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Normal ordering of degenerate integral powers of
 number operator and its applications 

Taekyun Kima,DaeSanKimb andHyeKyungKimc
 aDepartment of Mathematics, Kwangwoon University, Seoul, Republic of Korea; 

bDepartment of Mathematics, Sogang University, Seoul, Republic of Korea; 
cDepartment of Mathematics Education, Daegu Catholic University, Gyeonsang, 

Republic of Korea

 1. Introduction

The Stirling number of the second S2(n,k) is the number of ways to partition a set of n objects into k 

nonempty subsets. The Stirling numbers of the second kind have been extensively studied and 

repeatedly and independently rediscovered during their long history. The Stirling numbers of the second 

kind appear in many different contexts and have numerous applications, for example to enumerative 

combinatorics and quantum mechanics. They are given either by (5) or by (7). The study of degenerate 

versions of some special numbers and polynomials began with Carlitz’s paper in [1], where the 

degenerate BernoulliandEulernumberswereinvestigated.Itisremarkablethatinrecentyearsquite a few 

degenerate versions of special numbers and polynomials have been explored with diverse tools and 

yielded many interesting results (see [2–4] and the references therein). It turns out that the degenerate 

Stirling numbers of the second play an important role in this exploration for degenerate versions of many 

special numbers and polynomials. The normal ordering of an integral power of the number operator a†a 

in terms of boson operators a and a† can bewritten in the form

A B S T R A C T

The normal ordering of an integral power of the number operator in terms of boson operators is 

expressed with the help of the Stirling numbersofthesecondkind.Asa‘degenerateversion’ofthis,we 

consider the normal ordering of a degenerate integral power of the number operator in terms of boson 

operators, which is represented by means of the degenerate Stirling numbers of the second kind. As an 

application of this normal ordering, we derive two equations defining the degenerate Stirling numbers of 

the second kind and a Dobinski-like formula for the degenerate Bell polynomials.

 KEYWORDS Normal ordering; coherent states; degenerate Stirling numbers ofthe second kind; 

degenerate Bell numbers
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In addition, the normal ordering of the degenerate kth power of the number operator a†a, namely 

(a†a)k,λ, in terms of boson operators a and a† can be written in the form

where the generalized falling factorials (x)n,λ are given by (3) and the degenerate Stirling numbers 

S2,λ(k,l) by (4) and (6).

Theaimofthispaperistousethenormalorderingin(1)inordertoderivetwoequations defining the 

degenerate Stirling numbers of the second kind (see (4), (6)) and a Dobinskilike formula for the 

degenerate Bell numbers (see (37)). In more detail, our main results are as follows. Firstly, by applying 

the degenerate kth power (a†a)k,λ to any number states |m, m=0,1,2,... and using (1) we obtain Equation 

(4). Secondly, by comparing one expression of z|ea†a λ (t)|z obtained by using (1) and another one of it 

obtained by solving a differential equation we get Equation (6). Thirdly, we obtain a Dobinski-like 

fromula for the degenerate Bell numbers φk,λ by showing that z|(a†a)k,λ|z is equal to φk,λ(|z|2) by using 

(1) and that it is also equal to some other expression coming from the representation of coherent state in 

terms of number states. For the rest of this section, we recall what are needed throughout this paper.

 For any λ ∈ R,thedegenerate exponential functions are defined by
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for Re (a – ρ  – ρ , c – ρ , c′ – ρ , ρ , ρ ) > p-1 1 2 1 2 1 2

Definition 1.8: 
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 2. Normal ordering of degenerate integral powers of the number operator and its applications.
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As a degenerate version of the well-known normal ordering of an integral power of the number operator, 

we considered the normal ordering of a degenerate integral power of the number operator in terms of 

boson operators. By using this normal ordering we derived two equations defining the degenerate 

Stirling numbers of the second kind and a Dobinski-like formula for the degenerate Bell numbers.
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It is one of our future projects to continue to explore various degenerate versions of many special 

polynomials and numbers by using aforementioned tools.

 Acknowledgements

 Theauthorswouldliketothankthereviewersfortheirhelpfulcommentsandsuggestions.

 Disclosure statement

 Nopotential conflict of interest was reported by the author(s).

