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S. Sangeetha, Shakeela Sathish
 Department of Mathematics, SRM Institute of Science and Technology, Ramapuram 

Campus, India 

 Aspects of Algebraic Structure of Rough Sets

A B S T R A C T

 Rough sets are extensions of classical sets characterized by vagueness and imprecision. The main idea of 

rough set theory is to use incomplete information to approximate the concept of imprecision or 

uncertainty, or to treat ambiguous phenomena and problems based on observation and measurement. In 

Pawlak rough set model, equivalence relations are a key concept, and equivalence classes are the 

foundations for lower and upper approximations.

Developing an algebraic structure for rough sets will allow us  to study set theoretic properties in detail. 

Several researchers studied rough sets from an algebraic perspective and a number of structures have 

been developed in recent years, including rough semigroups, rough groups, rough rings, rough modules, 

and rough vector spaces. The purpose of this study is to demonstrate the usefulness of rough set theory in 

group theory. There have been several papers investigating the roughness in algebraic structures by 

substituting an algebraic structure for the universe set. In this paper, rough groups are defined using upper 

and lower approximations of rough sets from a finite universe instead of considering the whole universe. 

Here we have considered a finite universe Λ along with a relation χ which classifies the universe into 

equivalence classes. We have identified all rough sets with respect to this relation. The upper and lower 

approximated  sets have been taken separately and these form a rough group equivalence relation  (χrog  ) 
Λ

and it partitions the group (2 ,△) into equivalence classes. In this paper, the rough group approximation 
Λ

space (2 ,χrog ) has been defined along with upper and lower approximations and properties of subsets of 
Λ

2  with respect to rough group equivalence relations have been illustrated.

 Keywords   Rough Group, Rough Group Approximation  Space, Rough Group Equivalence Relation

1 Introduction

 There are numerous mathematical concepts that are delivered  through the use of set theory, which is 

used as a core method in the entire field of mathematics. Pawlak introduced the concept of rough sets [1]. 

There has been an increase in interest in this newly emerging theory in recent years. Since its 

introduction, the rough set theory has been continued to develop as a tool for classifying. 

The rough set has been evaluated algebraically by a variety of experts to date. The topics of interest range 

from pure theory, such as topological and algebraic foundations, to applications as discussed in [2], [3], 

& [4]. The concept of rough sets has been approached algebraically by Bonikowski [5], Iwinski [6] & 

Pomykala [7]. A rough subring is defined by Davvaz [8] when rough set theory and ring theory are 

considered. The rough group has been evaluated by N. Kuroki and Wang [9] in order to approximate the 

upper and lower bounds of any subset of a group in terms of its normal subgroup. In addition, topological 

rough groups were defined and their properties were examined in [10]. A generalized rough set can be 

ISSN: 2332-2071 (Print)
ISSN: 2332-2144 (Online)



Mathematics and Statistics ( Volume No. - 13, Issue - 2, May - August 2025)                                                                                                            Page No.02

viewed in two different ways according to Radwan et al [11]. Based on a family of  dominance 

relationships, Salama et al [12] gave properties of different types of rough approximations. A topological 

approach was given by Al-Shami [13] to generate new rough set models. Also using E-neighborhoods, 

Al-Shami[14] provided new rough approximations. A topological approach to rough approximations 

based on closure operators was developed by El-Bably et al [15]. Through ideals, Guler et al [16] 

provided rough approximations based on different topologies. The concept of generalized rough 

approximation spaces based on maximal neighbourhoods and ideals is discussed by Hosny et al [17]. 

Several types of rough sets based on coverings were provided by Nawar et al [18]. Based on j-

neighborhood space and j-adhesion neighborhood space, Atef et al [19] compared six types of rough 

approximations. Using J-Nearly Concepts via Ideals Hosny [20] gave a topological approach for rough 

sets. Pradeep Shende et al [21] presented a novel concept of uncertainty optimization through multi-

granular rough  sets. A rough set with uncertainty optimization based on incomplete information 

systems was introduced by Arvind et al [22].

 In particular, Biswas [23] introduced rough groups and rough  subgroups. Miao et al [24] modified the 

approach by proving the group axioms to the upper approximation of a set. Wang [25] examined the 

relationship between the normal series of a group and its rough approximations in order to determine the 

properties of rough groups.

 In this paper, modified approach to rough groups is provided  followed by a rough group approximation 

space based on rough group equivalences.

