSU to 73 HSU for diesel and CSODEES8O0 respectively at
full load.
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Fig. 8: Smoke density Vs Brake power
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CONCLUSIONS

Cottonseed oil Di-ethyl ether (CSODEE) was produced by means of transesterification process using
cottonseed oil, which can be described as a renewable energy source. The viscosity of CSODEE was
reduced by preheating it before supplied to the test engine. After the fuel properties of CSODEE has
been determined, various performance parameters and exhaust emissions of the engine fuelled with
CSODEE preheated at different temperatures were investigated and compared with the diesel fuel. The

experimental conclusions of'this investigation can be summarized as follows:

] Preheating of CSODEE makes significant decrease in its kinetic viscosity and a small decrease in
specific gravity. It is almost nearer to the values of diesel fuel.

1 The Brake specific Fuel Consumption (BSFC) increased from 269g/kWhr to 345 g/kWhr for diesel
and CSODEE100respectively at full load.

"1 The Brake Thermal Efficiency (BTE) with the CSODEE100 is 5% and 13% lower than that of
CSODEES80 and diesel fuel.

"1 The use of preheated CSODEE produced a considerable decrease in CO emissions. CO emissions
obtained with CSODEER0 operations were 34% lower than that of diesel fuel operations.

1 Compared with diesel fuel, CSODEE gives lower HC emissions, The HC emissions of CSODEE 80
decreases by 16% at maximum load of engine in Comparision with the diesel fuel.

"1 NOX emissions are increased due to higher combustion temperatures caused by preheating and
oxygen content of CSODEE. The maximum increase in NOX emissions were obtained in case of
CSODEES80. The NOX emissions with CSODEES80 increases approximately 11% as compared to diesel
fuel at full load.

1 The smoke density decreased from 89 HSU to 73 HSU for diesel and CSODEES0 respectively at full
load.

"1 In general the performance and emission level of preheated ethyl ether of cottonseed oil are improved.
But the NOX emissions are increased due to high combustion temperature and oxygen content in
CSODEE.
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Numerical Investigation of Transient Solidification
Behavior of Cast with and without Feeding Aids
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ABSTRACT

(" Sand casting is one of the oldest manufacturing process applicable for mass production of varieties of )
product. Through the pouring cup molten metal is poured into mould cavity which made in same as size
of product. The molten metal is then allowed to cool and solidify. There is occurrence of liquid
shrinkage and solid shrinkage while solidification of casting take place. The riser which is reservoir of

molten metal is placed to compensate this shrinkage of molten metal. To serve this purpose the
solidification time of riser should be greater than solidification time of casting. The riser sleeve and hot
toping are the most widely used feeding aids which use to elongate solidification time of riser. The
objective of the present work is to assess the transient behavior of solidification of cast with and without
sleeve (exothermic) and hot-toppings (exothermic). The investigation is executed using commercial
software ANSYS Fluent.

Keywords: Sand casting, casting solidification, exothermic sleeve, hottoping, ANSYS Fluent, heat

generation rate, hottoping thickness
& J

1.INTRODUCTION

Sand casting is one of the oldest manufacturing process applicable for mass production of varieties of
product. Through the pouring cup molten metal is poured into mould cavity which made in same as size
of product. The molten metal is then allowed to cool and solidify. There is occurrence of liquid shrinkage
and solid shrinkage while solidification of casting take place. To compensate this shrinkage, the
reservoir of molten metal is placed above casting which is called as riser. So in simple word the purpose
of riser is to supply molten metal to casting when solidification of casting take place. But this purpose
can only be serve when casting solidify before riser gets solidify. This means that solidification time of
riser should be greater than solidification time of casting. For that casting gating system design is carried
outin such manner that will it ensure that riser gets solidify at last. But practically when casting is poured
it is just possibility that riser gets solidify at last. So another remedy is to elongate solidification time of
riser by used of feeding aids. The riser sleeve and hot toping are the most widely used feeding aids. The
purpose of these feeding aids is to improve riser efficiency by controlling heat loss from the riser or by
providing an additional heat source to the metal in the riser. The riser sleeve can be either insulating or
exothermic or with a combination of both properties. The riser sleeves are made up of thermite
materials, initiator and insulating materials. Various suppliers produce these sleeves in different
compositions, different size and shapes. As soon as molten metal, contacts with sleeve or hottoping the

exothermic reaction take place with the liberation of heat until exothermic material burns. The mushy
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zone is a transition region between metal which is solidified and which is in liquid state.