 Funding

 This workwassupportedbytheBasicScienceResearchProgram,theNationalResearchFoundation of 

Korea, (NRF-2021R1F1A1050151).

 References

 [1] Carlitz L. Degenerate Stirling, Bernoulli and Eulerian numbers. Utilitas Math. 1979;15:51–88.

 [2] Kim DS, Kim T. A note on a new type of degenerate Bernoulli numbers. Russ J Math Phys. 

2020;27(2):227–235.

 [3] Kim T, Kim DS. On some degenerate differential and degenerate difference operator. Russ J Math 

Phys. 2022;29(1):37–46.

 [4] Kim T, Kim DS, Dolgy DV. On partially degenerate Bell numbers and polynomials. Proc Jangjeon 

Math Soc. 2017;20(3):337–345.

 [5] KimT,KimDS,JangL-C,etal.Representations of degenerate Hermite polynomials. Adv Appl Math. 

2022;139:Paper No. 102359.

 [6] Kim T, Kim DS. Some identities on truncated polynomials associated with degenerate Bell 

polynomials. Russ J Math Phys. 2021;28(3):342–355.

 [7] AraciS.AnewclassofBernoullipolynomialsattachedtopolyexponentialfunctionsandrelated 

identities. Adv Stud Contemp Math (Kyungshang). 2021;31(2):195–204.

 [8] Jang L, Kim DS, Kim H, et al. Study of degenerate poly-Bernoulli polynomials by λ-umbral calculus. 

CMES Comput Model Eng Sci. 2021;129(1):393–408.

 [9] KimT,KimDS,KimHK,etal.SomepropertiesondegenerateFubinipolynomials.ApplMath Sci Eng. 

2022;30(1):235–248.

 [10] Kim T, Kim DS, Lee H, et al. New properties on degenerate Bell polynomials. Complexity. 

2021;2021:Article ID 7648994, 12 pages.

 [11] Katriel J. Bell numbers and coherent states. Phys Lett A. 2000;273(3):159–161.

 [12] Perelomov A. Generalized coherent states and their applications. Texts and Monographs in 

Physics. Berlin: Springer-Verlag; 1986. p. xii+320.

Journal of Applied Mathematics in Science and Technology (Volume - 13, Issue - 1, Jan - Apr 2025)                               Page No. 8



Groundwater flow in karstic aquifer: analytic solution of dual-
porosity fractional model to simulate groundwater flow

Mahaveer Prasad Yadav, Ritu Agarwal, Sunil Dutt Purohit, Devendra Kumar
 & Daya Lal Suthar

 
aDepartment of Mathematics, Amity University Rajasthan, Jaipur, Rajasthan, India; bDepartment of

 Mathematics, Malaviya National Institute of Technology, Jaipur, India; cDepartment of HEAS 
(Mathematics), Rajasthan Technical University, Kota, India; dDepartment of Mathematics, 

University of Rajasthan, Jaipur, Rajasthan, India; eDepartment of Mathematics, Wollo University, 
Dessie, Ethiopia

 

A B S T R A C T

.

KEYWORDS Karstaquifer; dual-porosity model; Caputo–Fabrizio fractional 
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Karst aquifers have a very complex flow system because of their high
spatial heterogeneity of void distribution. In this manuscript, flow
simulation has been used to investigate the flow mechanism in a fis-
sured karst aquifer with double porosity, revealing how to connect
exchange and storage coefficients to the volumetric density of the
highly permeable form of media. The governing space-time differen-
tial equations of the dual-porosity model are modified by using the
Caputo–Fabrizio fractional derivative operator for time memory. The
sensitivity of exchange and storage coefficients has been demon-
strated using numerical studies with theoretical karst systems in this
hybrid system. When dealing with highly heterogeneous systems,
it is demonstrated that porosity storage and exchange coefficients
are required. The analytical model could possibly reveal some of the
karstic network’s essential structural features.



understood[1,2]. Karstic aquifer with adual-porosity systemhasdividedintoporositysystems, one is 

primary porosity which has low permeability (matrix volume) and secondary porosity which has high 

permeability channel network (karstic network). In the hydraulic channel, these two components are 

then associated with duality. In the literature, Cornaton et al. [3] derived one-dimensional analytical 

porosityweighted solutions of the dual-porosity model using the integral transform technique, and 