 The rough set theory has been briefly reviewed in section 2. In  section 3, we explored rough groups 

from a different perspective. Wehave introduced the rough group approximation space in section 4 and 

given the upper and lower approximations of any set based on rough group equivalence relations. The 

significance of this work is presented in results and discussion section 5.

2 Basics of Rough Set Theory

 Definition 2.1 [1]

Approximation space is composed of a finite set univ1 (= ϕ) and  ”ι1”, an equivalence relation on univ1 

and it is represented by (univ1,”ι1”).

 Definition 2.2 [1]

 Afamily of subsets E = {E1,E2,E3......En} of univ1 are said  to be a classification of univ1 if

 • E1∪E2∪.....∪En = univ1

 • Ei ∩Ej =ϕ,fori= j

 Definition 2.3 [1]

 Let (univ1,”ι1”) be an approximation space and for any k ∈ univ1 the set [k]”ι1” is called the 
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 equivalence class induced by  ”ι1”.

Definition 2.4 [1]

 Consider K = (univ1,”ι1”), an approximation space and A be  any subset of univ1 then

 • univ1A = {ai | [ai]”ι1” ∩ A= ϕ}

 • univ1A = {ai | [ai]”ι1” ⊆ A}

 • BNA =univ1A−univ1A

 are called approximations of upper, lower & boundary regions  of A in relation to χ respectively and if 

the boundary of the set A is not empty, it is said to be rough, otherwise it is said to be crisp.

If A,B ⊆ univ1, then the following results are due to [1]

 • univ1A ⊆ A ⊆univ1A

 • univ1univ1 = univ1univ1 = univ1

 • univ1A∪B = univ1A ∪univ1B

 • univ1A∪B ⊇ univ1A ∪univ1B

 • univ1A∪B = univ1A ∪univ1B

 • univ1A∩B ⊆ univ1A ∩uiv1Bn

 • If A ⊆Bthenuniv1A ⊆ univ1B &univ1A ⊆ univ1B

 3 Rough Groups

 Definition 3.1 : Group[26]

 Groups are non-empty sets with binary operations  that satisfy  closure, associativity, identity, and 

inverse properties under .

 Definition 3.2 : Power Set[26]

 Collection of all possible subsets of G forms a Power set represented by 2G which forms an abelian 

group along with operation △

 Definition 3.3 [1]

 (U,R1), an approximation space. R1, an equivalence relation  partitions U into classes of equivalence. 

Let W(= ϕ) ⊆ U. R1W ={w | [w]R1 ∩W=ϕ},whichisupper approximation of W R1W ={w| [w]R1 ⊆ W} 

which is lower approximation of W if RW −RW=ϕ then W = (RW,RW) is a rough set otherwise crisp

Definition 3.4
U

 (U,R), an approximation space which consists of a finite set U  of n elements. (2 ,△) forms an abelian 

group and R(U), a collection of all rough sets in U is said to be a rough group if R(U)△R(U) with respect 
U

to the binary operation △ forms subgroup of (2 ,△)
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 Theorem 3.1

 Let R(U) represents all possible rough sets in a space (U,R). R(U)∪R(U) with respect to the binary 
Uoperation △ forms subgroup of (2 ,△) and hence R(U) is said to be rough group.

Proof 1

 Let R(U) be the set of all rough sets of (U,R).

 R(U) = RU ={

 W|W ∈R(U)}

 R(U) = RU ={W

 |W ∈R(U)}

 Let us denote R(rog) = RU ∈RU

To prove R(rog), subgroup of 2U.

 R(rog) is non empty since ϕ is always a subset of any set and it  will be in RU

 Let W1,W2 ∈ R(rog)

 Claim : W1△W2 = (W1 ∪W2)−(W1∩W2)∈R(rog)

 ∵W1,W2 ∈R(rog)

 W1,W2 ∈ RU ∪RU

W1,W2∈RUorW1,W2∈RU

 Case1

 IfW1,W2∈RU

 W1=B1&W2=B2whereB1,B2∈R(U)

 W1△W2=(B1∪B2)−(B1∩B2)

 B1∪B2={[u]R|[u]R∩B1∪B2=ϕ}

 ={[u]R|[u]R∩B1∪[u]R∩B2=ϕ}=⇒B1∪B2∈R(U)

 B1∩B2={[u]R|[u]R∩B1∩B2=ϕ}

 ={[u]R|[u]R∩B1∩[u]R∩B2=ϕ} =⇒B1∩B2∈R(U)