Wilodwar et al. [1] conducted various experiment in which involve the surrounding spherical casting
with exothermic material lining and corresponding increase in thickness of sleeve lining. He obtain
different solidification time for different thickness of lining. In another experimentation Wlodwar et al.
found that a sleeve thickness 0.15 times the diameter of the cylinder result in flat shrinkage cavity
compare to normally occurring conical shape. All this Wlodwar et al. finding are applicable for
particular configuration of geometry and materials, so these finding cannot be generalized. The Foseco
[2] recommended sleeve thickness of 0.2 times riser diameter for some categories of sleeve produced by
Foseco. Despite the extent of sleeve use, a survey of foundries found that there is lack of consensus on
the use of the riser sleeve. Sleeve suppliers use different raw materials of unknown and proprietary
compositions and properties in their manufacturing process. As a result application of riser sleeves in
foundries is largely based on trusting suppliers, guesswork and trial and error testing [3]. There is no

generalized criteria of sleeve thickness for particular casting.

This all leads to use computer casting simulation software for evaluation of effect of riser sleeve and
optimization of riser size so that to minimize the defects occurring in the casting. The accurate thermo
physical properties of riser sleeve and casting material are required as input data for simulations. These
thermophysical properties are either provided by a limited number of suppliers for their products as
black box database (hidden from software user) in some commercial casting software like
MAGMASOFT or not available. More recently Midea et al. [4] has done investigation on
thermophysical data for casting process simulation and have been published temperature dependent
curves for density, specific heat and thermal conductivity of several sleeves. But these curves no
numerical values are shown on axes so only reader only gets graphical trend of variation of thermal
properties with temperature. It was found that thermal conductivity about 4 times more influential than
the heat capacity of the sleeve. Iganszak et al. [5] instead of developing temperature dependent data,
utilize inverse modelling technique to determined average exothermic sleeve material thermophysical
property data. The temperature data in sand mold and steel were obtain by conducting experiments. A
computer program was then used to conduct simulations of the castings where all thermophysical
properties were iteratively modified until the error between simulation results and measured data is

minimized.
R. Hardin et al. [6] studied the effect of sleeve type on casting yield using Magmasoft software. He found
that longest solidification time obtain with insulating sleeve while considering 10% safety margin. R.

Hardin et al. [7] conducted investigation on determination of thermophysical properties of riser sleeve
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and casting material using inverse modeling technique of 11 commercial available sleeve. There is no
much variation in density and specific heat with respect to temperature. So we can take average and
predetermine values of these properties. Iteratively the data for thermal conductivity is developed. MEF
is found to be sensitive to superheat and independent of size. Choudari et al. [8] has perform transient
thermal analysis using ANSYS software for optimization and analysis of riser in sand casting.
Application of sleeve help in reducing riser dimension from 60 mm to 50 mm and thereby increasing the
casting yield. Wiwik et al. [9] has done investigation on feeding efficiency between a dome shape and
cylinder shape exothermic-insulating sleeve. The casting yield is increased by 90% by dome sleeve
greater than cylinder sleeve which have 88% and sand riser which only 19%. A die casting with anti-
gravity filling process was numerically investigated using fluent by Yuwen et al. [10] in which Volume of
Fluid model used capture filling process. He simulate liquid metal free surface and temperature
distribution at various time step. The change in free surface shows that liquid metal is volatile and

turbulent at early stage of filling process, when liquid metal contact with mould wall.

Overall sleeve performance depends on the quality and quantity of thermite material present in sleeve.
The exothermic heat generation in sleeve and burn time of thermite are the parameter which play
important role in determination of riser sleeve effectiveness. Very few literature is observed on the effect
of riser sleeve shape on casting performance. There is little work available for investigation of

geometrical parameters like thickness of riser sleeve and hottoping on solidification behavior.

2.PROBLEM DEFINITIONAND METHODOLOGY

Present problem deals with cast solidification where apart from regular elements of casting system, few
other elements are also used to enhance its quality and yield. Use of risers and hot-toppings are very
common, which help to increase the casting yield, minimize defects and provides better control on
overall casting process. To carry out the investigation a rectangular casting block of dimension 50 mm x
50 mm x 20 mm is considered which is sand casted. An arrangement of mould with feeding element and
riser is shown in fig. 1. Molten metal (material-ASTM WCB A216) is poured into mould cavity at 1600
°C and solidification takes place. The progress of solidification of molten metal is investigated. The
objective of the present work is to assess the transient behavior of solidification of cast with and without
sleeve (exothermic) and hot-toppings (exothermic). The investigation is executed using commercial
software ANSYS Fluent.
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Figure 1: Casting with sand mould