Warren et al. [4] developed an idealized model for the purpose of studying the characteristic behaviour 

of a permeable medium of naturally fractured or vugular reservoir and investigated unsteady-state flow 

in reservoir analytically. Kazemi [5]devisedanideal mathematical framework of a naturally fractured 

reservoir with a uniform fracture distribution, consisting of a finite circular reservoir with a centrally 

positioned well and two separateporoussectors,matrixandfracture,respectively.Steady-

stateexchangemodelsare less complex than transient exchange models in view of mathematical or 

physical points. Moench [6] studied the pseudo steady-state block/fracture exchange model and showed 

that the hydraulic behaviour of aquifer lies in only a high permeability aquifer and doesn’t require a low 

permeability aquifer (block).

Barenblatt et al. [7]definedthefluxexchangeasqef =±α(hm − hf),wherehm is the mean hydraulic head in 

matrix continua, hf is the average hydraulic head in fractured continua and α being the exchange 

coefficient which is related to fractured geometry [4]. The dual-porosity approach is a powerful 

technique to simulate groundwater flow in a fracturedaquifer.Langetal. [8] modelled dual-porosity 

approach for acoustic propagation through heterogeneous porous structures in the fractured aquifer. It 

consists of two continua, one is more permeable and the other is less permeable. Moutsopoulos et al. [9] 

obtained a numerical solution using dual-porosity approach, qualitative behaviour is also 

described.Prideetal.[10] constructed the governing equations of linear acoustics of composites 

comprising dual porous constituents isotropic in nature, using volume-averaging arguments. Agarwal et 

al. [11] examined the concept of miscible flow in porous media with longitudinal dispersion and 

evaluated the solution of governing differential equation employing the Caputo–Fabrizio fractional 

derivative operator that has a non-singular kernel.

 Many authors have applied the fractional derivatives without singular kernels such as Atangana et al. 

[12] proposed a novel formulation of the idea of fractional-order derivatives, which 

heusedtocalculatetheflowofwaterinsidealeakingaquifer.In[13],Atangana established the properties of 

the Caputo–Fabrizio fractional derivative and used the valuable tools for solving the nonlinear Fisher’s 

reaction-diffusion problem. Baleanu et al. [14] showed that four fractional integro-differential 

inclusions have solutions. Under certain conditions,thesetofsolutionsforthesecondfractionalintegro-

differentialinclusionproblem is infinite dimensional. Atangana et al. [15] proposed a model of the 

subsurface water movement via aquifer and extended using an alternative definition of Caputo–Fabrizio 
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fractional derivative.

Yavuz et al. [16–18] proposed and investigated fractional order models described by a fractional 

operator and found analytical/numerical solutions to the constructed problems by using the Laplace 

transform method. Baleanu et al. [14,19,20]investigatedsome new class of hybrid type fractional 

differential equations and inclusions via some nonlocal three-point boundary value conditions and 

showed that the dimension of the set of solutions for the second fractional integro-differential inclusion 

problem is infinite dimensional under somedifferent conditions. Ageneralized fractional model is also 

introduced for the COVID-19 pandemic, including the effects of isolation and quarantine. Qureshi et al. 

[21] numerically approximated the Caputo–Fabrizio fractional derivative operatorusingthetwo-

pointfinite forwarddifference formulaforfirst-orderordinary derivative of the function. Jajarmi et al. 

[20,22] investigated the complex behaviours of a capacitor microphone dynamical system and the 

asymptotic behaviour of immunogenic tumour dynamics based on a new fractional model constructed 

by the concept of general fractional operators. Thabet et al. [23] explored the existence and uniqueness 

criteria for a newcoupledCaputoconformablesystemofpantographproblems.Mataretal.[24]investigated 

the motion of abeamonaninternallybentnanowire byusingthe fractional calculus theory.