 AssumingW2⊆W1

 (B1∪B2)−(B1∩B2)={[u]R∩B1=ϕ or [u]R∩B2=

 ϕ}−{[u]R∩B1=ϕ and [x]R∩B2=ϕ}

 ={[u]R∩B1=ϕ or [u]R∩B2=ϕ}=B1∪B2∈R(U)

 =⇒W1△W2∈RU

 Case2

 IfW1,W2∈RU

 W1=B1&W2=B2whereB1,B2∈R(U)

 W1△W2=(B1∪B2)−(B1∩B2)
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  B1∪B2⊇(B1∪B2)∈R(U)

 B1∩B2=(B1∩B2)

 AssumeB2⊆B1

 (B1∩B2)∈R(U)

 B1∪B2={[u]R|[u]R⊆B1∪B2 =⇒[u]R∩B1∪B2=[u]R}

 B1∩B2={[u]R|[u]R⊆B1∩B2 =⇒[u]R∩B1∩B1=[u]R}

 (B1∪B2)−(B1∩B2)=[u]R∩B1∪B2∈R(U)

 W1△W2∈RU

 Hence if W1,W2∈RU∪RU,thenW1△W2∈RU∪RU.

 Also all elements poss self inverse .Hence RU ∪ RU is a  sub group of 2U and hence R(U) is said to be 

Rough group.

 R(U)={{1},{2},{1,3},{2,3}}

 R(U)={{1,2},{1,2,3}}

 R(U)={{},{3}}

 R(rog)=R(U)∪R(U)={{},{3},{1,2},{1,2,3}}      Hence

 {} {3} {1,2} {1,2,3}

 {} {} {3} {1,2} {1,2,3}

 {3} {3} {} {1,2,3} {1,2}

 {1,2} {1,2} {1,2,3} {} {3}

 {1,2,3} {1,2,3} {1,2} {3} {}

 R(rog) is a sub group of 2U and  hence R(U) is a Rough Group.

 Theorem3.2  If”⅁a”(rog),”⅁b”(rog)are rough groups, then

 ”⅁a”(rog)∩”⅁b”(rog)is also rough group. (uni1 is finite universe)

 Proof

 Let x,y∈”⅁a”(rog)∩”⅁b”(rog)

 Since ϕ⊆anyset.soϕ∈”⅁a”(uni1)∩”⅁b”(uni1)

 =⇒ϕ∈”⅁a”(rog)∩”⅁b”(rog)

 =⇒”⅁a”(rog)∩”⅁b”(rog)=ϕ

 Since”⅁a”(rog)&”⅁b”(rog)are sub groups of 2uni1

 =⇒x△y∈”⅁a”(rog)∩”⅁b”(rog)

 Hence the result.

 Proposition3.1

 Let”⅁a”rog  &”⅁b”rog  be two rough groups then  ”⅁a”rog ∩”⅁b”rog ⊆”⅁a”rog ∩”⅁b”rog 

(where”⅁a”&”⅁b” are two equivalence relations,uni1is the universe)
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 5 Results and Discussion

 To develop rough set theory, it is essential to look at its algebraic structure. By considering upper and 

lower approximations of rough sets, we defined rough groups in a more extended sense than previous 

approaches such as considering the upper approximation of any subset in a finite universe and 

demonstrating closure, associativity, and identity in the upper approximation, but the inverse exists in 

the set itself [23] also considering abstract groups as universe set and its normal subgroups as 

equivalence relation [9]. An exploration of the expansive properties of rough groups based on the rough 

group equivalence relation has been presented in this paper.

 6 Conclusions

 The algebraic aspects of rough set theory have been integral to  the development of rough set theory 

concept as algebraic structures allow the detailed study of set theoretic properties. Rough groups are 

introduced in this paper using both upper and lower approximations to rough sets within a finite 

universe. Further more, rough groups have been shown to have expansive proper ties such as upper 

approximation of intersection of rough groups is contained in its intersection while lower approximation 

of inter section of rough groups is equal to its intersection. Also upper approximation of union of rough 

groups is equal to it union. Based on rough group equivalence, we have defined a rough group 

approximation space and derived the upper and lower approximations of any set. More studies will be 

conducted in the future to examine rough group properties in greater detail. A similar extension can be 

made to other algebraic structures as well.
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Neutrosophic Generalized Pareto Distribution

