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ABSTRACT

4 N\
The normal ordering of an integral power of the number operator in terms of boson operators is

expressed with the help of the Stirling numbersofthesecondkind.Asa ‘degenerateversion’ofthis,we
consider the normal ordering of a degenerate integral power of the number operator in terms of boson
operators, which is represented by means of the degenerate Stirling numbers of the second kind. As an
application of this normal ordering, we derive two equations defining the degenerate Stirling numbers of
the second kind and a Dobinski-like formula for the degenerate Bell polynomials.

KEYWORDS Normal ordering; coherent states; degenerate Stirling numbers ofthe second kind;
degenerate Bell numbers

AN J

1. Introduction

The Stirling number of the second S2(n,k) is the number of ways to partition a set of n objects into k
nonempty subsets. The Stirling numbers of the second kind have been extensively studied and
repeatedly and independently rediscovered during their long history. The Stirling numbers of the second
kind appear in many different contexts and have numerous applications, for example to enumerative
combinatorics and quantum mechanics. They are given either by (5) or by (7). The study of degenerate
versions of some special numbers and polynomials began with Carlitz’s paper in [1], where the
degenerate BernoulliandEulernumberswereinvestigated.Itisremarkablethatinrecentyearsquite a few
degenerate versions of special numbers and polynomials have been explored with diverse tools and
yielded many interesting results (see [2—4] and the references therein). It turns out that the degenerate
Stirling numbers of the second play an important role in this exploration for degenerate versions of many
special numbers and polynomials. The normal ordering of an integral power of the number operator ata

in terms of boson operators a and at can bewritten in the form

k
(a%a)k = Z S5 (k, I)(a%)fa‘r.
=0
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In addition, the normal ordering of the degenerate kth power of the number operator afa, namely

(afa)k,A, interms of boson operators a and at can be written in the form

k
Tyl ]
@'ain =Y SaulkD(a")d, (1)
=0
where the generalized falling factorials (x)n,A are given by (3) and the degenerate Stirling numbers

S2.M(k,1) by (4) and (6).
Theaimofthispaperistousethenormalorderingin(1)inordertoderivetwoequations defining the
degenerate Stirling numbers of the second kind (see (4), (6)) and a Dobinskilike formula for the
degenerate Bell numbers (see (37)). In more detail, our main results are as follows. Firstly, by applying
the degenerate kth power (ata)k,A to any number states jm, m=0,1,2,... and using (1) we obtain Equation
(4). Secondly, by comparing one expression of z|eata A (t)|z obtained by using (1) and another one of it
obtained by solving a differential equation we get Equation (6). Thirdly, we obtain a Dobinski-like
fromula for the degenerate Bell numbers ¢k,A by showing that z|(afa)k,A|z is equal to ok,A(|z|2) by using
(1) and that it is also equal to some other expression coming from the representation of coherent state in
terms of number states. For the rest of this section, we recall what are needed throughout this paper.

Forany A € R, thedegenerate exponential functions are defined by

e; (1)

Z(xi’;’)":‘f, (see [1 — 4]), )
k=0

where the generalized falling factorials (x),, ; are defined by

o =1, (pr=x(x—21)---(x—(n—D1), (=1, (3)

When x = 1, welete; (t) = e}lh(i) = ZEO:G “Ef‘i t* The degenerate Stirling numbers of the
second kind are defined by

@y =Y Spm )X (n=0), (see [2,5,6]), (4)
k=0

where (x)g =1, (x), =x(x—1)---(x—n+1), (n = 1).
Note that lim; _, ¢ S, ; (1, k) = S5(n, k) are the ordinary Stirling numbers of the second
kind given by

X'=) Simk) @ (20, (see[2,7,8)). (5)
k=0
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From (4), we note that

1
o (ex(t) — 1)* stz,(n 05, k>0, (see(2). (6)

By letting 4 — 0 in (6), we see that the Stirling numbers of the second kind are also given
by

ke v < 9 P
(ef — 1) _Zsz(n,k)n, (k> 0), (seel[2,9]). (7)

In [4], the degenerate Bell polynomials are defined by
o0 t”
O = (0. (8)
n=0

Thus, by (8), we get
Bup(0) =Y Sa(nk)x*, (n=0), (see[3,4,10]).

When x = 1, ¢p5 = ¢py2 (1) are called the degenerate Bell numbers.
From (4), we note that

Saa(n+ 1,k) =Sy, (nk— 1) + (k — nA)S2,(n, k), (see[2]), (9)

where n,k € M with n = k.
In this paper, we pay attention to some properties with the boson operators a and a’
that satisfy

[a,a’) =aa" —a'a=1, (see[ll,12]).

The normal ordering of an integral power of the number operator a’a in terms of boson
operators a and a' can be written in the form

k
@a)f =3 Stk D@"'a', (see([11,12]). (10)

=0
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The number states |m), m = 0,1,2, ..., are defined as

alm) = Vmim —1), a'|lm) = m+ 1lm+ 1). (11)

By (11), we get a"a|m) = m|m). The coherent states |z}, where z is a complex number,
satisfy a|z) = z|z), (z|z) = 1. To show a connection to coherent states, we recall that the
harmonic oscillator has Hamiltonian H = a'a (neglecting the zero point energy) and the
usual eigenstates |n) (for n € N) satisfying H|n) = n|n) and (m|n) = §,, ,, where §,, ,, is
Kronecker’s symbol.

2.Normal ordering of degenerate integral powers of the number operator and its applications.

First, we recall the definition of coherent states alz) = z|z), equivalently (zla" = (z|Z,
where z € C. For the coherent states |z), we write

o0
|z) = Zﬂnm}. (12)
Then, by (12), we get
o0 o0
alz) = ) Analn) = )  Anv/nln — 1), (13)
mn=( n=1
and
o0 o0
alz) =zlz) =z ) _Auln) =) _ zAn1|n—1). (14)
n=I[ n=l1
From (13) and (14), we have
z z z z"
Ay = Ap1= —(—=—F—=Ap2 == —=4Ap. (15)

Jn
So, by (12) and (15), we get

Jniyn—1" Jn!

|2) = Ay Z |n:> (16)

nﬂl

By the property of coherent state |z}, we get

1= (z]z) = AQZ\/—_,&.DZ {mln}

m=0
o0 |ZIEH
!

n=0

= |Ag|2el?" (17)
| Aol
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Thus, by (17), we get

A{I — e 2 |z| r{arhitrary phase)

Discarding the phase factors, by (16), we get

=Ty i, (18)

()

For x,y € C, we have

A V(N
n!

I
l'thl_
M|=-‘
|_
+
M2

n=l

"—a'a=1canbe
considered formally, in a suitable space of functions f, by letting a = % and @’ = x (the
operator of multiplication by x). From (3), we note that

( %)Mﬂx} qun ij"( )_Hx} (19)

where n is a positive integer.