3. THEORETICALDESIGN OF CASTING SYSTEM

Theoretical design of casting system consist of design of riser, casting gating system and pattern design.
The gating system is part of the mould cavity through which the metal is poured to fill the casting
impression. Theoretical design of casting is needed to meet following threefold purpose-1) The metal
flow rate and direction must be such as to ensure complete filling of the mould before freezing. 2) To
avoid entrapment of air, metal oxidation, and mould erosion flow should be smooth and uniform with
minimum turbulence. 3) The technique should promote the ideal temperature distribution within the
completely filled mould cavity. So that the pattern of subsequent cooling is favorable to feeding. Purpose
ofriser is to supply molten metal to take care of liquid shrinkage and solid shrinkage. In casting modulus
is defined as ratio of volume of casting to surface of casting. Here Riser is design using modulus method.
Nonpressurized gating system design is done with gating ratio 1:4:4. Final summary of theoretical

designis as shownin tableno. 1

Table 1: Casting system dimension

Design parameter Dimension
Diameter of riser 0.04 m

Height of riser 0.02m

Bottom CS area of sprue 1.0112 X 10~°m?
Top CS area of Sprue 2.0224 x 10~ 5m?
Taper of sprue 0.5

Area of ingate 4.0448 X 1075m?
Area of runner 4.0448 x 10~°m?
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4. MATHEMATICALMODEL

Solidification simulation of casting involves filling of molten metal inside cavity and subsequent
solidification of molten metal with respect to time. This process can be described by mass conservation
equation, N-S equation, conservation of energy equation, volume of fluid function equation and

enthalpy-porosity equation to model solidification process.

¢ Mass equation : —+ —+ —+ ®—_o (1)

e X-momentum equation

du u u qu\ _ __ap (azu 0%u azu)
p(3t+uax+v6y+waz)_p‘gx ax M 6x2+6y2+622 TS (2)
Y-momentum equation
ou av av _ ap a%v a%v a%v
p(Grtust vt wi)=0gy— mtulGEt 5t 5m) T s 0

Z-momentum equation

u aw aw aw\ _ _9p (azw 92w Bzw)
p(at+uax+vay+waz)—pgz az+‘u ax2+ay2+az2 ts .. (4)

e Energy equation : PCy [% HW(V-V)T]=kV2+ Sy N )

e Volume of fluid : The volume of fluid model can model two or more immiscible
fluid phases in terms of volume fraction y of each of the fluids by solving a single
set of mass and momentum equations.

p={yp+A=ppr (6)
T=4HT,+ (-9, (7)

¢ Enthalpy-porosity equation : An enthalpy-porosity technique is used for modeling
the solidification/melting process. The mushy zone is treated as a “pseudo” porous
medium with porosity varying from 0 to 1. In case of fully solidified material in a
cell, the porosity becomes zero and thereby the velocity drop to zero. For that
purpose additional sink term are added to momentum and energy equation. The
momentum sink due to the reduced porosity in the mushy zone takes the following
form:

_ (1-a)?

= mAmush (u - up) ....... (8)

51
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where ais the liquid volume fraction, € is a small number (0.001) to prevent
division by zero, Amush is the mushy zone constant, and ,, is the solid velocity

due to the pulling of solidified material out of the domain.

Sinks are added to all of the energy equations in the mushy and solidified zones to account for the
presence of solid matter.

_ (-a)?
27 (a3+€)

Amush o (9)

Where @ represents the turbulence quantity being solved (k, €, w etc.)

S.NUMERICALIMPLEMENTATION AND SOLUTION STRATEGY

Numerical implementation involves preprocessing, solver setting and solver execution. Computational
domain consists of rectangular casting block, cylindrical riser and gating system surrounded by
moulding sand. Over that is domain conformal mesh with 3D tetrahedron elements were generated
using ANSYS meshing modeler. The simulation is carried out by employing energy, viscous laminar,
multiphase volume of fluid and solidification & melting model. The multiphase volume of fluid model
was used to filled casting with material ASTM A216 WCB steel. To capture solidification of molten
metal solidification & melting model was used. Thermophysical properties of ASTM A216 WCB

carbon steel, moulding sand as shown in the following table no. 2 & 3
Table 2: Properties of ASTM WCB A216

Properties of ASTM WCB A216

Density 7800 Kg/m? (at 273K)

7400 Kg/m? (at 1273K)

6800 Kg/m? (at 1923K)

Specific heat 1025 J/kg K

Thermal conductivity 55 W/m K (at 273K)

140 W/m K (at 1923K)

Latent heat 192000 J/Kg

Solidus Temperature 1350 °C

Liquidus Temperature 1500 °C
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Table 3: Properties of sand and exo sleeve & hottoping

Properties of sand

Density 1495 Kg/m3
Specific heat 1172.304 J/kgK
Thermal Conductivity 0.519 W/m K
Exo sleeve & hottoping

Density 422 kg/m3
Specific heat 450 J/kg-K
Thermal conductivity 0.35 W/mk
Ignition Temperature 600 °C

Exothermic Heat Generation | 250 KJ/Kg

In simulation process, pouring temperature is 1600°C ; the sand mold and ambient temperature both set
to 27°C ; pouring rate is 0.4953 m/s using the way of antigravity bottom pouring ; acceleration due
gravity is 9.8 m [12. Boundary conditions were set as follow:1) Sprue top was set as velocity inlet 2)
Riser top was set as pressure outlet3) Sand mould wall was set as wall with convection heat transfer

coefficient20 W 12k.