A B S T R A C T

The purpose of this paper is to present a neutrosophic form of the generalized Pareto distribution (NGPD) 

which is more flexible than the existing classical distribution and deals with indeterminate, incomplete 

and imprecise data in a flexible manner. In addition to this, NGPD will be obtained as a generalization of 

the neutrousophic Pareto distribution. Also, the paper introduces its special cases as neutrosophic Lomax 

distribution. The mathematical properties of the proposed distributions, such as mean, variance and 

moment generating function are derived. Additionally, the analysis of reliability properties, including 

survival and hazard rate functions, is mentioned. Furthermore, neutrosophic random variable for Pareto 

distribution was presented and recommended using it when data in the interval form follow a Pareto 

distribution and have some sort of indeterminacy. This research deals the statistical problems that have 

inaccurate and vague data. The proposed model NGPD is widely used in finance to model low probability 

events. So, it is applied to a real-world data set to modelling the public debt in Egypt for the purpose of 

dealing with neutrosophic scale and shape parameters, finally the conclusions are discussed. 

Keywords  Lomax Distribution, Neutrosophic Logic , Generalized Pareto Distributionwith Tow 

Parameters, Neutrosophic Pareto Distribution, Neutrosophic Exponential Distribution, Neutrosophic 

Uniform 

1. Introduction

 The Generalized Pareto distribution (GPD) is widely used in extreme value theory, engineering, 

industrial and finance. GPD is related to several distributions such as Exponential, Lomax, and Uniform 

distributions. To add flexibility to this model, neutrosophic Logic has been used. Neutrosophy was 

presented by Smarandache in 1995, as a generalization for the fuzzy logic and intuitionist fuzzy logic 

[1]. Fuzzy logic which is the special case of neutrosophic logic gives information only about the 

measures of truth and falseness. The neutrosophic logic gives information about the measure of 

indeterminacy additionally. The neutrosophic logic used the set analysis, where any type of set can be 

used to capture the data inside the intervals. 

Neutrosophic statistics which utilize the idea of neutrosophic logic are found to be more efficient than 

classical statistics [1]. Neutrosophic statistics deal with the data having imprecise, interval, and 

uncertain observations. Neutrosophic statistics reduce to classical statistics when no indeterminacy is 

found in the data or the parameters of statistical distribution. Various applications of neutrosophic logic 

can be read in [2, 3].  

Many researchers have introduced neutrosophic logic as an extended and generalized approach to the 

ISSN: 2332-2071 (Print)
ISSN: 2332-2144 (Online)



Mathematics and Statistics ( Volume No. - 13, Issue - 2, May - August 2025)                                                                                                            Page No.12

classical distributions such as neutrosophic Weibull distribution [4] and its several families, 

neutrosophic binomial distribution and neutrosophic normal distribution [5], neutrosophic multinomial 

distribution, neutrosophic Poisson [6], neutrosophic exponential [7,8], neutrosophic distribution, 

neutrosophic gamma distribution [9], neutrosophic beta distribution [10], and neutrosophic Rayleigh 

model [11]. The neutrosophic Pareto distribution (NPD), generalization of the Pareto distribution is 

developed by Zahid khan et al. [12]. Almarashet and aslam [13] presented a repetitive sampling control 

chart for the gamma distribution under the indeterminate environment. 

This paper proposes neutrosophic Pareto distribution with neutrosophic random variables, 

Neutrosophic distribution and neutrosophic Generalized Pareto distributions. 

The paper is organized as follows: The next section describes the neutrosophic generalized Pareto with 

two parameters and some special cases. In section 3, it studies the probability density function (pdf), 

cumulative density function (cdf), and hazard rate function of the neutrosophic Lomax distribution 

model. The mathematical statistics studied in the subsequent section such as mean and variance. 

Then, we will introduce the neutrosophic Pareto distribution model in section 4. Finally, section 5 

concludes the research outcomes. 

2. The Neutrosophic Generalized Pareto Distribution (NGPD) 

The neutrosophic generalized Pareto distribution is a family of continuous probability distributions. It is 

often used to model the tails of another distribution. NGPD will be obtained as a generalization of the 

neutrousophic Pareto distribution given by Zahed Khan et al. [12]. The NGPD is related to several 

distributions such as neutrosophic Exponential, Uniform distribution which is introduced by Carlos 

Granadosa et al. [14] and neutrosophic Lomax distribution, as it will be shown below. 