 The solutions of two fractional models of Jeffrey’s fluid modelled with Caputo and Caputo–Fabrizio 

fractional derivatives were compared by Ahmad et al. [25]. Aleem et al. [26] presented the unsteady 

MHD nanofluid flow travelling through an accelerating infinite vertical plate positioned in porous 

material involving the above two fractional operators. Asjad et al. [27] compared these two fractional 

differential operators for the time fractional unsteady flows of a second-grade fluid with Newtonian 

heating. Yang et al. [28] presented a new fractional derivative and used the Laplace transform to provide 

an analyticalsolutionforthefractional-orderheatflow. In[29], Yang et al. developed the first analytical 

solution of anomalous diffusion equations combining the general derivatives with the decayexponential 

kernel using the Laplace transform. In [30], Yang et al. used the Laplace transform to obtain series 

solutions for the generalized fractional-order diffusion equations. According to transient-type input 

boundary  condi t ions ,  we  g ive  one-d imens iona l  ana ly t ica l  so lu t ions  to thedual -

porositymodelofthegoverningfractionaldifferentialequation in this study. In this system, we further 

discuss the relationship between the exchange coeff icient and specific geometrical and/or physical 

properties of the highly permeable zones. To determine the hydraulic responses of karstic aquifers, 

numerical models are used.

 2. Mathematicalpreliminaries

 The definition of the Caputo–Fabrizio fractional derivative operator [31]isgivenas
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In Figure 1, the behaviour of hydraulic head in channel continua with respect to time variable t is 

obtained by taking different parameters and fractional order to see the behaviour with integer order 

derivative. Figure 2 shows the behaviour of hydraulic head with respect to variations of the coefficient β 

and α.Fortheincreasingvaluesofβ taking fixed exchange rate between porosities i.e. for constant α the 

hydraulic head is decreased. Here β is affected in the same way as the storage coefficient and α does, so 

coefficient β is very useful in a dual-porosity model to simulate hydraulic head and flow [32]. Similarly, 

for the decreasing values of coefficient α taking β constant, hydraulic head varies as shown in Figure 3 

shows the behaviour of flow rate with respect to time t taking fixed parameters.

 

6. Conclusion

 The dual-porosity approach is used to analyse the hydraulic head in the karst aquifer for the non-integer 

differential equations by applying the Caputo–Fabrizio fractional operator. We use Laplace transform 
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on the modified governing differential equation to obtain the hydraulic head and connection between the 

channel and the matrix continua. The dualporosity approach enables inferences about karstic network 

structure and its effect on the hydraulic head. The governing differential equation for channel and matrix 

continua can be used to monitor the karstic structure and are appropriate for any transient boundary state.

 The models of dual-porosity transfer function allow inferences to be made about the structure of the 

karstic network and its impact on the spring hydrograph. The developed analytical models, valid 

fo rany t rans ien tboundarycond i t ion ,canbeused to inves t iga te the  ka r s t i c  s t ruc tu re , 

homogeneous/heterogeneous infiltration processes, and parameter distribution impacts on the hydraulic 

responses of highly heterogeneous systems like karstic aquifers.
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1. Introduction

A B S T R A C T

Journal of Applied Mathematics in Science and Technology (Volume - 13, Issue - 1, Jan - Apr 2025)                              Page No. 23

Thresholding Algorithm (FISTA) are well-established methods that
provide effective ways to approximate zeros of the sum of mono-
tone operators. In this study, we applied both ITA and FISTA in the

were degraded with known blur functions and additive noise. The

and prostate MRI pathology. Both algorithms incorporated theTV-
regularizer andl -regularizer. Numerical simulations revealed that1
the ITA method consistently outperforms the FISTA method in terms
ofi mage quality, despite FISTA’s computational efficiency advan-
tage. Additionally, the study found that, for both methods, images
restored using theTV-regularizer exhibit higher quality compared to
those restored using tlhe-regularizer. Overall, the study revealed1
the effectiveness of the algorithms employed and highlight the sig-
nificance ofi ntegrating mathematical models with well established
mechanism in medical image restoration.

KEYWORDS Medical image restoration; image deblurring; Tseng 
algorithm; prostatecancer;  osteosarcoma



ance to healthcare professionals [3]. Mathematical models are incredibly important in the f ield of 

medical image restoration. They allow for the production of high-quality images that can be used for 

clinical purposes, all while minimizing risks and costs associated with patient care. Data-driven models, 

especially deep models, are particularly useful in extracting valuable insights fromlargedatasets. 