‘ Wall Convection ‘4—

[omwoows J«—— L
Velocity Inlet

Figure 2 Boundary conditions
For volume of fluid model volume fraction at sprue inlet and riser outlet is set top one and zero
respectively. Couple algorithm was used to solve the coupling problem between velocity components

and pressure in momentum equations. Momentum,energy were taken as second order upwind scheme
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runner. So riser is solidifying before casting and it is not serving it purpose of supplying molten metal.
This may be due to heat diffusion through top of mould is more as compare to bottom of mould. To get
favorable temperature gradient extra sand is added on the top riser and following cases of simulations
are investigated with all simulations setting similar to previous simulation- 1) 70 mm sand above riser 2)

50 mm sand aboveriser 3)20mm sand above riser

To determine solidification temperature 5 points are taken along vertical direction in case 1) 70mm sand
above riser as shown in fig 4 and graph of Temperature vs Time is plotted as shown in fig.5 Addition of
sand above riser top lead to uniform solidification of riser and casting with elongation of solidification
time. It is worth to note that in this above case riser and casting solidifying at same rate so solidification

curve ofall 5 points is overlapping.

Figure 4. Location of 5 points in casting and riser

——— Point1
- Point 2
——— Point3
————— Point4
Paint 5

TTTT
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1750

Temperature in K
=
(=1
o
T

1650 |-
N Solidus Temp 1623 K
1600

1550

TS EPRETRRTIN SRS MU M
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Figure 5. Temp Vs. Time Graph for case 70 mm sand above riser

The direction of solidification is from wall of sand mould to vertical center axis of casting and riser.

Similar overlapping solidification curve obtain in other two cases with different solidification time.
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while pressure discretization was set to second order. The whole calculation domain state was initialized
using standard initialization with phase 2 volume fraction patch to one. Now as casting is filled,
multiphase volume of fluid model is turn off. Boundary conditions at sprue inlet and riser outlet are
modified to wall condition. Then solver was executed initially with time step 10-05 sec once simulation

getstableitincreases to 1 sec.

6. RESULT AND DISCUSSION

6.1. Transient thermal behavior of cast solidification without sleeve and hot toppings

Always casting gating system design is carried out in such manner that riser gets solidify at last. But
practically when casting is poured it is just possibility that riser gets solidify at last. In casting at different
point different cooling rate occurred. Normally highest cooling rate will occurred at near wall and
slowest cooling rate is occurred at center or intermediate position. When solidification of casting take
place at different point different cooling rate occurred so at different point different temperature exits at
that time. The particular region in casting where maximum temperature exist is called as hotspots and
this region solidifies at last. To determine solidification time of casting it is necessary to locate hotspot.

For that purpose temperature contour at time are plotted as shown in fig. 3

(d) 1000 sec (e) 1300 sec (f) 1750 sec

Figure 3: Temperature Contour of casting at different instant of time

Time to solidus was found to be 475 sec without exothermic sleeve and hottoping. We can see that

directional solidification take place from top of casting to bottom of casting and hotspot occurred at
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Result of all three cases is summarize as shown in following table no. 4

Table 4. Result summary of solidification time

Case Solidification Time
70 mm sand above riser 4800 sec
50 mm sand above riser 4100 sec
20 mm sand above riser 3200 sec

6.2. Transient thermal behavior of cast solidification with sleeve and hot-toppings

The hot toping is another widely used feeding aids. In hot toping thermite material powder is sprayed
over riser top surface, similar to exothermic sleeve here also exothermic reaction take place and heat is
supplied to riser to elongate its solidification time. Sometimes powder insulating in nature is also mixed
with thermite powder to achieve insulation effect at the top riser. In the market the variety of thermal
riser sleeve and hottoping are available of unknown material composition in different size and shape. It
is heat generation rate of thermite material and burn time on which performance of feeding aids depend
instead of geometrical parameter. Here numerical simulation is conducted to investigate the effect of

hottoping thickness and heat generation on solidification of riser.