Now, we consider the normal ordering of a degenerate integral power of the number
operator a’ a in terms of the boson operators a and a'. In view of (19), the normal ordering
of the degenerate kth power of the number operator a*
a’ can be written in the form

We recall that the standard bosonic commutation relation [a, a"| = aa

a in terms of boson operators a and

k
(a'a), = Z Sk, D@)ld, (keM). (20)
I=0

From (11) and (20), we note that

(a' @)y, |m) = (@'a)a'a— 1) (a'a— (k — Dilm) = (m)g,|m), (21)
and
k k
(@ ayealm) =) Saalk D@ alm) =) S25(k, 1) (m)|m). (22)
=0 =0
Thus, by (21) and (22), we get
k
(Mg = Zﬂz.;_[k:f](m]r, (k= 1). (23)
=0
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Equation (29) can be rewritten as
f(t) = e O7D = Z Izlﬂ—{e,x{ﬂ -1’

From (25), we note that

> %
f) = Z i (Z S2..(k, mzﬁf) =) (Zj S2..(k, ”E) 21
k=i 0 k=

[a ]
=
Therefore, by (30) and (31), we get

1
(e 1y Esm:k n

which agrees with (6). From (24), we have

k
{zl@ aygalz) = ) SaatkDlz* = pallz).

=0

Setting |z| = 1, we obtain
(zl(a" @)z lz) = duzs (K Z 1),

Differentiating (25) with respect to ¢, we obtain

(30)

(31)

(32)

Afif) otk Ltk
'Z—T—E{k_wmﬂl z| J-Zrm 1.-f|3I']'—1- (33)
k= k=0 K
{zm* M (talz) = & (D) (zlatel *(alz)
On the other hand, by (28), we get
df (t
’f}';] =&, MOz (1) = e, (1) 2] Z ¢>m|z| )
> k tk
_ 2 2
=12 (E (I){l = Wi—-1201(12] )) a (34)
k=0 M\i=0
Thus, by (33) and (34), we get
kL (k
P11 (121%) = |27 ; ( I)(l — Wiiadia(lzl).
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In particular, for |z| = 1, we have

k

k
Brr1p =) ( 1)“ — D121

=0

Evaluating the left hand side of (32) by using the representation of the coherent state in
terms of the number state in (18), we have

(zl(a’a)ksl2) = e T m;u FJ_{n}kz (m|n)
2n
:€—|z|lzlz| (M- (35)

H=I(

Thus, by (32) and (35), we get

b)) = 3 50, ) = e Z""' (s

=0
211

= _|z| Z H_ l}l _l]k—l.:‘.l {k E N} (36)

In particular, by letting |z| = 1, we get

ol o0

1 1 1 1
Pa = - Z 1 Mka = - E F[ﬂ = Mk—12 (ke N). (37)

|
n=0 =1 1)

This is a Dobinski-like formula for the degenerate Bell numbers.

3. Conclusion

Intensive studies have been done for degenerate versions of quite a few special polynomials
and numbers by using such tools as combinatorial methods, generating functions, mathe-
matical physics, umbral calculus techniques, p-adic analysis, differential equations, special
functions, probability theory and analytic number theory.

As adegenerate version of the well-known normal ordering of an integral power of the number operator,
we considered the normal ordering of a degenerate integral power of the number operator in terms of
boson operators. By using this normal ordering we derived two equations defining the degenerate

Stirling numbers of the second kind and a Dobinski-like formula for the degenerate Bell numbers.
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It is one of our future projects to continue to explore various degenerate versions of many special

polynomials and numbers by using aforementioned tools.
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ABSTRACT

(Karsta uifers have a very complex flow system because of their high h
spatial heterogeneity of void distribution. In this manuscript, flow
simulation has been used to investigate the flow mechanism in a fis-
sured karst aquifer with double porosity, revealing how to connect
exchange anj storage coefficients to the volumetric density of the
highly permeable form of media. The governing space-time difteren-
tial equations of the dual-porosity model are modified by using the
Caputo—Fabrizio hfmctional derivative operator for time memory. The
sensitivity of exchange and storage coefficients has been demon-
strated using numerical studies with theoretical karst systems in this
hybrid system. When dealing with highly heterogeneous systems,
it is demonstrated that porosity storage and exchange coefficients
are required. The analytical model could possibly reveal some of the
karstic network's essential structural features.

KEYWORDS Karstaquifer; dual-porosity model; Caputo—Fabrizio fractional
operator; Laplace transform

- J

1. Introduction

An aquifer is a geological structure of rocks, fractured rocks and sands, that occur at differ-
ent levels in groundwater and can store and transmit the groundwater. Karst aquifers are
a particular category of broken rock aquifer (calcareous, dolomite or magnesite) in which
comparatively fragile rock are dissolved by the water in the cracks, greatly expanding the
size of the fractures. These solution cavities can be tens of metres broad in some areas, and
form underground cave systems. In karst aquifers, groundwater flow is more intense and
higher than in other types of aquifers.

In general, the fissured karstic aquifers are schematized into an unknown high perme-
ability channel network associated with low permeability fractured limestone to a discharge
field. The structure of channel network has an important role in hydraulic reaction in
such carbonate aquifers, assimilated to the dual porosity model, but a priori is never well

Journal of Applied Mathematics in Science and Technology (Volume - 13, Issue - 1, Jan - Apr 2025) Page No.9



understood[1,2]. Karstic aquifer with adual-porosity systemhasdividedintoporositysystems, one is
primary porosity which has low permeability (matrix volume) and secondary porosity which has high
permeability channel network (karstic network). In the hydraulic channel, these two components are
then associated with duality. In the literature, Cornaton et al. [3] derived one-dimensional analytical
porosityweighted solutions of the dual-porosity model using the integral transform technique, and
Warren et al. [4] developed an idealized model for the purpose of studying the characteristic behaviour
of'a permeable medium of naturally fractured or vugular reservoir and investigated unsteady-state flow
in reservoir analytically. Kazemi [5]devisedanideal mathematical framework of a naturally fractured
reservoir with a uniform fracture distribution, consisting of a finite circular reservoir with a centrally
positioned well and two separateporoussectors,matrixandfracture,respectively.Steady-
stateexchangemodelsare less complex than transient exchange models in view of mathematical or
physical points. Moench [6] studied the pseudo steady-state block/fracture exchange model and showed
that the hydraulic behaviour of aquifer lies in only a high permeability aquifer and doesn’t require a low

permeability aquifer (block).

Barenblatt et al. [ 7]definedthefluxexchangeasqef =+o(hm — hf),wherehm is the mean hydraulic head in
matrix continua, hf is the average hydraulic head in fractured continua and a being the exchange
coefficient which is related to fractured geometry [4]. The dual-porosity approach is a powerful
technique to simulate groundwater flow in a fracturedaquifer.Langetal. [8] modelled dual-porosity
approach for acoustic propagation through heterogeneous porous structures in the fractured aquifer. It
consists of two continua, one is more permeable and the other is less permeable. Moutsopoulos et al. [9]
obtained a numerical solution using dual-porosity approach, qualitative behaviour is also
described.Prideetal.[10] constructed the governing equations of linear acoustics of composites
comprising dual porous constituents isotropic in nature, using volume-averaging arguments. Agarwal et
al. [11] examined the concept of miscible flow in porous media with longitudinal dispersion and
evaluated the solution of governing differential equation employing the Caputo—Fabrizio fractional
derivative operator that has a non-singular kernel.