However,itisimportanttonotethattheymaynot always have robust theoretical foundations. Nonetheless, 

mathematical models are vital in the field of biomedical computing, with image data processing playing 

a critical role in clinical, biomedical, experimental, and behavioural research [4]. Prostate cancer (PC) is 

the most commonformofnon-skincancerfoundinmenacross various countries globally, including the 

United States [5, 6]. Globally, PC ranks as the fifth leading cause of male deaths related to cancer, 

r e s u l t i n g  i n  a p p r o x i m a t e l y  3 5 0 , 0 0 0  d e a t h s a n n u a l l y . 

IntheUnitedStates,itstandsasthesecondleadingcauseofcancer-related deaths among men [7]. The vast 

majority (90–95%) of diagnosed prostate cancer cases belong to the adenocarcinoma category. 

Adenocarcinoma is distinguished by elevated levels of prostate-specific antigen (PSA), which aids in 

the diagnostic process. Moreover, this form of cancer entails the expression or activation of the 

androgen receptor [8]. Approxi mately, 80% of clinically diagnosed cases of prostate cancer are 

localized and confined to the prostate gland, with the remaining 20% being metastatic [9]. PC screening 

is a highly controversial topic and remains one of themostdebatedissuesinhealthcare. Thoseagainst PSA 

screening express worries about over diagnosis of non-lethal cancers, which may lead to overtreatment, 

causing treatment-related side effects, psychological distress, and substantial medical costs [10]. 

Identifying biomarkers can enhancethediagnosisandtreatment of prostate cancer [11]. Measuring PSA 

concentration can aid in deciding whether a biopsy is necessary, potentially reducing morbidity [12].

 Osteosarcomaisaclassic primary bonesarcomathatprimarilyaffects childrenandadolescents, and the 

typical characteristic of osteosarcoma is the productionofimmaturebone or osteoid tissue by malignant 

osteoblasts [13]. Individuals diagnosed with osteosarcoma frequently confront the possibility of 

relapse, with pulmonary metastasis emerging as the predominant site. Despite undergoing aggressive 

treatment, approximately one-third of patients initially diagnosed with osteosarcoma without metastasis 

encounter recurrence during follow-up periods [14]. In developing countries, osteosarcoma has an 

average incidence of 0.0003% and ranks as the most prevalent malignant bone tumour after multiple 

myeloma,representing0.2%ofmalignancies.Itshighmalignancyoftenleadstoearly-stage distant 

metastasis, with approximately 20% of patients already diagnosed with pulmonary metastasis at the 

time of diagnosis [15]. 

Magnetic resonance imaging (MRI) technology is commonly used for imaging inations related to 

c a n c e r  a n d  o t h e r  d i s e a s e s  [ 1 6 ] .  D i a g n o s i n g  o s t e o s a r c o m a  a n d  p r o s t a t e 
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 cancerindevelopingcountriespresentssignificantchallenges.Inmanydevelopingnations, healthcare 

infrastructure is limited, and there is an imbalance in the doctor-to-patient ratio, making it hard to offer 

personalized and specialized medical services. The process of diagnosing and treating osteosarcoma is 

time-consuming and financially burdensome. Consequently, many impoverished families may have to 

forgo treatment due to the prohibitive costs involved [17]. Identifying osteosarcoma manually in MRI 

images poses a labour-intensive and time-consuming challenge for doctors due to the substantial 

volume of data and the complexity involved in detection. Moreover, the subjective nature of this process 

increases the likelihood of missed or misdiagnosed issues [18]. Therefore, there is need to develop a 

reliable mathematical algorithm that is capable of restoring images and accurately detecting various 

types of diseases.

 Image restoration encompasses various techniques, including image denoising [19], deblurring [20], 

inpainting [21], dehazing [22], and de-raining [22]. In solving medical imaging analysis problems, 

numerical simulations are often preferred due to factors like specular noise that can impact image 

interpretation. Therefore, the study of medical images requires the use of complex mathematical models 

employing diverse algorithms. In this study, we employed two famous algorithms, the improvement of 

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA) proposed by Liang et al. [23] and the Inertial 

Tseng Algorithms (ITA) proposed by Padcharaeon et al. [24], to restore MRI images of PC and 

osteosarcoma that were degraded with an additive noise and known blur functions. Additionally, We 

employed established image restoration tools to enhance the quality of the biomedical images and 

conducted comparisons between the algorithms used and the restored images with their original 

counterparts. 