6.2.1. Effect of hottoping thickness

The computational domain involves rectangular casting block with cylindrical riser surrounded by
exothermic sleeve of Smm, at top of riser hot toping of variable thickness is provided and this all domain
surrounded by sand mould. In this simulation volumetric heat generation 2637500 w [13 was provided
inside exothermic sleeve and hottoping for 40 sec. Following cases are simulated — 1) 6 mm hottoping

thickness 2) 4 mm hottoping thickness 3) 2 mm hottoping thickness
To determine solidification time of casting it is necessary to locate hotspot. To determine solidification

temperature 5 points are taken along vertical direction in case 1) 6mm hottoping thickness as shown in

fig 4 and graph of Temperature vs. Time is plotted as shown in fig.6

Journal of Mechanics and Thermodynamics (Volume- 13, Issue - 2 May - August 2025) Page No. 21



ISSN Application No. 21651

1,900 —
1,850 —

ot Liquids Temp

1,750 —

Temperature [K]
4
8
|

i Solidus Temp
1,650 |

1,600 |

1,550 —

1,500 —

—r—— —r—r———

0 500 1,000 1,500 2,000
Time [ s ]

— Foit5 =—— Point4 Pont3 —— Point2 =-— Pointl

Figure 6. Graph of Temp Vs. Time for Case 1) 6 mm hottoping thickness
Here point P1 and P2 are in riser while P3, P4 and PS5 occur in the casting block. From above graph we
can see that point P3, P4 and P5 are solidifying before point P1 and P2. So riser is serving it purpose as

reservoir. Similar result obtain in other cases. The effect of hottoping thickness on solidification time are

summarize as below in table no.5

Table 5: Effect of hottoping thickness on solidification time

Case Solidification Time

6 mm hot toping thickness | 1650 sec

4 mm hot toping thickness | 1625 sec

2 mm hot toping thickness | 725 sec

Increase in Hottoping thickness lead to elongation in solidification time.

6.2.2. Effect of Variable Heat generation

To evaluate the effect of variable heat generation the computational domain under consideration is
rectangular casting block with cylindrical riser surrounded by exothermic sleeve of Smm, at top of riser
4 mm hot toping is provided and this all domain surrounded by sand mould. Numerical simulation is

executed for following cases — 1) Heat Generation rate 1000 KJ/Kg 2) Heat Generation rate 500 KJ/Kg
3) Heat Generation rate 250 KJ/K g

To determine solidification temperature 5 points are taken along vertical direction in as shown in fig. 4

Journal of Mechanics and Thermodynamics (Volume- 13, Issue - 2 May - August 2025) Page No. 22



ISSN Application No. 21651
and graph of Temperature vs. Time is plotted as shown infig. 7 & 8
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Figure 7. Temp Vs. Time graph case 1) 1000 KJ/Kg
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Figure 8. Temp Vs. Time graph case 2) 500 KJ/Kg

Here point P1 and P2 are in riser while P3, P4 and P5 occur in the casting block. From above graph we
can see that point P3, P4 and P5 are solidifying before point P1 and P2. So riser is serving it purpose as
reservoir. Similar result obtain in other cases. The effect of heat generation on solidification time are

summarize as below in table no.6

Table 6 Effect of heat generation on solidification time

Case Solidification Time
Heat generation rate 1000 KJ/Kg 1525 sec
Heat generation rate 500 KJ/Kg 1550 sec
Heat generation rate 250 KJ/Kg 1650 sec
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6. CONCLUSION

] Casting with open riser leads to diffusion of heat from riser at much higher rate comparatively to
casting block and results in solidification of riser before solidification of casting block.

"1 Addition of sand above riser top leads to elongation of solidification time and simultaneous
solidification of casting and riser.

'] The combination of exothermic sleeve and hottoping leads to formation of favorable temperature
gradient. Increase in thickness of hottoping results in elongation of solidification time while increase in

heat generation rate leads to decrease in solidification time.
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ABSTRACT

(In this paper, we have solved linear and nonlinear, initial and boundary value problems using )

Chebyshev wavelet collocation method. In this method, the differential equations are converted to
system of linear algebraic equations which can be easily evaluated. Quasilinearization technique is
used to handle the nonlinear terms arising in the differential equations. The results obtained are
compared with the exact solution. We observe that the Chebyshev wavelet solutions agree with the exact
solutions and the same has been depicted through tables and graphs.

Keywords: Wavelets, Chebyshev wavelets, Differential equations, Quasilinearization, Collocation

points.

. J

1INTRODUCTION

Wavelet is a trending new method to solve the difficult problems emerging in the field of mathematics,
physics and engineering. The concept of ‘ondelettes’ or ‘wavelets’ originated from the study of time-
frequency signal analysis, wave propagation, and sampling theory [1, 2]. In 1909, the ‘wavelets’ were
first studied in a thesis by Alfred Haar and then the theoretical form was first proposed by Jean Morlet et
al. [3] in the Marseille Theoretical Physics Center. Later, in 1988, wavelet analysis has been developed
mainly by Y. Meyerand S. Mallat [4].

Wavelets are powerful mathematical tools which are considered abundantly to obtain accurate solutions
of integral and differential equations [6]. Wavelets have gained popularity because of their ability to
study the functions at different scale features. We come across different wavelet families applied to

different studies like for example

Haar, Daubechies, Chebyshev, Legendre and B-Spline wavelets. Chebyshev wavelet is constructed
from Chebyshev polynomial as their basis functions. They have excellent interpolating property and

gives better accuracy for numerical approximations [5].