Many authors have applied the fractional derivatives without singular kernels such as Atangana et al.
[12] proposed a novel formulation of the idea of fractional-order derivatives, which
heusedtocalculatetheflowofwaterinsidealeakingaquifer.In[13],Atangana established the properties of
the Caputo—Fabrizio fractional derivative and used the valuable tools for solving the nonlinear Fisher’s
reaction-diffusion problem. Baleanu et al. [14] showed that four fractional integro-differential
inclusions have solutions. Under certain conditions,thesetofsolutionsforthesecondfractionalintegro-
differentialinclusionproblem is infinite dimensional. Atangana et al. [15] proposed a model of the

subsurface water movement via aquifer and extended using an alternative definition of Caputo—Fabrizio
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fractional derivative.

Yavuz et al. [16—18] proposed and investigated fractional order models described by a fractional
operator and found analytical/numerical solutions to the constructed problems by using the Laplace
transform method. Baleanu et al. [14,19,20]investigatedsome new class of hybrid type fractional
differential equations and inclusions via some nonlocal three-point boundary value conditions and
showed that the dimension of the set of solutions for the second fractional integro-differential inclusion
problem is infinite dimensional under somedifferent conditions. Ageneralized fractional model is also
introduced for the COVID-19 pandemic, including the effects of isolation and quarantine. Qureshi et al.
[21] numerically approximated the Caputo—Fabrizio fractional derivative operatorusingthetwo-
pointfinite forwarddifference formulaforfirst-orderordinary derivative of the function. Jajarmi et al.
[20,22] investigated the complex behaviours of a capacitor microphone dynamical system and the
asymptotic behaviour of immunogenic tumour dynamics based on a new fractional model constructed
by the concept of general fractional operators. Thabet et al. [23] explored the existence and uniqueness
criteria for a newcoupledCaputoconformablesystemofpantographproblems.Mataretal.[24]investigated

the motion of abeamonaninternallybentnanowire byusingthe fractional calculus theory.

The solutions of two fractional models of Jeftrey’s fluid modelled with Caputo and Caputo—Fabrizio
fractional derivatives were compared by Ahmad et al. [25]. Aleem et al. [26] presented the unsteady
MHD nanofluid flow travelling through an accelerating infinite vertical plate positioned in porous
material involving the above two fractional operators. Asjad et al. [27] compared these two fractional
differential operators for the time fractional unsteady flows of a second-grade fluid with Newtonian
heating. Yang et al. [28] presented a new fractional derivative and used the Laplace transform to provide
an analyticalsolutionforthefractional-orderheatflow. In[29], Yang et al. developed the first analytical
solution of anomalous diffusion equations combining the general derivatives with the decayexponential
kernel using the Laplace transform. In [30], Yang et al. used the Laplace transform to obtain series
solutions for the generalized fractional-order diffusion equations. According to transient-type input
boundary conditions, we give one-dimensional analytical solutions tothedual-
porositymodelofthegoverningfractionaldifferentialequation in this study. In this system, we further
discuss the relationship between the exchange coeff icient and specific geometrical and/or physical
properties of the highly permeable zones. To determine the hydraulic responses of karstic aquifers,

numerical models are used.

2.Mathematicalpreliminaries

The definition of the Caputo—Fabrizio fractional derivative operator [31]isgivenas
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ofn = 122 [ e (-
— U Ja

where f € H'(a,b), b > a,0 < ¢ < 1 and M(e) is a normalized function defined as

_r)dr, a<t<bh, (1)

M@ =1—a+—, (2)
I'(e)
s.t. M(0) = M(1) = 1.
Laplace transform of the Caputo-Fabrizio fractional derivative is given as [31]

sF(s) — f(0)

e[grs] - 2L

D=a <1, (3)

if exists.
3. Flow in channel continua

In this section, we will derive the solution of one-dimensional governing differential
equation using the dual-porosity approach. Here, the matrix conductivity has been
assumed zero, and exchange kinetics between porosities has been assumed to be first order
[3]. The governing differential equation for controlling flow in channel continua is given
as

azh{ {-x? I} E}hl [;-x:l I:I ﬁhﬂ'! {I, I}
K———=§, —Mm— + §y —————. 4
ax? ‘ot T’ )

where 5, and K, are the storage coefficient and hydraulic conductivity in the high per-

meability channel continuum, respectively and §,, is the storage coeflicient in the low

Dy {x.1)
: ""[" acts as the source term.

permeability matrix continuum. The term §,,

In the channel continuum, volumetric dt‘.ﬂb]t} isf = %'L and in the matrix continuum it

isgivenasl — # = 1;,,'" , where V. is the volume of channel, V,,, is the volume of matrix and

V., denotes the total volume. Now, weighting the terms of Equation (4) with # and 1 —
gives

A2h,(x, t dh,(x,t dh,,(x, t
OHnh) o MMLLD ) gys,, DD
dxt at at (5)
2h.(x,t dh.(x, t O (x, t
" Ki" C{f }=S£{ if{x :I IB I e i![.-x }
dx= ot ot
where
1—-0
— — 3
i 5 (6)
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When continuum are assimilated into tubes or pipes, then Equation (6) becomes

Vin 2
e

where r. and r,, are the radius of channel and matrix respectively.
The obtained solution of Equation (5) must satisfy the following initial and boundary
conditions:

h(0,6) = f(1), (8)

ho(x,0) = hy,(x,0) =0, (9)

h(xoa, t) =0, (10)
dh(0,1) B

- Ke—— = f(t), (11)

where f(1) is a transient input function.

From Equation (5), storage in matrix, by considering first-order transfer in porosities is
given as
dh,(x, t)
at

Now, using the non-singular time-Caputo-Fabrizio fractional differential operator in
Equations (5) and (12), respectively, we obtain

M

hoix,t)y 3"h(x, 1) ¢ A%y (x, 1)

— am m PYY: (13)
£
Smah;::# — —ﬂ'{hm{l’, r} - ht'{x'r r]}: [14]
i

where0 = n = 1,0 =¢ = 1,t=0andx e BT,
Applying the Laplace transform with respect to the time derivative on Equations (13)
and (14) and setting the initial conditions mentioned in (9), we obtain

- _ _
ch he(x, p) _ g phe(x, p) + BS phm(x, p)

5, — (15)
dx? Py TpA =) +2
By, _ _
mﬁ = a(im(x,p) — helx,p)). (16)
Further, by solving Equations (15) and (16), we obtain
2_ —_
% = M(p)h(x,p), (17)
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Further, by solving Equations (15) and (16), we obtain

Id-:!'!:II'.' ] } T
di; P~ M@hoxp), (17)
where
1 P P
M(p) = — |§,———— + AS, . 15
® K, [ pil—mn)+n b HHSFHP*”EP{I—{T‘FWE} 18)