We can have defined the NGPD with neutrosophic parameters as follows:
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The pdf curves of the NGPD are presented in Figure 1. The graphical expression of the                 of the   

neutrosophic generalized Pareto with imprecise parameters. 
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 Resolution of Linear Systems Using Interval Arithmetic and 
Cholesky Decomposition

A B S T R A C T

This article presents an innovative approach to solving linear systems with interval coefficients 

efficiently. The use of intervals allows the uncertainty and measurement errors inherent in many practical 

applications to be considered. We focus on the solution algorithm based on the Cholesky decomposition 

applied to positive symmetric matrices and illustrate its efficiency by applying it to the Leontief 

economic model. First, we use Sylvester’s criterion to check whether a symmetric matrix is positive, 

which is an essential condition for the Cholesky decomposition to be applicable. It guarantees the validity 

of our solution algorithm and avoids undesirable errors. Using theoretical analyses and numerical 

simulations, we show that our algorithm based on the Cholesky decomposition performs remarkably 

well in terms of accuracy. To evaluate our method in concrete terms, we apply it to the Leontief economic 

model. This model is widely used to analyze the economic interdependencies between different sectors of 

an economy. By considering the uncertainty in the coefficients, our approach offers a more realistic and 

reliable solution to the Leontief model. The results obtained demonstrate the relevance and effectiveness 

of our algorithm for solving linear systems with interval coefficients, as well as its successful application 

to the Leontief model. These advances are crucial for fields such as economics, engineering, and the 

social sciences, where data uncertainty can greatly affect the results of analyses. In summary, this article 

highlights the importance of interval arithmetic and Cholesky’s method in solving linear systems with 

interval coefficients. Applying these tools to the  Leontief model can help you better understand the 

impact of uncertainty and make informed decisions in a variety of fields, including economics and 

engineering. 

Keywords     Arithmetic Interval, Interval Matrix, System of Interval Linear Equations, Decomposition 

of Cholesky

1. Introduction

Interval arithmetic is the branch of mathematics concerned  with the properties and operations of 

numerical intervals. Although it may seem abstract at first glance, interval arithmetic has practical 

applications in many fields, from computing and engineering to the physics and economics. It allows the 

manipulation of intervals rather than exact numbers. This mathematical discipline allows uncertainty, 

imprecision, or measurement error to be expressed formally and rigorously. In addition, interval 

arithmetic offers a new approach to complex mathematical problems where the quantities involved are 

uncertain or difficult to evaluate accurately, which can lead to  a deeper understanding of the concepts 

and the exploration of innovative solutions. 
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   This article focuses on solving the AX = B system applied  to matrices with interval coefficients using the Cholesky 

decomposition, a method used to factor a symmetric positive definite matrix into a product of two lower triangular matrices 

and its transpose with interval coefficients. More precisely, this factorization makes it possible to solve the system more 

efficiently.

Using this approach in the Leontief model, the relationships  between the different economic sectors are generally 

represented by a system of linear equations [1] which describe the total demand of each sector as a function of the total 

production of the other sectors. However, there are often uncertainties and errors in the data used to construct these equations. 

Where interval arithmetic is used, uncertain or poorly measured values can be represented by intervals instead of precise 

numbers. This allows uncertainties in the results to be considered and the impact of errors on economic predictions to be 

quantified.
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 Convergence of the Jordan Neutrosophic Ideal in
 Neutrosophic Normed Spaces

A B S T R A C T

 In the context of the Neutrosophic Norm, the  essay explores the challenge of constructing precise 

sequence spaces whose elements’ convergence is a generalised form of the Cauchy convergence. It has 

proven to be a crucial tool, opening the door to the theory of functions and the law of large numbers 

applications. Numerous authors, including those who investigated the Euler totient matrix operator, have 

studied the strategy for building new sequence spaces that are specified as the domain of matrix 

operators. Recently, the Jordan totient function Tr. generalised the Euler totient function ϕ. In the context 

of neutrosophic Norm spaces, we establish some sequence spaces, specifically cI 0(J,G,H)(Mr), cI 

(J,G,H)(Mr), ℓI ∞(J,G,H)(Mr)  and ℓ∞(J,G,H)(Mr) as a  domain of the triangular Jordan totient matrix 

operator, and investigate the ideal convergence of these sequences. These concepts serve as an 

introduction to a new sort of convergence that Fast and Steinhaus presented as more general than normal 

convergence and statistical convergence. According to Kostyrko et al., this form is known as ideal 

convergence. In order to arrive at a finite limit, the Jordan totient operator, an  infinite matrix operator, is 

used. We also construct a number of inclusion connections between the spaces as we explain various 

topological and algebraic properties.