Wavelets have many application in signal and image processing like compression, denoising,
discontinuity detection, audio enhancement and effects, edge detection, image fusion, image

enhancement and many other applications. Recently, the methods based on the orthogonal functions and
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polynomials series, including wavelets are being used to approximate the solution of various problems.
The main advantage of using orthogonal basis is that, it reduces these problems into systems of algebraic

equations [5].

Awashie et al. [5] applied the Chebyshev wavelets for simulating a two-phase flow of immiscible fluids
in areservoir with different capillary effect. They observed that the discontinuities exist in the two-phase
flow which are caused by the capillary pressure as expected physically. Adibi et al. [6] obtained the
numerical solution of Fredholm integral equations of the first kind using Chebyshev wavelets. Hosseini
et al. [7] used Chebyshev wavelet collocation method to solve ordinary differential equations. They
tested spectral method for the same work which doesn't work well for ordinary differential equations.

They also applied the Chebyshev wavelet Galerkin method for these kind of problems.

Celik [8] applied Chebyshev wavelet collocation method to determine the solution of linear ordinary
differential equations of second order. They also obtained the approximate solution of Bessel differential
equation of order zero and the Lane-Emden equation using the same method. Celik [2] also solved a
class of linear and nonlinear nonlocal boundary value problems of second and fourth order using
Chebyshev wavelet collocation method. Shiralashetti et al. [9] employed Chebyshev wavelet
collocation method to obtain the solution of linear and nonlinear ordinary differential equations.
Heydari et al. [10] obtained the solution of partial differential equations using Chebyshev wavelet

collocation method.

Oruc et al. [11] considered the one dimensional time dependent coupled Burger's equation along with
the suitable initial and boundary conditions. The numerical solutions of this equation is obtained by
using Chebyshev wavelet collocation method.Usman et al. [12] considered MHD 3-D fluid flow in the
presence of slip and thermal radiation effects and solved using Chebyshev wavelets. They observed that
a suitable selection of stretching ratio parameter will help in hastening the heat transfer rate for a fixed
value of velocity slip parameter and in reducing the viscous drag over the stretching sheet. Also
efficiency of the method was shown by convergent analysis. In order to solve single or systems of
nonlinear ordinary and partial differential equations, Bellman and Kalaba [13] introduced the
quasilinearization approach as a generalization of the Newton-Raphson method. This technique has
quadratic rate of convergence [14, 15]. In this paper, we have considered the Chebyshev wavelet
collocation method along with quasilinearization technique to obtain the numerical solution of linear

and nonlinear, initial and boundary value problems.

2CHEBYSHEV WAVELETS
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Wavelets constitute a family of functions constructed from dilation and translation of a single functions
called as the Mother wavelet. If this dilation parameter [ and translation parameter [ are allowed to

vary continuously then, we get a family of continuous wavelets [11],

1 /x—b
Yap(@) = lal 2 p(—),
where a,b € R, a # 0.
The family of Chebyshev wavelets [2] are defined in the interval [0, 1) as,

K
a,22 . n—1 n
Ci(x0) = Com(¥) = {7 /= Tn(2%x —2n+1), 7 SXS5gt (D)
0, otherwise

where
. = { \/E, m=20 ]
m .
2, otherwise

where i = n + 2¥"1m, k is any positive integer, n = 1,2, ...,2¥ 1, m =0,1,2,...,M —
1,M is the maximum degree of Chebyshev wavelets of first kind and x is the
normalized time. T, (x) are Chebyshev polynomials of degree m which are orthogonal

with respect to the weight function w(x) = \/% on[—1,1]. The Chebyshev

polynomials satisfy the following recurrence formula,
To(x) =1,T(x) = x,Tppsq = 2xTp(x) — Tpy_q(x), Vvm=1.23,..
The wavelet collocation points are defined as

ji—05
Xj: N ’

where N = 2k-1pm.

In order to solve the differential equations of second order, we require the following
integrals.

X X

P;(x) :JCi(x)dx and Q;(x) =fPi(x)dx.

0 0

2.1 FUNCTION APPROXIMATION

A function f(x) which is square integrable on [0,1) can be expressed as infinite sum
of Chebyshev wavelets as [5],

flx) = i i Ay Crom (X)) e e e o (2)

n=1m=0
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where

Apm = J’f(x)Cnm(x)wn(x)dx R (<))
0

If the function f(x) is approximated as piecewise constant in each subinterval, then
equation (2) becomes

2k-1 p—1q

Flx) = Z Z Gy Cror () oo o (4)

n=1 m=0

where a,,,,, are the Chebyshev wavelet coefficients to be determined.

3 METHOD OF SOLUTION

In this section, the Chebyshev wavelet collocation method (CWCM) is used to solve
the linear and nonlinear, initial and boundary value problems.