The general solution of Equation (17) is obtained as
_ 1/ ) : ) )
he(x,p) = 2 ([TI(P} + Fa(p) eV ME 4 [Fy(p) — Fr(p)]e ™V Mw) ; (19)

where 7y (p) and r> (p) are boundary conditions.
Now to satisfy tht:_l:n;:rundar}r condition (10), we have ri(p) = —r2(p), and for the
condition (8), ra(p) = f(p) = L[f(t); p]. Applying these results to Equation (19), we obtain

he(x,p) = f(pre VM), (20)

For the function f(p} = L[d(t);p] = 1, §(t) being Dirac delta function. For the channel
transfer function Equation (20) becomes

he(x,p) = e VM), (21)
and Darcy flux is given as
dh,(x,
ge(x,p) = —K. ('E Pl _ K/ M(p)e VD), (22)
andatx =0
g hetop) _ LI8(1);p) = 1. (23)

Now, in the channel, the transformed hydraulic head becomes

E—x,,,.fM{p}

he(x,p) = ———, 24
clx,p) K. /M) (24)

and hence the transformed flux is given by
de(x,p) = e VP, (25)

which is equal to the transfer defined in Equation (21).
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One can obtain the inverse Laplace transform of Equation (20) by applying the convo-
lution theorem as

3
h(x, r}:f e WMU=T)riry dr
0

[
:f Git — r)f(r) dr, (26)
{}
where
Git) = L7 o™= MP. 1], (27)

iz the Green function.

4. Relationship between channels using transfer function
We assume that

trix, p) = eV Mip, (28]
where trix, p) is the transter function in the dual permeability approach. Using the flux
boundary condition —KEE}}E = fip), solution of Equation (17) reads

.r:l-_._{.t'.p} szi;:.l:] f:; te(u, p) due. (29)
Transformed flux in the channel head is
qelx.p) = fiphte(x, p). (30)
and
e ceh, | 31)

where hy, is hydraulic head in the matrix and the flow rate is given by
Q.(x, 1) = g.(x, el (32)

The flow model in Equation (29) and Equation (30) described the dual-porosity transfer
function model.
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Figure 1. Simulated hydraulic head w.rt. fixed coefficient K, = 10m*s™1, 5, =5 x 1072 m, Sy =
107*m, « =103, x=150mandin (a)for; =1, = 1,0.8,0.7,in (b) forn = 1, £ = 1,0.8,0.7.

5. Numerical simulation

Let incremental volume in channel continua is 72 dx, then exchange flux qef can be
formulated as [3]
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re
q.‘:f = _“[hm - h:‘]i: (33)
and using Darcy’s law g, yields
hm — he
Qef = —Kpy——, (34)
€
10
9.95) ces Bt
i1
== p=10
9.9, _ N
s‘ cee f=100
9.85F ---p=1000 |
T — p=10000
9.8/ '}.‘_\,\
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Figure 2. Simulated hydraulic head w.rt. fixed coefficient K, = 10m3*s=!,5, =5 x 1072 m,5,, =
10~* m,x = 150 m,n =1, = 1and in (a) for fixed ¢ = 1073, 8 = 1,10, 100, 1000, 10, 000 and in (b)

forfixedp = 1,a = 1,107°,1078,10".
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where K,, denotes hydraulic conductivity in matrix and € represents constant distance
associated with radius ry,,. From Equations (33) and (34), we can write

2K,
Etcrm
and from Equation (7)
2m K,
oy = rrrfcr = - (36)

eJ/B’

where g is the one-dimensional exchange coefficient.

0.018

0.018 . .
0 50 100 150

Figure 3. Simulated flow rate w.rt. fixed coefficient K. =10m?s™!,5, =5x1072m,S,, =
10~*m,x = 150m,p = 1,¢ = 1andforfixeda = 1073, 8 = 1, 10, 100, 1000, 10, 000.

In Figure 1, the behaviour of hydraulic head in channel continua with respect to time variable t is
obtained by taking different parameters and fractional order to see the behaviour with integer order
derivative. Figure 2 shows the behaviour of hydraulic head with respect to variations of the coefficient 3
and a.Fortheincreasingvaluesofp taking fixed exchange rate between porosities i.e. for constant a the
hydraulic head is decreased. Here f is affected in the same way as the storage coefficient and a does, so
coefficient B is very useful in a dual-porosity model to simulate hydraulic head and flow [32]. Similarly,
for the decreasing values of coefficient a taking  constant, hydraulic head varies as shown in Figure 3

shows the behaviour of flow rate with respect to time t taking fixed parameters.

6. Conclusion
The dual-porosity approach is used to analyse the hydraulic head in the karst aquifer for the non-integer

differential equations by applying the Caputo—Fabrizio fractional operator. We use Laplace transform

Journal of Applied Mathematics in Science and Technology (Volume - 13, Issue - 1, Jan - Apr 2025) Page No. 18



on the modified governing differential equation to obtain the hydraulic head and connection between the
channel and the matrix continua. The dualporosity approach enables inferences about karstic network
structure and its effect on the hydraulic head. The governing differential equation for channel and matrix
continua can be used to monitor the karstic structure and are appropriate for any transient boundary state.

The models of dual-porosity transfer function allow inferences to be made about the structure of the
karstic network and its impact on the spring hydrograph. The developed analytical models, valid
foranytransientboundarycondition,canbeusedtoinvestigatethe karstic structure,
homogeneous/heterogeneous infiltration processes, and parameter distribution impacts on the hydraulic

responses of highly heterogeneous systems like karstic aquifers.
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ABSTRACT

Vs

Thresholding Algorithm (FISTA) are well-established methods that
provide effective ways to approximate zeros of the sum of mono-
tone operators. In this study, we applied both ITA and FISTA in the

were degraded with known blur functions and additive noise. The

and prostate MRI pathology. Both algorithms incorportited the
regularizer and|]-regularizer. Numerical simulations revealed that
the ITA method consistently outperforms the FISTA method in terms
ofi mage quality, despite FISTA's computational efficiency advan-
tage. fdditionally, the study found that, for both methods, im%ges
restored using thd'V-regularizer exhibit higher quality compared to
those restored using tﬁp—regularizer. Overall, the study revealed
the effectiveness of the algorithms employed and highlight the sig-
nificance ofi ntegratin, mathematica/p models with well established
mechanism in medicalgimage restoration.