The Jordan totient operator, an infinite matrix operator, is  used to accomplish the task of reaching a finite 

limit. As we discuss various topological and algebraic features, we also create several inclusion relations 

between the spaces. 

Keywords   Jordan I-convergence, Compactness, Completeness, Hausdorff, Neutrosophic Sets

1. Introduction

Fast [1] and Schoenberg [2] were the first to independently  introduce the idea of statistical convergence. 

Salat et al. [3] established the concept of I-convergence, a statistical convergence generality. Later, the 

concept of statistical convergence for double sequences was independently developed by Edely and 

Mursaleen [4] and Tripathy[5], and for fuzzy numbers by Mursaleen and Saves [6]. In connection with 

this, there are two very distinct types of convergence for double sequences, namely I and I-convergence 

[7].

Converged triple sequences were introduced by Gurdal, Sahiner, and Duden [8] in 2007. Numerous 
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 authors have  further explored this idea; see [9, 10, 11]. The I-convergence of triple sequences in 

probabilistic normed spaces was a concept used by Tripathy and Goswami[12].

 A generalization of fuzzy set theory, intuitionistic fuzzy set  theory was first proposed by Atanassov[13] 

in 1986. Fuzzy set theory is a powerful tool for modeling uncertainty and vagueness because it assigns 

the degree of membership to the components so that distinct individuals can be identified in a given set. 

The notion of fuzzy sets has curiously evolved into the present standard for young scientists or 

researchers, according to a large body of research that has lately arisen in the scientific discipline. The 

idea of fuzzy topology has become a highly important tool for many writers’ works.

After some time, Smarandache [14], by introducing an  inter mediate membership function, introduced 

the idea of Neutrosophic Sets [NS], which is a unique sort of notation for classical set theory. Thisset 

isaformal settingdesignedto gaugethe veracity ,ambiguity,and falsity of statements .Converged triple 

sequences were introduced byGurdal,Sahiner, andDudenin2007. Numerous authors have further 

explored this idea . The concept of triple sequences I-convergent in probabilistic normed spaces is 

familiar toTripathy and Goswami. Tripathy and Shiner examined the I-convergence qualities in triple 

sequence spaces and presented some in sightful findings.

 The Jordan totient matrix operator, represented by Mr, is one such definite matrix operator. It was first 

described in [15] via the Jordan totient Tr function, whose domain and co domain are N.

ISSN: 2332-2071 (Print)
ISSN: 2332-2144 (Online)



Mathematics and Statistics ( Volume No. - 13, Issue - 2, May - August 2025)                                                                                                            Page No.26

 

ISSN: 2332-2071 (Print)
ISSN: 2332-2144 (Online)



Mathematics and Statistics ( Volume No. - 13, Issue - 2, May - August 2025)                                                                                                            Page No.27

 

ISSN: 2332-2071 (Print)
ISSN: 2332-2144 (Online)



Mathematics and Statistics ( Volume No. - 13, Issue - 2, May - August 2025)                                                                                                            Page No.28

 

ISSN: 2332-2071 (Print)
ISSN: 2332-2144 (Online)



Mathematics and Statistics ( Volume No. - 13, Issue - 2, May - August 2025)                                                                                                            Page No.29

 

ISSN: 2332-2071 (Print)
ISSN: 2332-2144 (Online)



Mathematics and Statistics ( Volume No. - 13, Issue - 2, May - August 2025)                                                                                                            Page No.30

        

ISSN: 2332-2071 (Print)
ISSN: 2332-2144 (Online)



Mathematics and Statistics ( Volume No. - 13, Issue - 2, May - August 2025)                                                                                                            Page No.31

 

ISSN: 2332-2071 (Print)
ISSN: 2332-2144 (Online)



Mathematics and Statistics ( Volume No. - 13, Issue - 2, May - August 2025)                                                                                                            Page No.32

 

ISSN: 2332-2071 (Print)
ISSN: 2332-2144 (Online)



Mathematics and Statistics ( Volume No. - 13, Issue - 2, May - August 2025)                                                                                                            Page No.33

 

ISSN: 2332-2071 (Print)
ISSN: 2332-2144 (Online)