Example 1:
Consider the linear ordinary differential equation of the form,
y'=3y'+2y=6e*............ (5)
with initial conditions
y(0)=2,y(0)=2............ (6)

and the exact solution is y(x) = 2e?*¥ —e* —e ™%,

The Chebyshev wavelet solution of the form,
N
y'(x) = Z a; C;(%) e (7)
i=1
where a;s, i = 1,2, ..., N are Chebyshev wavelet coefficients to be determined.

Integrating equation (7) twice with respect to x from 0 to x and using equation (6), we
get

N
V(x) =2+ Z @ Pi(X) e s e (8)
I—lN
y(x) =2 + 2x + Z 4 Q(X) e (9)

Substituting equations (7), (8) and (9) in (5), we obtain
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N

Z a; (Ci(x) = 3Py(x) + 20,(x)) = 66 * —4x +2 o.......... (10)

i=1
Taking the collocation points x = x; in equations (10) and (9), we have

N
Z a; (Ci(x) — 3P,(x)) + 2Qi(x})) = 66~ — 4% + 2 .. . (11)

i=1

N
y(x) =2+ 2x; + Z @i Qi(%;) o v (12)

The wavelet coefficients a;, i = 1,2, ..., N are obtained by solving the N system of
equations obtained in equation (11). These coefficients are then substituted in equation
(12) to obtain the Chebyshev wavelet solutions at the collocation pointsx;,j =

1,2, ..., N. Table 1 shows the comparison of CWCM and exact solution. Figure 1 depicts
the typical behaviour of the solution for k = 3, M = 10.

EXAMPLE 2:
Consider the nonlinear ordinary differential equation with initial conditions
y'+y' +y+ y?y = —sinx — sinxcos?x ...... ...... (13)
y(0)=1,y'(0)=0........ (14)
The exact solution is y(x) = cos x.

As illustrated in example 1, we have

N
y'(x) = Zai Ci(X) oo (15)
Nl—l
y = Zai Pi(X) oo (16)
=1 y
y(x) =1+ Zai QuCX) oo (17)

where a;s,,i = 1,2, ..., N are Chebyshev wavelet coefficients to be determined. Using
quasilinearization technique to handle the nonlinear terms in equation (13), we get

Vit A+ YD)y + U+ 29,90V = 27y, —sinx —sinx cos®x
e e (18)

Substituting equations (15), (16) and (17) in equation (18) and taking the collocation
points x = x;, we obtain
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N
z ai (Ci(x) + A+ yDP(x) + A +2y9)0(x)) =
i=1

2y7 ¥y — sinx; — sinxj cos®x; — (14 2y, 97) e v v (19)

Further, equation (19) is solved to get the wavelet coefficients a;,i = 1,2, ..., N which
are used to obtain the Chebyshev wavelet solutions at the collocation points x;,j =
1,2, ..., N from equation (20). For k = 3, M = 10 Table 2 represents the comparison of
CWCM and the exact solution. The approximate solution and the exact solution are
plotted in

Figure 2.
EXAMPLE 3:
Consider the linear ordinary differential equation with boundary conditions
y'+y=1........ (21
y0)=0,y(1)=1........ (22)
and the exact solution is given by y(x) = —cos x + cot1 sin x + 1.

The Chebyshev wavelet solution is of the form,
N

¥ (x) = Z @ Ci(%) oo (23)
i=1
where a;s, i = 1,2,...,N are Chebyshev wavelet coefficients to be determined.

Integrating equation (23) twice with respect to x from 0 to x and using equation (22),
we get

N
y'(x) = y'(0) + z a; Pi(x) o vev e e (24)
i=1
N
y(x) = xy'(0) + Z a; Q;(x) .o oo . (25)
i=1
Putting x = 1 in equation (25) and using equation (22), we obtain
N
Y'(0) =1 6 Q1) e oe o (26)
i=1
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Substituting equation (26) in equations (24) and (25), we get

N
y(x)=1+ Z a; (Pi(x) —Q;(1)) e oo (27)
i=1
N
y(x)=x+ Z a; (Q;(x) —xQ;(1)) ... ... ... (28)
=1
Substituting equations (23) and (28) in (21), leads to
N
z a;(Ci(x) + Q;(x) —xQ;(1)) =1—x .o (29)
i=1

Taking the collocation points x = x; in equations (29) and (28), we have

N
l=17 B N
yO5) =25+ ) Q%) = 50 (D) v e B1)

i=1
The N system of equations in equation (30) are solved in order to determine the wavelet
coefficients a;, i = 1,2, ..., N. Then the Chebyshev wavelet solutions at the collocation

points xj,j = 1,2, ..., N are obtained by using the wavelet coefficients values in (31). In

Figure 3 we plot the numerical solution and exact solution and values are tabulated in
Table 3fork =3, M = 10.