2. Methodology

 The MRI images of PC and osteosarcoma were retrieved from the cancer imaging archive 

( h t t p s : / / w w w. c a n c e r i m a g i n g a r c h i v e . n e t ) ,  w h i c h  i s  a n  o p e n - s o u r c e  l i c e n c e 

(https://creativecommons.org/licenses/by/3.0/); they represent various disease conditions and ethical 

approval is not applicable. Many image restoration problems can be reformulated as convex 

optimization problems of the form:
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2.2. Experimental results and discussion

 In this section, we will give a comparative study of Algorithms 1 and 2 in the restoration process of some 

prostate and osteosarcoma cancer images. We will consider four (4) test images, which we label as 

follows: Images 1, 2, 3 and 4, which are actually the original Osteosarcoma Tumour I, Osteosarcoma 

Tumour II, Prostate fused, and Prostate MRI pathology, respectively. The performance of Algorithms 1 

and 2 in the restoration process of thesetest imagesthatwereinitiallydegradedusing‘MATLAB’sbuilt-

inmotionblur function’ (P = fspecial(motion,30,60)) was studied, and Gaussian noise (GN) scaling
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 Figure 2. Test images and their restorations via ITA and FISTA using TV-regularizer. (a) original 

images.

 (b) images degraded by motion blur and random noise. (c) restored images with ITA and (d) restored

 images with FISTA.
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Figure 3. Test images and their restorations via ITA and FISTA l1-regularizer. (a) original images. 

(b) images degraded by motion blur and random noise.(c)restored images with ITA and (d)restored 

images with FISTA.

 factor σ = 0.001 wasadded. Furthermore, TV-regularizer and the l1-regularizer was considered, and the 

e ff e c t  o f  t h e s e  r e g u l a r i z e r s  w h e n  u s e d  i n  A l g o r i t h m s  1  a n d  2  i s  s t u d i e d . 

TheoutcomesofthesimulationsareshowninFigures2, 3, 4 and 5 below: 

Discussion. Looking at the restored images via ITA and FISTA using TV-regularizer and l1-regularizer 
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 (see Figures 2 and 3),weobserve that therestoredimagesviaTVregularizerappear tobemorecloser 

totheoriginal imagescomparedtotherestored images via l1-regularizer. Furthermore, the images restored 

using the ITA method appear to clearer than those restored using the FISTA method. However, we 

employed tools to

 Figure 4. Graphical representation of the results in Table 1, Left: Image 1; Right: Image 2.

 Figure 5. Graphical representation of the results in Table 1, Left: Image 3; Right: Image 4.

 

measure the quality of restored images in order to validate the claim. Three different metrics were used 

for this analysis: Improvement in signal-to-noise ratio (ISNR), peak signal-to-noise ratio (PSNR), and 

signal-to-noise ratio (SNR). These metrics are expressed as follows:
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wherey,x,andxn denote the observed, original, and estimated image satiterationn, respectively, and 

MAX is the maximum possible pixel value and MSE is the Mean Squared Error between the original and 

distorted images.

 A higher values for ISNR and SNR indicate superior restoration. Also, a higher PSNR value implies 

lower distortion and better quality. The performance of ITA Algorithm 1 and FISTA Algorithm 2 using 

these metrics is detailed in Tables 1 and 2 and Figures 4 and 5.

 Remark 2.1: FromTable 1and Figures 4and 5,weobservethatusingtheTV-regularizer, the quality of the 

restored images using ITA are higher than the quality of the restored.

 Table1.PerformancemetricsforthetestimagesusingTVregularizer.

Table2.Performancemetricsforthetestimagesusingl1-regularizer.

\
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 Figure6. Graphical representation of the results in Table2, Left: Image1; Right: Image2.