KEYWORDS Medical image restoration; image deblurring; Tseng
L algorithm; prostatecancer; osteosarcoma

1. Introduction

Medical imaging plays a critical role in the diagnosis and treatment of various diseases,
offering valuable insight to healthcare professionals. With the advancement of technology
in the last decade, medical devices have been developed and become faster, more accu-
rate, and less invasive [1]. Mathematical models are integral to medical image restoration,
aiming to obtain high-quality images for clinical purposes and minimize risks and costs
associated with patient care. Although data-driven models, especially deep models, are
adept at extracting valuable insights from extensive datasets, they often lack solid the-
oretical foundations [2]. Therefore, mathematical models and data derived from images

give an insight in biomedical diagnostics, which are essential components of experimen-
tal, clinical, biomedical, and behavioural research. Medical imaging plays a pivotal role in
the diagnosis and treatment of various diseases, including cancer, offering valuable guid-
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ance to healthcare professionals [3]. Mathematical models are incredibly important in the f ield of
medical image restoration. They allow for the production of high-quality images that can be used for
clinical purposes, all while minimizing risks and costs associated with patient care. Data-driven models,
especially deep models, are particularly useful in extracting valuable insights fromlargedatasets.
However,itisimportanttonotethattheymaynot always have robust theoretical foundations. Nonetheless,
mathematical models are vital in the field of biomedical computing, with image data processing playing
acritical role in clinical, biomedical, experimental, and behavioural research [4]. Prostate cancer (PC) is
the most commonformofnon-skincancerfoundinmenacross various countries globally, including the
United States [5, 6]. Globally, PC ranks as the fifth leading cause of male deaths related to cancer,
resulting in approximately 350,000 deathsannually.
IntheUnitedStates,itstandsasthesecondleadingcauseofcancer-related deaths among men [7]. The vast
majority (90-95%) of diagnosed prostate cancer cases belong to the adenocarcinoma category.
Adenocarcinoma is distinguished by elevated levels of prostate-specific antigen (PSA), which aids in
the diagnostic process. Moreover, this form of cancer entails the expression or activation of the
androgen receptor [8]. Approxi mately, 80% of clinically diagnosed cases of prostate cancer are
localized and confined to the prostate gland, with the remaining 20% being metastatic [9]. PC screening
is a highly controversial topic and remains one of themostdebatedissuesinhealthcare. Thoseagainst PSA
screening express worries about over diagnosis of non-lethal cancers, which may lead to overtreatment,
causing treatment-related side effects, psychological distress, and substantial medical costs [10].
Identifying biomarkers can enhancethediagnosisandtreatment of prostate cancer [11]. Measuring PSA

concentration can aid in deciding whether a biopsy is necessary, potentially reducing morbidity [12].

Osteosarcomaisaclassic primary bonesarcomathatprimarilyaffects childrenandadolescents, and the
typical characteristic of osteosarcoma is the productionofimmaturebone or osteoid tissue by malignant
osteoblasts [13]. Individuals diagnosed with osteosarcoma frequently confront the possibility of
relapse, with pulmonary metastasis emerging as the predominant site. Despite undergoing aggressive
treatment, approximately one-third of patients initially diagnosed with osteosarcoma without metastasis
encounter recurrence during follow-up periods [14]. In developing countries, osteosarcoma has an
average incidence of 0.0003% and ranks as the most prevalent malignant bone tumour after multiple
myeloma,representing0.2%ofmalignancies.Itshighmalignancyoftenleadstoearly-stage distant
metastasis, with approximately 20% of patients already diagnosed with pulmonary metastasis at the

time of diagnosis[15].

Magnetic resonance imaging (MRI) technology is commonly used for imaging inations related to

cancer and other diseases [16]. Diagnosing osteosarcoma and prostate
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cancerindevelopingcountriespresentssignificantchallenges.Inmanydevelopingnations, healthcare
infrastructure is limited, and there is an imbalance in the doctor-to-patient ratio, making it hard to offer
personalized and specialized medical services. The process of diagnosing and treating osteosarcoma is
time-consuming and financially burdensome. Consequently, many impoverished families may have to
forgo treatment due to the prohibitive costs involved [17]. Identifying osteosarcoma manually in MRI
images poses a labour-intensive and time-consuming challenge for doctors due to the substantial
volume of data and the complexity involved in detection. Moreover, the subjective nature of this process
increases the likelihood of missed or misdiagnosed issues [18]. Therefore, there is need to develop a
reliable mathematical algorithm that is capable of restoring images and accurately detecting various

types of diseases.

Image restoration encompasses various techniques, including image denoising [19], deblurring [20],
inpainting [21], dehazing [22], and de-raining [22]. In solving medical imaging analysis problems,
numerical simulations are often preferred due to factors like specular noise that can impact image
interpretation. Therefore, the study of medical images requires the use of complex mathematical models
employing diverse algorithms. In this study, we employed two famous algorithms, the improvement of
Fast Iterative Shrinkage-Thresholding Algorithm (FISTA) proposed by Liang et al. [23] and the Inertial
Tseng Algorithms (ITA) proposed by Padcharaeon et al. [24], to restore MRI images of PC and
osteosarcoma that were degraded with an additive noise and known blur functions. Additionally, We
employed established image restoration tools to enhance the quality of the biomedical images and
conducted comparisons between the algorithms used and the restored images with their original

counterparts.

2. Methodology

The MRI images of PC and osteosarcoma were retrieved from the cancer imaging archive
(https://www.cancerimagingarchive.net), which is an open-source licence
(https://creativecommons.org/licenses/by/3.0/); they represent various disease conditions and ethical
approval is not applicable. Many image restoration problems can be reformulated as convex

optimization problems of the form:
1
findu € RY  such thatu = arg min [£||Dx —l* + ,uG(x)} ,
X

where D is a degradation function, x is the original image, # is noise, u is a regularization
parameter and G is a regularization function introduced due to the nature of the func-
tion (or matrix) D. In the literature, several regularization functions have been considered
depending on the objective of the image restoration problem. One of the famous regulariz-
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ers is the [;-regularizer which usually appears in the [; regualarization problem, popularly
known as least absolute shrinkage and selection operator (LASSO) problem which is to

1
findu € RY  such thatu = arg min E||Dx — rfII2 + ullxlly, } ; (1)
X

where || - ||}, is the usual taxi-cab norm on RN referred to as the I regularization func-
tion. The [;-regularizer is a powerful tool in image denoising and deblurring and has been
explored by a host of many authors see, e.g. [23-27]

Another regularizer use for image restoration problems is the discrete Total Variation
regularizer defined by

n—1m-—1

lxllTv = (Xig1j — %ij)? + (xij+1 — xi)?
j Jj j j

i=1 j=1

n—1

mi—1
+ D i = Xigral + D Xmj = X1 .
i=1 j:l

The TV-regularization problem is defined by
T 1
findu € RY  such thatu = arg min > |Dx — #7)|* + ullx|| Tv- (2)
X

This regularizer is known for restoring images with cartooning effects and edge-preserving
properties. For more on regularizers used for image restoration problem interested readers
may see [22].

All these regularization problems arising from image restoration can be reformulated
as follows:

find u € BN such that u = arg min {h(x} + g{x)] : (3)
where
h(x) := %“Dx —g)I* and g(x) := G(x), a regularization function.

Through a simple mathematical reformulation, solutions to the minimization problems (3)
are equivalent to solutions to the inclusion problem:

findu e BN  such that0 e (Vf(u) + og(w)), (4)
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where Vf is the gradient of f and dg is the subdifferential of g, explicitly given as

X
O I}:
Vi(x)=D"(Dx—#5) and ag(x) = { Il i

x:|x|| <1}, x=0.