EXAMPLE 4:
Consider the nonlinear ordinary differential equation with boundary conditions
r ! 1 1 (3 2)
AR A ——— T
4/(1+x)3 2
y(0) =1,y(1) =V2....cc...... (33)
The exact solution is y(x) = v1 + x.
As illustrated in example 3, we have
N
y'(x) = Z a; Ci(x) o e v (34)
i=1
N
YY) =vZ—1+ Z a; (Pi(x) = Q;(1)) e oo . (35)
- N
y(x) =1+ Z - Dx+ z a; (Qi(x) = XQ; (1)) e vr o . (36)
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where a;'s,i = 1,2,...,N are Chebyshev wavelet coefficients to be determined. The
nonlinear terms in equation (32) are handled using quasilinearization technique, which
leads to

1 1
Yrvr = Yre1 Ve = YreaVr = Ve Yy — a2 (37)

Substituting equations (34) and (36) in equation (37) and taking the collocation
points x = x;, we obtain

N

z a;(Cy(x) — ¥ (Py(x)) — Qi (1)) — %(Qs (%) — x;Q;(1))) = (V2 - 1)y,

i=1

1 1
+(1+ (\E —1)x)y) — Ve Y — T e (38)
4|(1+x)°
N
y(x) =1+ (VZ - 1)x; + z a; (Qi(%) = %Qi(1)) v e . (39)

Using equation (38), we obtain the wavelet coefficients a;,i = 1,2, ..., N which are
substituted in equation (39) to determine the Chebyshev wavelet solutions at the
collocation points x;,j = 1,2,...,N. In Table 4 we compare the results obtained by

CWCM with the exact solutions for k = 3, M = 10 and the behaviour of the solution
is shown in

Figure 4.

4 CONCLUSION

In this paper, the Chebyshev wavelet collocation method is applied to linear and nonlinear, initial and
boundary value problems. The method converts differential equation to system of algebraic equations
which can be solved easily. The results obtained are in good agreement with the exact solution. The
accuracy of the results are high even for small number of grid points. We analyse from the tables and
graphs that the CWCM solutions are very close to the exact solutions. In the case of boundary value
problems this method is very convenient as it takes care of the boundary conditions automatically. Thus

the method is simple, reliable and highly efficient.

Table 1: Comparison of CWCM and exact solution of example 1.
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X y()
CWCM Exact
0.125000 2.317301 2.317399
1.125000 16.215125 16.219907
2.125000 131.911217 131.957360
3.125000 1012.759350 1013.309691
4.125000 7588.276111 7593.399997
5.125000 56354.014350 56396.915645
6.125000 417090.821054 417505.435214
7.125000 3083782.397952 3087106.286808
8.125000 22787375.548094 22816605.660021
9.125000 168369534.307553 168608956.465621
Table 2: Comparison of CWCM and exact solution of example 2.
x y®)
CWCM Exact
0.125000 0.9921976670 0.9921976672
1.125000 0.4311765159 0.4311765168
2.125000 -0.5262663355 -0.5262663347
3.125000 -0.9998623443 -0.9998623451
4.125000 -0.5541895254 -0.5541895265
5.125000 0.4010025879 0.4010025870
6.125000 0.9875147715 0.9875147713
7.125000 0.6661104290 0.6661104290
8.125000 -0.2677127712 -0.2677127697
9.125000 -0.9554020839 -0.9554020827
Table 3: Comparison of CWCM and exact solution of example 3.
X y(x)
CWCM Exact
0.012500 0.00810407266904134 0.00810407266904123
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0.112500 0.07840459771933983 0.07840459771933983
0.212500 0.15791339939028937 0.15791339939028937
0.312500 0.24583605201770939 0.24583605201770942
0.412500 0.34129406151991160 0.34129406151991160
0.512500 0.44333364302017275 0.44333364302017264
0.612500 0.55093525074994343 0.55093525074994343
0.712500 0.66302376501315008 0.66302376501315008
0.812500 0.77847923442681177 0.77847923442681177
0.912500 0.89614806610505104 0.89614806610505093

Table 4: Comparison of CWCM and exact solution of example 4.

X y(x)
CWCM Exact

0.012500 1.006230589874905 1.006230589874905
0.112500 1.054751155486445 1.054751155486449
0.212500 1.101135777277254 1.101135777277262
0.312500 1.145643923738950 1.145643923738960
0.412500 1.188486432400462 1.188486432400471
0.512500 1.229837387624876 1.229837387624884
0.612500 1.269842509920022 1.269842509920029
0.712500 1.308625232830234 1.308625232830240
0.812500 1.346291201783623 1.346291201783626
0.912500 1.382931668593931 1.382931668593933
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Figure 2: Comparison of CWCM and exact solution of example 2.
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Figure 4: Comparison of CWCM and exact solution of example 4.
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