Mathematics and Statistics ( Volume No. - 13, Issue - 2, May - August 2025)                                                                                                            Page No.34

 

ISSN: 2332-2071 (Print)
ISSN: 2332-2144 (Online)



Mathematics and Statistics ( Volume No. - 13, Issue - 2, May - August 2025)                                                                                                             Page No.35

Adisak Moumeesri1, Weenakorn Ieosanurak2,
 1Department of Statistics, Faculty of Science, Silpakorn University, Thailand

 2Department of Mathematics, Faculty of Science, Khon Kaen University, Thailand

 Properties and Applications of Klongdee Distribution in
 Actuarial Science

A B S T R A C T

We have introduced a novel continuous distribution known as the Klongdee distribution, which is a 

combination of the exponential distribution with parameter (θ/α) and the gamma distribution with 

parameters (2, θ/α). We thoroughly examined various statistical properties that provide insights into 

probability distributions. These properties encompass measures such as the cumulative distribution 

function, moments about the origin, and the moment-generating function. Additionally, we explored 

other important measures including skewness, kurtosis, C.V., and reliability measures. Furthermore, we 

explore parameter estimation using nonlinear least squares methods. The numerical results presented 

compare the unweighted and weighted least squares (UWLS and WLS) methods, maximum likelihood 

estimation (MLE), and method of moments (MOM). Based on our findings, the MLE demonstrates 

superior performance compared to other parameter estimation methods. Moreover, we demonstrate the 

application of this distribution within an actuarial context, specifically in the analysis of collective risk 

models using a mixed Poisson framework. By incorporating the proposed distribution into the mixed 

Poisson model and analyzing a real-life dataset, it has been determined that the Poisson-Klongdee model 

outperforms alternative models in terms of performance. Highlighting its capability to mitigate the 

problem of overcharges, the Poisson-Klongdee model has been proven to be a valuable tool. 

Keywords Exponential Distribution, Gamma Distribution, Parameter Estimations, Bonus-malus 

System, Actuarial Science

1. Introduction

 Amixing distribution in probability theory and statistics refers  to a probability distribution that results 

from the combination of two or more component distributions. The key concept behind a mixing 

distribution is that the observed random variable is generated by mixing these component distributions, 

where each component is assigned a specific weight or mixing proportion. 

Mixture distributions find utility in various domains like finance, economics, biology, and signal 

processing. They provide a versatile approach to modeling intricate data that cannot be suitably 

characterized by a single distribution. By blending various distributions together, mixture distributions 

can effectively capture a broad spectrum of data patterns, including multiple modes, heavy tails, and 

asymmetry. This adaptability renders them a valuable instrument for faithfully depicting and studying  

real-world data.

Estimating and analyzing mixing distributions present intriguing challenges as it involves estimating 
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both the mixing proportions and the parameters of the component distributions. To tackle these 

challenges, various statistical methods and techniques have been developed. These include maximum 

likelihood estimation, Bayesian inference, and expectation-maximization algorithms. These methods 

provide valuable tools for accurately estimating the parameters and mixing proportions of the 

component distributions in a mixing distribution. They enable researchers and analysts to perform 

robust analyses and make reliable inferences based on the observed data.

Let X be a continuous random variable that follows an exponential distribution with parameter λ > 0, 

denoted as X ∼ Exp(λ). Its probability density function (PDF) is given by:

The cumulative distribution function (CDF) of the distribution has been derived as follows:

 Let X be a continuous random variable that follows the gamma  distribution with two positive 

parameters, α and λ, denoted as X ∼Gamma(α,λ). The probability density function (PDF) for this 

distribution can be written as:

 Where, Γ(α) denotes the gamma function. Notably, when α = 1, the gamma distribution simplifies to the 

exponential distribution with parameter λ, represented as Exp(λ). 

The CDF of a continuous random variable X following a gamma distribution with parameters α > 0 and λ 

> 0 is given by:

Here, γ(α,λx) denotes the lower incomplete gamma function, and Γ(α) represents the gamma function. 

The two-parameter Lindley distribution combines characteristics from both the exponential and gamma 

distributions [1]- [8]. 

Ekhosuehi, Nzei, and Opone [3] proposed a Lindley distribution with two parameters by modifying the 

blending ratio between the exponential and gamma distributions, expressed as f(x) = wf1(x) + (1 − 

w)f2(x), where w = 1 1+β, and f1 and f2 represent the probability density functions of the exponential 

and gamma distributions, respectively. In other words,
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