In the literature, several algorithms have been introduced to approximate zeros of the sum
of two monotone operators, which are frequently utilized to tackle the inclusion prob-
lem (4) (see, e.g. [28-34] and the references therein). We are interested in some recent
methods developed based on the famous forward-backwards algorithm used for solv-
ing the inclusion problem (4), namely the ITA proposed by Padcharaeon et al. [24] and
improving the FISTA proposed by Liang et al. [23] due to their efficiency in solving
image restoration problems. We recall that the mathematical formulation for the image
restoration problem is given by (5) and illustrated in Figure 1:

h = Ax —I— W, (5)

where x is the original image, A is the degradation function, y is the observed image, and
w is noise.

We will study the performance of the ITA of [23] and a new version FISTA by Liang
etal. [23] in the restoration process of postrate cancer images that were initially degraded by
random noise and motion blur. We will consider the discrete T'V-regularization model (2)
and the [1-regularization model (1) to solve this problem. For completeness, we will

A (i)
Motion blur

h (L))
X (i.i)
Original Image degraded image
W (i,j)
Random noise

Figure 1. Image degradation process.

introduce the ITA and FISTA methods here without their respective convergence analy-

Algorithm 1: Inertial Tseng Algorithm (ITA) of Padcharaeon et al. [24]
Step 1. Givenxy = x; = Dx+ 5, Apy = 0.01, g =03 anda = 0.9. Set k = 1.

Step 2. Compute xj41, wg, and yj via
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where [ is the identity mapping.
Step 3. Set k < k + 1, and go to Step 2.

Algorithm 2: Modified FISTA Method of Liang et al. [23] (FISTA)
Stepl.Givenxg =x; =Dx+ i, Aty =00, u =03p=1,g=14,r=4 and
fp=1.8etk=1.

Step 2. Compute ty, ag, yi, wi and xx4+ via

2
i P+ g+t — fr—1 — 1
2 o

fi

7
Yk = X + ag(xp — x3_1), @)

wie = (I + 2rvudg) ™ O — # Vi),

where [ is the identity mapping.
Step 3. Set k « k + 1, and go to Step 2.

2.1. Convergence analysis

Theorem 2.1: The sequence {x;.} generated by Algorithms 1 and 2 converges to a solution of

problem (3).

Proof: Since Vf is Lipschitz monotone, and g is maximal monotone, the convergence
analysis follows using a similar argument given in [23, 24], by setting A = Vf and B = dg,
in these references, respectively. |

2.2. Experimental results and discussion

In this section, we will give a comparative study of Algorithms 1 and 2 in the restoration process of some
prostate and osteosarcoma cancer images. We will consider four (4) test images, which we label as
follows: Images 1, 2, 3 and 4, which are actually the original Osteosarcoma Tumour I, Osteosarcoma
Tumour I, Prostate fused, and Prostate MRI pathology, respectively. The performance of Algorithms 1
and 2 in the restoration process of thesetest imagesthatwereinitiallydegradedusingMATLAB sbuilt-

inmotionblur function’ (P = fspecial(motion,30,60)) was studied, and Gaussian noise (GN) scaling
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Figure 2. Test images and their restorations via ITA and FISTA using TV-regularizer. (a) original
images.
(b) images degraded by motion blur and random noise. (c) restored images with ITA and (d) restored

images with FISTA.
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Figure 3. Test images and their restorations via ITA and FISTA 11-regularizer. (a) original images.
(b) images degraded by motion blur and random noise.(c)restored images with ITA and (d)restored
images with FISTA.
factor 6 =0.001 wasadded. Furthermore, TV-regularizer and the 11-regularizer was considered, and the
effect of these regularizers when used in Algorithms 1 and 2 is studied.

TheoutcomesofthesimulationsareshowninFigures2, 3,4 and 5 below:

Discussion. Looking at the restored images via ITA and FISTA using TV-regularizer and l1-regularizer
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(see Figures 2 and 3),weobserve that therestoredimagesviaT Vregularizerappear tobemorecloser
totheoriginal imagescomparedtotherestored images via l1-regularizer. Furthermore, the images restored
using the ITA method appear to clearer than those restored using the FISTA method. However, we

employed tools to

SENR, PENR, ISNR
=

=

I i o kil L] 5 b0 n L] 0 100 0 il N 1] 4 50 & n L 80 100
humier of iterafions Mamber of ilerations

Figure 4. Graphical representation of the results in Table 1, Left: Image 1; Right: Image 2.
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0 s

&=
X

.,
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Figure 5. Graphical representation of the results in Table 1, Left: Image 3; Right: Image 4.

measure the quality of restored images in order to validate the claim. Three different metrics were used
for this analysis: Improvement in signal-to-noise ratio (ISNR), peak signal-to-noise ratio (PSNR), and

signal-to-noise ratio (SNR). These metrics are expressed as follows:

[l
¥
I = X2

(8)

2 2
- MAX
ISNR := 10log 1= =" psNR = 1010g,, (W) and SNR := 10log

[[x — x|
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wherey,x,andxn denote the observed, original, and estimated image satiterationn, respectively, and
MAX is the maximum possible pixel value and MSE is the Mean Squared Error between the original and
distorted images.

A higher values for ISNR and SNR indicate superior restoration. Also, a higher PSNR value implies
lower distortion and better quality. The performance of ITA Algorithm 1 and FISTA Algorithm 2 using
these metrics is detailed in Tables 1 and 2 and Figures 4 and 5.

Remark 2.1: FromTable 1and Figures 4and 5,weobservethatusingtheTV-regularizer, the quality of the
restored images using I'TA are higher than the quality of the restored.

Tablel.PerformancemetricsforthetestimagesusingT Vregularizer.

ISNR, PSNR, SNR and CPU time for the test images

ITA FISTA
Testimages  ISNR PSNR SNR CPUTime  ISNR PSNR SNR CPU time
Image 1 8.91 30.43 54.23 435.22 6.39 3065 49.00 317.51
Image 2 9.12 30.55 53.72 437.52 6.79  31.08 49.08 319.47
Image 3 8.82 30.02 5453 437.66 6.24 2986 4935 320.28
Image 4 8.6 289 51.99 441.9 5.55 27.66 4591 320.59

Table2.Performancemetricsforthetestimagesusingl1-regularizer.

ISNR, PSNR, SNR and CPU time for the test images

ITA FISTA
Test Images ISNR PSNR SNR CPU Time ISNR PSNR SNR CPU time
Image 1 8.07 3098 5238 264.49 6.29 3056  48.82 141.57
Image 2 8.42 32.01 52.33 249.14 6.65 3094  48.80 130.13
Image 3 7.92 3090 5273 238.05 6.24 2986 4935 320.28
Image 4 7.47 29.01 49.75 234.67 543 27.54  45.66 133.31
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Figure6. Graphical representation of the results in Table2, Left: Imagel; Right: Image?2.

images using FISTA. But the computational time required to restore the images using
FISTA is less than the computational time required using the ITA method. Hence, we
deduce that in terms of quality ITA is better than FISTA and in terms of computational
time, FISTA is better than ITA.