Figure 7. Graphical representation of the results in Table 2, Left: Image 3; Right: Image 4.
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 3. Conclusion

 This study presents a comparative study of two famous Algorithms, namely, the inertial 

Tsengalgorithm(ITA)proposedbyPadcharaeonetal.[24]andimprovingtheFastIterative Shrinkage-

ThresholdingAlgorithm(FISTA)proposedbyLiangetal.[23]intherestoration process of prostate cancer 

a n d  o s t e o s a r c o m a  i m a g e s  t h a t  h a d  b e e n  d e g r a d e d  w i t h  k n o w n 

blurfunctionandadditivenoise.Furthermore,theTV-regularizerandl1-regularizerswere used in each 

algorithm. The results of the numerical simulations suggest that the ITA method restores images with 

higher quality than the FISTA method, even though the FISTA method is less computationally expensive 

t h a n  t h e  I TA m e t h o d .  F u r t h e r m o r e  t h e  q u a l i t y o f t h e i m a g e s r e s t o r e d u s i n g T V-

regularizerishigherthanthequalityoftherestored images using l1-regularizer. However, the 

computational time for TV-regularizer is higher than that for l1-regularizer. Overall, this study 

successfully restored prostate cancer and osteosarcoma images that had been degraded with additive 

noise and a known blur. This approach revealed the potential of mathematical models when integrated 

with established toolsinmedicalimagerestoration,aswellastheefficacyofthealgorithms.
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1. Introduction

A B S T R A C T

The problem of counting derangements was begun in 1708 by Pierre R´ emond de Montmort (see 

[Carlitz. The number of derangements of a sequence with given specification. Fibonacci Quart. 

1978;16:255–258], [Clarke and Sved. Derangements and Bell numbers. Math Mag. 

1993;66:299–303]), and its applications have been investigated actively by many researchers. In this 

paper, we study properties of the degenerate multi-poly-derangement polynomials and numbersthat 

are defined by using the multiple logarithm function, and derive some interesting identities related to 

these polynomials and numbers.

KEYWORDS Derangement polynomials; multiple logarithm; the Stirling number of the first kind 

and the second kind; λ-analogue of the Stirling numbers ofthe first and the second kind; degenerate 

exponential functions
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 The extensions of some special functions by using (multiple) polylogarithm or (multiple) 

polyexponential functions have been defined and the properties of those functions have been 

investigated by many researchers (see [12–17,19–25]).

The degenerates of special polynomials and numbers started with the pioneering work of Carlitz on the 

degenerate Bernoulli and degenerate Euler polynomials (see [28]), and by the degenerate exponential 

function, many degenerate versions of special polynomials have been defined and properties of these 

polynomials have beeen investigated by many researchers (see [1,3,15–17,21–37]). Kim et al. 

considered the degenerate versions of r-Bell polynomials, two variable Fubini polynomials and r-

Stirling numbers of the second kind in [34]. In [36], authors gave a degenerate poly-Daehee polynomials 

as a generalization of the Daehee polynomials and found relationships between the 

sepolynomialsandsomespecial polynomials. Kim and Kim defined the degenerate Bell polynomials and 

found some identities for the degenerate Bell polynomials which answered to the relationship between 

two different types of degenerate Bell polynomials (see [32]). In [29], Khan et al. defined the degenerate 

Apostol-type polynomials of order α and gave some summation formulas, recurrences, differential 

equations, and explicit formulas for these polynomials. In [17], Kimetal.definedthemulti-poly-

Euler–Genocchipolynomialsandfoundsomeinteresting identities of these polynomials.

 As an extension of derangement polynomials, Kim considered the degenerate higher order derangement 

polynomials which are given by
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 3. Conclusion

The problem of counting derangements was begun by Pierre R´emond de Montmort in 1708, and applied 

in various fields such as combinatorics, pure and applied mathematics and engineering.

 In [12], Kaneko defined a polylogarithm function and used it to define poly-Bernoulli polynomials, 

which is a generalization of Bernoulli polynomials. As a generalization of the polylogarithm function, 

Kim and Kim defined the multiple polylogarithm function in [14,16].
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In this paper, we define the degenerate mulit-poly-derangement polynomials and numbers by using 

multiple polylogarithm function, and find relationships between the falling factorial sequences, the 

Stirling number of the second kind, the λ-analogue of the Stirling numbers of the first kind, degenerate 

derangement numbers and these polynomials.
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