Remark 2.2: Also, from Table 2 and Figures 6 and 7, we observe that using the [;-
regularizer, the quality of the restored images using ITA are higher than the quality of the
restored images using FISTA. But the computational time required to restore the images
using FISTA is less than the computational time required using ITA method. Hence, we
deduce that in-terms of quality ITA is better than FISTA and in terms of computational
time, FISTA is better than ITA.

=
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=
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W
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Figure 7. Graphical representation of the results in Table 2, Left: Image 3; Right: Image 4.
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3. Conclusion

This study presents a comparative study of two famous Algorithms, namely, the inertial
Tsengalgorithm(ITA)proposedbyPadcharaeonetal.[24]andimprovingtheFastlterative Shrinkage-
ThresholdingAlgorithm(FISTA)proposedbyLiangetal.[23]intherestoration process of prostate cancer
and osteosarcoma images that had been degraded with known
blurfunctionandadditivenoise.Furthermore,theTV-regularizerandl1-regularizerswere used in each
algorithm. The results of the numerical simulations suggest that the ITA method restores images with
higher quality than the FISTA method, even though the FISTA method is less computationally expensive
than the ITA method. Furthermore the qualityoftheimagesrestoredusingTV-
regularizerishigherthanthequalityoftherestored images using I1-regularizer. However, the
computational time for TV-regularizer is higher than that for 11-regularizer. Overall, this study
successfully restored prostate cancer and osteosarcoma images that had been degraded with additive
noise and a known blur. This approach revealed the potential of mathematical models when integrated

with established toolsinmedicalimagerestoration,aswellastheefficacyofthealgorithms.
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ABSTRACT
4 2\

The problem of counting derangements was begun in 1708 by Pierre R’ emond de Montmort (see
[Carlitz. The number of derangements of a sequence with given specification. Fibonacci Quart.
1978;16:255-258], [Clarke and Sved. Derangements and Bell numbers. Math Mag.
1993,;66:299-303]), and its applications have been investigated actively by many researchers. In this
paper, we study properties of the degenerate multi-poly-derangement polynomials and numbersthat
are defined by using the multiple logarithm function, and derive some interesting identities related to
these polynomials and numbers.

KEYWORDS Derangement polynomials; multiple logarithm; the Stirling number of the first kind
and the second kind; -analogue of the Stirling numbers ofthe first and the second kind; degenerate
L exponential functions

1. Introduction

Let X be a set with n elements, say X = {1,2,...,n}. A permutation 1,2,...,n of X in
which i is not placed in the ith place for each i is called a derangement. In other word, a
derangement is a permutation with no fixed point. The number of derangements of X is
called the nth derangement number and denoted by D,,. The nth derangement number is
given by

b5 ED
n=nly o (see[1,2)). (1)

By (1), the generating function of the derangement numbers is

o0

" 1
D, — = e !, 2
Z "l 1—t 2)

n=>0
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As a natural extension, Kim et al. defined the derangement polynomials by the generating
function to be

— i 1

Zdn(x)—! = e leM, (see[3-6)). (3)
— n! 1—t

When x = 0, d,(0) = D, is the nth derangement numbers.

The problem of counting derangements was initiated by Pierre Rémond de Mont-
mort in 1708 (see [1]). In [7], Clarke-Sved found some finite sum identities that include
derangement numbers, binomial coefficients, Bell numbers and polynomials in general
form. In [8], Du-Fonseca found the relationship between the derangement numbers and
the Bernoulli numbers. Zhang-Gray-Wang-Zhang investigated the connections between
combinatorial objects, for example, the number of derangements and many other permu-
tations under various constraints, and gave bijective proofs in [9]. In [10], Elizalde gave
another arguably simpler bijective proof of the recurrence relation D, = nD,—; + (—1)"
for (n > 1). Ryoo gave the differential equations that occur in the generating function of the
derangement polynomials, and studied a survey of the distribution of zeros of derangement
polynomials in [11].

For a given integer k, the polylogarithm function is defined by

Lig(x) = > :—1 (see [12,13]). (4)

n=1

And for nonzero integers n and k with n = k, the Stirling numbers of the first kind $1(n, k)
and the Stirling numbers of the second kind S;(n, k) are defined by the generating function
to be

(Dn = D Siln bxtandx" = D" S0k (see [2]), )

where (x)p =1, (x), =x(x—=1)---(x—n+1), (n = 1).
As a generalizations of polylogarithm function, Kim and Kim [14] defined the multiple

polylogarithm as follows: For given integers ki, ka2, . . ., ke,
e
Lingy @ = > 4 (d<D. (6)
0<hy <hg<w--<n, 7] 3~ Ny

(see [14-18]). By (6), we see that

-1y
Lil,...,l“:":{ )

il
"-—-.“‘.-—-"

F—Jeres

(log(1 —1))", (reN),

0K !
= ZSI{L_ r](—l}l_"j—r, (see 15). (7)

=+

Journal of Applied Mathematics in Science and Technology (Volume - 13, Issue - 1, Jan - Apr 2025) Page No. 38



The extensions of some special functions by using (multiple) polylogarithm or (multiple)
polyexponential functions have been defined and the properties of those functions have been

investigated by many researchers (see [12—17,19-25])).
For any 4 € B — {0}, the degenerate exponential function is defined to be
X 1
e (1) = (14+ A7, ea(t) = (1 + A7,  (see [26,27,28]). (8)

The degenerates of special polynomials and numbers started with the pioneering work of Carlitz on the
degenerate Bernoulli and degenerate Euler polynomials (see [28]), and by the degenerate exponential
function, many degenerate versions of special polynomials have been defined and properties of these
polynomials have beeen investigated by many researchers (see [1,3,15-17,21-37]). Kim et al.
considered the degenerate versions of r-Bell polynomials, two variable Fubini polynomials and r-
Stirling numbers of the second kind in [34]. In [36], authors gave a degenerate poly-Daehee polynomials
as a generalization of the Daehee polynomials and found relationships between the
sepolynomialsandsomespecial polynomials. Kim and Kim defined the degenerate Bell polynomials and
found some identities for the degenerate Bell polynomials which answered to the relationship between
two different types of degenerate Bell polynomials (see [32]). In [29], Khan et al. defined the degenerate
Apostol-type polynomials of order a and gave some summation formulas, recurrences, differential
equations, and explicit formulas for these polynomials. In [17], Kimetal.definedthemulti-poly-
Euler—Genocchipolynomialsandfoundsomeinteresting identities of these polynomials.

As an extension of derangement polynomials, Kim considered the degenerate higher order derangement

polynomials which are given by

= (r) r_” _ 1 —-r
de(x)ﬂ!_—“_r)rex (), (see [30]). (9)

In the special case r = 1, d,, ; (x) = df,lj (x) are called the degenerate derangement polyno-
mials which are defined by Kim et al. in [35].

As a degenerate version of the Stirling numbers, the A-analogue of the Stirling numbers
of the first kind and the second kind SE_U(H, k) and Sf;_g)(n, k), respectively, are defined by

n=~0

H M
(X)n1 = Z S‘{;‘”(ﬂ, k}xk and x" = z sz_z}(n, k)(x)k,1, (see 26,33), (10)
k=0 k=0
where (x)o, = land (xX)p1 = x(x — AD)(x—24)--- (x— (n — 1DA), (n = 1).
In this paper, we define the degenerate multi-poly-derangement polynomials and num-
bers by using multiple logarithm function, and derive some interesting identities related to

Journal of Applied Mathematics in Science and Technology (Volume - 13, Issue - 1, Jan - Apr 2025) Page No. 39



the falling factorial sequences, the Stirling numbers of the second kind, the A-analogue of
the Stirling numbers of the first kind and these polynomials and numbers.

2. Main results

In this section, we consider the degenerate multi-poly-derangement polynomials which is
given by
T!Lih,...,k, (1 — E_
t'(1—1¢)r

) ex-r(ey = Zd“”’ ""*"(x} (11)

In the special case x = 0, dikj dftkj " r}'{El) are called the degenerate multi-poly-
derangement numbers.

By (7) and the definition of multi-poly-derangement polynomials, we see that

r—lires

N —

1,...,1
d'; ') = d\) ().
By (11), we get

t" rLlig,, k(1 — et
Zd{kh 3 r)(x]_ — | EEEEE ( ] ex—r(”
n! (1 — 1)

i n oo H
B (kpve ko) £ o
o (Z dn,z!. ;) (E{x - T)n,:‘.;)
n=0 : n=0 )

_ Z(Z ( )diklm} r}{x r)m,,:-) ;—:, (12)

=0 \m=0

and, by (10) and (12), we obtain the following theorem.

and, by (10} and (12}, we obtain the following theorem.

Theorem 2.1: For each nonnegative integer n, we have

|

LI LI ,
fr-"i--‘:!- ['ﬂ o Z (m) Fn ]rju {‘I r}m--’-

m=i

- Z Z (n)f’n_m,;.ﬂi_”tm)nu —m)".
L

m=0 =0
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Since

=

. k -1

{n+b,‘r—j‘ — z :(_”m( it )irmbrl_m; (13)

s
m=0

by the definition of degenerate multi-poly-derangement polynomials and (13), we get

og

kyo..ke t" r! ) B )
Z"jf.,' }fx}; = mhh.....h (1—e ") e™ (1)
H=( :

rle’ " (1) 1 — [(1—ef)"
= tr“_ _ I}r Z ky kr—i Z key
Bny <-ezme_y T 77 n._y ny=H_1+1
- [1 - t'r} rl e (1)

. {1 _ .,—!}"il'—l
N Z (n, +Hr_l]k' (1 —=1t)" z .l-, ‘” K|

n'ny ---n

Hr=1 (e m e = M r—=1
o oo |
k, +m—1 :
_ R R B =k =m = b
= E D[ 1) ( . )nr IE E ] S:(Ln ) (=1)" " n,! m
= =] n,=

O E-DETHG e (o e=)"!

— =171 — ¢yr—1 k K1 =m
tl—1) "~ 1Y1-=1) Bny <oty ”11"'”ﬁ'—ll

iil i ke +m = 1\ (=)HHmtmy NG (4 1 )n, L f
I+1 I

I=0 ny=1 m=0

x(zd”,ig)(zdm. )
n=( n=0

03535 331 (1] (RS

n=0 \ b=n Hy=1 m=>0

{ I}H-l-i-nr-i—mn 14;2“+1 nr]
(l’-"" l]nk i

dypdy 7T (x )) : (14)

By (14), we obtain the following theorem.

Theorem 2.2: For each nonnegative integer n, we have

20 -3 33 32O ()

b=0 =0 n,=1 m=0
(D, '51{1'1'1 )
(I + Tyny ™™

(kpy ke —m)
dy—p, .fdf;. l;, C T (x).
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Replacing kr by —k,. Since
—k -1 k
( e ):[—1)’”( r), (15)
m m
by Theorem 2.2 and (15), we obtain the following corollary.

Corollary 2.3: For each nonnegative integer n, we have

i w=33 55 () ()(5)

b=0 1=0 #,=1 m=0

( 1y g 18, (14 1, 1,)

[k ke, —m)
du—b .rdg, l;, - (x).

“ + l]ﬂk L
By (11), we get
— (K Ktk t"
> (R = dif ) =
n=>0 "

i

= mﬂl_r[f} (ei(t) — 1) L, (1—e7")

(1 (r=1te" Yy
_E(ﬁe {”)( =11 = ty! ){E”'m_”

].—E_I Me—1 D0 l_e—:r Hy
. (h }kHZ{ )

ky
Demy <y M " My =1 (e + 1r—1)

M

r ‘1.’:} (r—1" (1—e)™!

o0 oo
— Z Z Z{_1]m+I+MI (kr +m— I)Hr!nr—ﬁ',—”:lszfij nr};_l

LR IR 1”1 r—1
I
il i{ l}l'u+f+1+n (kr + m — 1) nyln, e mslﬂ + l.”r]ﬂ
J:l_‘l- Hy=1 m=0 E + 1 I
- k
X r(z dy s )(me )(de“n 1) (o }_)
o n! m!

S (EEEES(OOC T

n=l1 =0 b=1 a=1 n,=1 m=0
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( 1)ni+f+l+1i1n 15 (I-'-l ny kivokr—1—m t"
f_m )d[:r aadfr I.r b4 }{ ) al’
(14 )

By (16), we obtain the following theorem.

Theorem 2.4: For each nonnegative integer n, we have

d{klr---l-k]'} [x + 1) - d{k!‘l---l-kj') (x}

5393535 30 31 | oo T4 Csiiuty 1%

=0 b=1 a=1 n,=1 m=0
y [‘_l)rilr+ul1+1+?r,.-njl_]:ls‘}l['liI +1, nr}
I+ 1)nrr+m

s---rAJ 1 —)

k
dp—gpd 0 (x).

Note that
id{k""""”(ﬁ 1o = 0Lk (1 - )
1.4 Y ! — frl:l — 1) kyaoke)
n=0
r! _ . _
= ra =1 e (O Lig,, k) (1—e7") (D)

— .- ';kh---s'ifr} t_” - . f

T

= Z(Z ( )dff";;: ”(x)fy}n.i) —

n=0

By (17), we obtain the following theorem.

Theorem 2.5: For each nonnegative integer n, we have

dyy =2 (a)dff“;, 7@ P)a

3. Conclusion

(17)

The problem of counting derangements was begun by Pierre R"’emond de Montmort in 1708, and applied

in various fields such as combinatorics, pure and applied mathematics and engineering.

In [12], Kaneko defined a polylogarithm function and used it to define poly-Bernoulli polynomials,

which is a generalization of Bernoulli polynomials. As a generalization of the polylogarithm function,

Kim and Kim defined the multiple polylogarithm function in [14,16].
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In this paper, we define the degenerate mulit-poly-derangement polynomials and numbers by using
multiple polylogarithm function, and find relationships between the falling factorial sequences, the
Stirling number of the second kind, the A-analogue of the Stirling numbers of the first kind, degenerate

derangement numbers and these polynomials.
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